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Abstract

We prove Malgrange-type existence and approximation theorems for partial dif-
ferential operators and spaces in the ring of formal power series � ≡ ∏

N(N) C ,

N(N) ≡ ⊕∞
1 N, in an infinite number of variables. In particular we study spaces of

entire functions within this framework. With the infinite-dimensional Fourier–Borel
transform as a tool, we prove existence theorems for the spaces �,�, A(X),Exp(Y )
and F . Here � ≡ ⊕N(N)C is the space of finitely supported polynomials, A(X) and
Exp(Y ) are spaces of entire (respectively exponential-type) functions and F is the
Fischer–Fock (Hilbert) space. These spaces are related as follows: � ⊆ Exp(Y ) ⊆
F ⊆ A(X) ⊆ �, and can, pairwise, be considered as dual to one another. The key re-
sult for the existence theorem on F is a division theorem for the spaces Exp(Y ), A(X)
and F . Furthermore, we show that homogeneous solutions can be approximated by
homogeneous solutions consisting of exponential finitely supported polynomials.

1. Introduction

We prove Malgrange-type existence and approximation theorems for partial differen-
tial operators (PDOs) and for spaces in the ring of formal power series �(≡ ∏

N(N) C ,
N(N) ≡ ⊕∞

1 N) in an infinite number of variables. The theory of infinite-dimensional
PDOs, and pseudo-differential operators, in infinite-dimensional domains has been
developed by Aron [1], Boland [2], Dineen [3], Dwyer [6; 7; 8], Gupta [9], Lascar
[13], Khrennikov [11; 12] and Smolyanov [18]. We prove the surjectivity of PDOs
on spaces of entire functions, defined on sequence spaces, in �. Previous studies
have shown that, in order to study infinite-dimensional holomorphy in �, we should
work with nuclear (A-nuclear, fully nuclear) spaces with basis, because then we have
monomial expansions (see [4]). However, we show that it is not the nuclearity of the
domain space that is most important but rather the nuclearity (or semi-reflexivity)
of the corresponding space of entire functions. We obtain a rich theory without re-
quiring any topological structure on the domain space. We introduce a fundamental
notion, �1-closedness, which is a non-topological extension of A-nuclearity and full
nuclearity (see Section 2 and [5]). Every sequence space contains a largest �1-closed
sequence space—the �1-closed core. We prove surjectivity of differential operators on
the Fischer–Fock space F ⊆ �. F is a Hilbert space but not a subring of �. We show
that F is closely related to the rings of entire functions, which we study by the division
theorem (4.9). The Fischer–Fock space in n variables has been studied by Shapiro
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