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Abstract

We recall the definition and properties of an algebra cone in an ordered Banach
algebra and continue to develop spectral theory for the positive elements. If (an) is
a sequence of positive elements converging to a, then an interesting question is that
of which properties of the spectral radius r(a) of a are ‘inherited’ by r(an). We show
that under suitable circumstances if r(a) is a Riesz point of the spectrum σ(a) of a
(relative to some inessential ideal), then r(an)→ r(a) and, for all n big enough, r(an)
is a Riesz point of σ(an). If the Laurent series of the corresponding resolvents are
then investigated, some conclusions can be drawn regarding the convergence of the
spectral idempotents, as well as the positive eigenvectors associated with an. Some
of these results are applicable to certain types of operators.

1. Introduction

In [16] and [13] some spectral theory of positive elements in ordered Banach algebras
was developed. An interesting problem in this theory is that of investigating a
convergent sequence (an) of positive elements: for instance, what can be said about
the sequence (r(an))? Does r(an) inherit certain properties of r(a)? This problem
was originally studied in the context of positive operators on Banach lattices, and
results were obtained by Aràndiga and Caselles in [1], [2] and [3]. In this paper we
consider the problem in the context of an ordered Banach algebra and show that
some interesting answers can be obtained by the use of Newburgh’s theorem about
the continuity of the spectral radius in some cases.

We shall first provide some preliminary notation and definitions in Section 2
and then explain the concept of an ordered Banach algebra in Section 3. In Sec-
tion 4 we show that under suitable circumstances, which include some monotonicity
assumptions on the spectral radius, if (an) is a sequence of positive elements such
that an → a, and r(a) is a Riesz point of the spectrum σ(a) of a (relative to some
inessential ideal), then r(an)→ r(a), and, for all n big enough, r(an) is a Riesz point
of σ(an). We also apply these results to the positive regular operators on a Dedekind
complete Banach lattice and to the positive operators on a Hilbert space. In Sec-
tion 5 we investigate the Laurent series of the resolvents of a and an and show
that some conclusions can be drawn regarding the convergence of the coefficients
of these series, which include results concerning the spectral idempotents, as well as
the positive Laurent eigenvectors associated with an, whose existence is guaranteed
by the well-known Krein–Rutman theorem.

∗E-mail: SMO@sun.ac.za

Mathematical Proceedings of the Royal Irish Academy, 102A (2), 149–162 (2002) c© Royal Irish Academy




