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Abstract

For each natural number n we construct an algebra over a countable field such that
the polynomial ring in n commuting indeterminates over this algebra is Jacobson
radical but not a nil-ring. This answers a question of Amitsur.

1. Introduction

A theorem of Amitsur [2] says that the Jacobson radical of the polynomial ring
over an associative ring R, J(R[x]), is equal to I[x] for some nil ideal I of R. In [3]
Amitsur constructed, for a given ring R, the descending chain of its radicals

J(R) ⊇ K(R) ⊇ J1(R) ⊇ K1(R) ⊇ . . . ⊇ J∞(R) = K∞(R),

where J(R) and K(R) denote the Jacobson and upper nil radical of R, and, for every
n, Jn(R) = J(R[x1, . . . , xn]) w R, Kn(R) = K(R[x1, . . . , xn]) w R, where R[x1, . . . , xn]
is the polynomial ring over R in n commuting indeterminates. The question of
whether there exists a ring R for which this is a strictly descending chain is open.
The aim of this paper is to show that for each n there is a ring Rn such that the
inclusion Jn(Rn) ⊃ Kn(Rn) is strict. Observe that the ring R = ⊕n=i,...,∞Ri is such that
R = J(R) = K(R) = . . . = Ji(R) and Jn(R) 6= Kn(R) for n ≥ i.

It is known [1] that if A is an algebra over an uncountable field then

J(A) = K(A) = J1(A) = K1(A) = . . . = J∞(A) = K∞(A).

If A is a nil algebra over a countable field then A[x] need not be nil (cf. [11]), even
if A[x] is Jacobson radical (cf. [12]). Thus K1(A) 6= J1(A). Recall that the Köthe
conjecture [6] is true if K(R) = J1(R) for every ring R [7]. Some interesting results
and questions connected with this subject can be found in [3; 4; 9; 10].

In this paper we construct, for each countable field K and each i, an algebra R
over K such that Ji(R) 6= Ki(R). The most general idea of our example resembles
that of the famous Golod–Shafarevich example (cf. [5; 8; 13; 14]). We use techniques
similar to those in [11] and [12]. In Sections 1, 2 and 4 we generalise results from
sections 2, 3 and 4 of [11]. As in [12], we use Krempa’s well-known result that the
polynomial ring over a ring R is Jacobson radical if and only if for any n the ring
of n× n matrices over R is nil.
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