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Abstract

We characterise Fréchet spaces with a dominant norm in terms of plurisubhar-
monicity.

A Fréchet space has a dominant norm, or is a DN space, if its topology can be
induced by norms ‖ ‖t, t ∈ N, satisfying

‖x‖2
t ≤ ‖x‖t−1‖x‖t+1, t = 2, 3, . . . ; (1)

see [7, Satz 2.1]. These spaces have been introduced by Vogt, and their relevance
to infinite-dimensional complex analysis was explored by himself, Meise, Dineen
and others; see [2, chapter 4] and [5; 6]. (DN spaces occur in finite-dimensional
complex analysis as well; see the survey [1].) Condition (1) and a related if rather
stronger convexity condition appear in [3; 4], which also deal with complex analy-
sis in Fréchet spaces. Our purpose here is to characterise DN spaces in terms of
plurisubharmonicity. Given that by now the importance of plurisubharmonicity for
complex analysis has been firmly established, the characterisation below will explain,
in a way, the ubiquity of condition (1) in complex analytical investigations.

Let X be a complex Fréchet space. An upper semicontinuous function u : X →
[−∞,∞) is plurisubharmonic if the function v(λ) = u(x+ λy), λ ∈ C, is subharmonic
for all x, y ∈ X. Recall further the notion of a pseudonorm. This is a function
p : X → [0,∞) that satisfies: p(x) = 0 precisely when x = 0; p(λx) ≤ p(x) if λ ∈ C,
|λ| ≤ 1; and p(x+ y) ≤ p(x) + p(y).

Theorem. The following three conditions are equivalent for a complex Fréchet space X:
(i) X has a dominant norm;
(ii) the topology of X can be induced by a pseudonorm p with convex sublevel sets

such that log p is plurisubharmonic;
(iii) the topology of X can be induced by a metric d such that log d is plurisub-

harmonic.

Important examples of DN spaces are spaces of rapidly decreasing vectors. Let
(Z, ‖ ‖) be a complex Banach space; for maps x : N→ Z define

‖x‖θ = sup
n
nθ‖x(n)‖ ≤ ∞, θ ∈ R, and put

s(Z) = {x : N→ Z | ‖x‖θ < ∞ for all θ}.
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