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Abstract

We study the quasi-weakly compact operators between normed spaces, which are
described in terms of their first and second conjugates. Using a result on factorisation
of an arbitrary linear operator due to T. Alvarez, R.W. Cross and M. Gonzalez
(Factorization of unbounded thin and cothin operators, Quaestiones Mathematicae 22
(1999), 519–29), we obtain that quasi-weakly compact operators admit factorisations
through quasi-reflexive Banach spaces. As an application, we derive the connection
between quasi-weak compactness of the operator and that of this conjugate, and we
show examples and special cases. A condition is given for a quasi-weakly compact
operator to be strictly singular or strictly cosingular.

1. Introduction and preliminaries

In this paper we shall consider a linear operator T defined on a subspace D(T )
of a normed space X with range R(T ) contained in a normed space Y . If T is
continuous we write T ∈ B(X,Y ), and B[X,Y ] denotes the class of all T ∈ B(X,Y )
with D(T ) = X. For X = Y we will use B(X) (resp. B[X]) instead of B(X,X) (resp.
B[X,X]). For a subspace E of X, E◦ = {x′ ∈ X ′ : x′(x) = 0, x ∈ E}, JXE denotes
the natural injection of E into X, with the quotient map from X onto X/E being
denoted by QXE (JE and QE when X is understood). The conjugate T ′ of T is the
conjugate of TJD(T ) in the usual sense (see e.g. [9, II.2.2]). Let Q denote the quotient
map of Y ′′ onto Y ′′/D(T ′)◦; then, with usual identification QY ′′ = D(T ′)′, we have
that T ′′ :D(T ′′) ⊂ D(T )′′ → D(T ′)′. Also we write JX for the injection of X into
its completion X˜, and we shall use J to denote the natural embedding of a given
normed space into its second dual.

If T is continuous then T ˜ is the continuous extension to D(T )˜ of T regarded
as an element of B(X˜, Y ˜). With the natural identification of the isometric spaces
X ′ and (X˜)′, we have T ′ = (T ˜)′.

The operator T is said to be strictly singular if, whenever the restriction of T to
a subspace Z of D(T ) has a continuous inverse, Z is finite-dimensional, and strictly
cosingular if there is no closed infinite-codimensional subspace N of Y for which
(QNT )′ has a continuous inverse [10].

Recall that a subspace W of X ′ is called total on X if, for any x ∈ X, x′(x) = 0,
x′ ∈ W implies that x = 0; W is norm-determining for X if there is an ε > 0
(depending only on W ) such that ε ||x|| ≤ sup{|x′(x)| : x′ ∈ W, ||x′|| ≤ 1} (see e.g.
[14, pp 157, 172]).

Let M be a closed, σ(Y ′, Y )-dense subspace of Y ′. Then M induces a weak

∗ E-mail: seco@pinon.ccu.uniovi.es

Mathematical Proceedings of the Royal Irish Academy, 102A (2), 193–204 (2002) c© Royal Irish Academy




