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Abstract

We study mixed abelian groups such that End(M), the endomorphism ring of M,
has no nilpotent elements other than 0. These are the abelian groups M that only
admit the trivial R-module structure for any zero-ring R.

1. Introduction

Given a ring R and an abelian group M, one can turn M into a left R-module RM

by defining r •m = ϕ(r)(m) where ϕ is a ring homomorphism from R into End(M),
the endomorphism ring of M. We call RM the trivial module if ϕ = 0, i.e. rm = 0 for
all r ∈ R, m ∈ M. In this paper we concern ourselves with the question: for which
rings R and abelian groups M is the trivial module the only left R-module with
additive group M? We call such an M a nil R-mod group. This appears to be too
general a problem to expect a reasonable answer, and so we restrict our investigation
to the following: for which rings R is M = 0 the only nil R-mod group? We call
such a ring a 0-nil ring. Moreover, what can be said about an abelian group M
that is nil R-mod for every zero-ring R? We call such an M a 0-nil group. We will
show that R is 0-nil if and only if R has the following (ring) epimorphic images:
nZ for some n ∈ N, and Z/pZ for each prime p. We are able to obtain a description
of 0-nil groups M if M is torsion or mixed. Let P be the set of primes such that
Mp, the p-primary part of M, is not equal to zero and H = �p∈P pM. Then, if M
is reduced, the torsion subgroup t(M) of M is isomorphic to ⊕p∈PZ(p) and M/H is
isomorphic to a subgroup of Πp∈PZ(p). We provide examples to show that H may or
may not be a 0-nil group and that there are 0-nil mixed groups of arbitrarily large
cardinalities. Finally, we show that the only 0-nil almost completely decomposable
torsion-free groups are the rigid ones, cf. [3]. Our undefined abelian group notations
are standard as in [4].

∗Corresponding author, e-mail: Manfred Dugas@baylor.edu

Mathematical Proceedings of the Royal Irish Academy, 102A (1), 107–113 (2002) c© Royal Irish Academy




