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Abstract

This note draws attention to an interesting convexity property of incompressible,
inhomogeneous isotropic linear elastic cylinders. Considering a right cylinder of
general cross-section of this type, whose shear modulus is a smooth function of the
cross-sectional coordinates, subject to a class of displacement boundary conditions
on its lateral boundary, it is found that a non-negative cross-sectional measure of
deformation is a convex function of the axial coordinate provided that the shear
modulus is a convex function of the cross-sectional coordinates. Some implications
are discussed.

1. Introduction

The purpose of this note is to draw attention to an easily stated, striking property
of inhomogeneous incompressible elastic cylinders. Considering a right cylinder of
general cross-section consisting of incompressible, inhomogeneous isotropic linear
elastic material, whose shear modulus is a smooth function of the cross-sectional
coordinates, subject to a class of displacement boundary conditions on its lateral
boundary, it is found that a non-negative cross-sectional measure of the deformation
is a convex function of the axial coordinate provided that the shear modulus is a
convex function of the cross-sectional coordinates. Some applications of this property
are discussed.

Extensions of the fundamental proposition in the homogeneous case have been
studied previously, both for compressible materials [4] and (in the context of zero
displacement on the lateral boundary) for incompressible materials [5]. Other exten-
sions of the proposition, for example to compressible inhomogeneous materials, can
also be contemplated, but with a loss of the transparency evident in the fundamental
proposition discussed in this note.

2. The convexity property and its implications

Rectangular Cartesian coordinates are denoted by xi, Latin indices take the
values 1, 2, 3, Greek indices take the values 1, 2, while the usual comma notation and
summation convention are employed.

We consider a right cylinder of elastic material as previously described, whose
generators are in the x3 direction. Its cross-section is denoted by D, and its boundary
∂D is supposed to be sufficiently smooth to allow application of the divergence
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