
ON AN ANGULAR DERIVATIVE RESULT OF FAN

By M. Mackey∗ and P. Mellon
Department of Mathematics, University College Dublin

[Received 3 August 2000. Read 21 May 2001. Published 30 August 2002.]

Abstract

The Julia–Wolff–Carathéodory result on angular derivatives in the complex plane
was proved for operator-valued holomorphic functions by Fan and, shortly after,
for more general operator spaces by W7lodarczyk. Here we generalise the result to
include functions that take values in a complex Banach space whose open unit ball
is a bounded symmetric domain.

1. Introduction

We begin with the original Julia–Wolff–Carathéodory (JWC) theorem regarding the
limit of a holomorphic function and its derivative along a non-tangential approach
to the boundary. Indeed we will state two versions of this classical result: one for
the open unit disc ∆ and one for the open right half-plane Π = {z ∈ C : Re z > 0}.
The two versions are equivalent via the Cayley transformation of ∆ onto Π given

by ϕ(z) =
1 + z

1 − z
. The notion of angular or non-tangential approach is formed by

consideration of ‘angular regions’ in ∆ and Π, which are defined thus:

Πk = {z ∈ Π : |Im z| < kRe z},
∆k = {z ∈ ∆ : |1 − z| < k(1 − |z|2)}.

The domains so defined do not correspond exactly via the Cayley map (0 ∈ ∂Πk

but −1 �∈ ∂∆k), but they are equivalent in regard to approach paths to the boundary
points 1 ∈ ∂∆ and ∞ ∈ ∂Π.

For f : ∆ → ∆ we say that f has an angular limit of a at 1 if limz→1,z∈∆k f(z) = a

for every k > 0, and then one writes ∠- limz→1 f(z) = a. The analogous definition
for a function g : Π → Π is self-evident, and we write ∠- limz→∞ g(z) for this limit.

Theorem 1.1 (JWC in Π). Let F ∈ Hol(Π,Π), and let a = infΠ
ReF(z)

Re z
. Then

a = ∠- lim
z→∞

F(z)

z

= ∠- lim
z→∞

ReF(z)

Re z

= ∠- lim
z→∞F

′(z).
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