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Abstract

If X is a class of groups, a group G is said to be just-non-X if it is not in X but
all its proper quotients are X-groups. A description of just-non-(nilpotent-by-finite)
groups and just-non-(supersoluble-by-finite) groups is given in this paper.

1. Introduction

Let X be a class of groups. A group G is said to be just-non-X if it is not in X but all its
proper quotients are X-groups. Many authors have investigated the structure of just-
non-X groups for several choices of the group class X. In particular M.F. Newman
[8; 9] considered just-non-abelian groups, while groups whose proper quotients are
nilpotent were studied by S. Franciosi and F. de Giovanni [2], and more recently L.A.
Kurdachenko and I. Subbotin [4] decribed just-non-hypercentral groups. In another
direction, groups whose proper quotients satisfy a certain finiteness condition have
been studied in a series of articles (see for instance [1; 3; 6; 7; 12; 13]). Moreover,
some recent papers deal with the structure of just-non-X groups, where X is a
property generalising both finiteness and nilpotency; in particular, groups whose
proper quotients are finite-by-nilpotent have been considered by Z. Zhang [15].

The aim of this article is to study groups whose proper quotients are nilpotent-
by-finite. It turns out that the Fitting subgroup of a just-non-(nilpotent-by-finite)
group is either torsion-free abelian or abelian of prime exponent. Obviously every
infinite simple group is just-non-(nilpotent-by-finite), and hence in this context it
is natural to restrict our investigation to just-non-(nilpotent-by-finite) groups with
non-trivial Fitting subgroup (i.e. soluble-by-finite groups). The structure of these
groups is described in Section 2, with special attention to the case of groups with
a unique minimal normal subgroup. Finally, in Section 3 we characterise just-non-
(supersoluble-by-finite) groups (with non-trivial Fitting subgroup).

Most of our notation is standard and can be found in [10].

2. Just-non-(nilpotent-by-finite) groups

We say that a group G is a JNNF-group if it is a just-non-(nilpotent-by-finite) group,
i.e. G is not nilpotent-by-finite but all its proper quotients have this property. Our
first lemma describes some elementary properties of JNNF -groups. Recall that the
FC-centre of a group G is the subgroup consisting of all elements of G with finitely
many conjugates.
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