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Abstract

The interactions of the Borel classes with separation axioms between T0 and T1
are considered. A topological space is said to be GTD (resp. GT 1

2
) if each point is an

intersection of a closed set with a Gδ-set (resp. each point is closed or a Gδ-point).
Minimal GTD- and minimal GT 1

2
-spaces are characterised. Relevant examples are

presented.

1. Introduction

For each topological space, the collection of its Borel sets is defined to be the
smallest σ-algebra containing the topology. They have been well studied in the
area of metrisable spaces, and especially that of Polish spaces (separable completely
metrisable spaces) [7]. The Borel sets on regular Hausdorff spaces were studied via
universal sets in [4], and spaces for which every singleton is Borel were considered
by Harley and McNulty in [5].

This paper is devoted to the study of interactions of Borel sets with separation
axioms between T0 and T1. The axioms TD and T 1

2
(or TES ) are considered (see [1]

and [13]). A space is TD if every point is the intersection of a closed set with an
open set. It is T 1

2
if every singleton is either open or closed. The axiom that every

point is Borel is denoted here by GTD , and a new axiom GT 1
2

is defined. A space is

GT 1
2

if each point is closed or a Gδ-point.

1.1. Topologies
A survey article by Larson and Andima [10] contains many of the undefined

lattice notions in this paper. We shall denote the lattice of all topologies on a given
set X by LT (X). The cofinite topology (all non-empty elements of the topology have
finite complements in X) is denoted by C, the x-inclusion topology (a non-empty
subset is in the topology if and only if it contains x) by I(x), the x-exclusion
topology (a proper subset is in the topology if and only if it excludes x) by E(x),
and the discrete topology by P(X).

We shall also consider duplicates. Let X be a fixed set. Suppose that σ ∈ LT (X)
is a T1-topology. We say that τ is a T 1

2
-duplicate of σ if it is a topology on X × 2,

with basic open sets of the form U × 2 (for some U ∈ σ) and {(x, 0)} (for some
x ∈ X). These are T 1

2
-spaces.

Suppose that σ is a topology such that all points in X are countable intersections
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