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Abstract

An elementary proof of the famous Perron–Frobenius Theorem for non-negative
matrices is given via classical spectral theory. The key to the proof lies in the
inherited characteristics of certain spectral projections.

1. Preliminaries

In this paper T will be a linear operator on a complex finite-dimensional vector
space. We shall formally denote its matrix relative to a fixed basis by [T ] and the
actual element in row i, column j by [T ]ij . Where there is no danger of confusion
the square brackets are omitted. The main diagonal vector of [T ] is denoted by
diag(T ). The spectrum or set of eigenvalues of T is denoted by σ(T ) and the largest
modulus amongst its eigenvalues, the spectral radius of T , is denoted by r(T ). We
use P (λ;T ) to denote the spectral projection associated with the eigenvalue λ relative
to the operator T . The peripheral spectrum π(T ) is the set of eigenvalues of T with
modulus r(T ), and the number of elements in π(T ) is called the index of imprimitivity
of T .

An important attribute of any matrix T ≥ 0 is its potency, namely the smallest
positive integer c such that diag(Tc) > 0. If no such number exists then T is said to
be impotent. Note that a potent matrix always has a positive spectral radius.

The matrix T ≥ 0 is connected if for every i, j there exists n such that [Tn]ij > 0.
Clearly if T ≥ 0 is connected then T is potent and r(T ) > 0. For to every i there is
an n(i) such that [Tn(i)]ii > 0, and the product of the n(i) is then always a possible
candidate (and therefore an upper bound) for the potency.

The following three technical lemmas lay the foundations of our proof. For
background the reader is assumed to have a working knowledge of basic spectral
theory such as may be found in [1].

Lemma 1. If T ≥ 0 and diag(T ) > 0 then π(T ) = {r(T )}.
Proof. Clearly r(T ) > 0 so we can assume without loss of generality that r(T ) = 1.
Let C = {eiθ; π

2
≤ θ ≤ 3π

2
}. Fix n and let ε be the smallest entry on the diagonal of

Tn. Then ε > 0. Since reducing the diagonal elements clearly cannot increase the
spectral radius, we have r(Tn − ε1) ≤ r(Tn) = 1 and σ(Tn − ε1) is just σ(Tn) shifted
left by ε so Tn cannot have eigenvalues on C . As n is arbitrary, π(T ) = {1} by the
spectral mapping theorem.
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