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Abstract

Given a central simple algebra over a field of characteristic not two, the classical
invariants of the surrogate form—the quadratic form arising from the quadratic
coefficient in the reduced characteristic polynomial of the algebra—are investigated.
It is shown that the surrogate form gives the same amount of information as the
trace form. Then an involution of the first kind is introduced, and the invariants
of the associated involution surrogate form are determined. Finally, the existence of
some special subspaces of the algebra is demonstrated.

1. Introduction

The surrogate form of a central simple algebra over a field arises from the
quadratic coefficient in the reduced characteristic polynomial of that algebra.

More precisely (see e.g. [3, 5]), let A be a central simple algebra of degree n (that
is, of dimension n2) over a field F of char(F) 6= 2. Let Ω denote an algebraic closure
of F . Under scalar extension to Ω, A becomes isomorphic to Mn(Ω). We can therefore
fix an F-algebra embedding A ↪→ Mn(Ω) and view every element a ∈ A as a matrix
in Mn(Ω). Its characteristic polynomial has coefficients in F and is independent of
the embedding of A in Mn(Ω). We call it the reduced characteristic polynomial of a
and denote it by

PrdA,a(X) = Xn − s1(a)Xn−1 + s2(a)Xn−2 − · · ·+ (−1)nsn(a).

The coefficients s1(a) and sn(a) are respectively the reduced trace and the reduced
norm of a, denoted

TrdA(a) = s1(a) and NrdA(a) = sn(a).

As is well known, the reduced trace gives rise to a quadratic form

TA : A −→ F, x 7−→ TA(x) := TrdA(x2),

the trace form of A (see e.g. [6]). We call the coefficient s2(a) the reduced surrogate
of a, and denote it by SrdA(a). One can show (see e.g. [3, xvii]) that

s1(a)2 − s1(a2) = 2s2(a).
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