
FREDHOLM THEORY IN AN ALGEBRA WITH RESPECT
TO A BANACH SUBALGEBRA

By Bruce A. Barnes∗
Department of Mathematics, University of Oregon

[Received 19 September 1999. Read 15 May 2000. Published 16 October 2001.]

Abstract

In this paper, Fredholm and perturbation theory for elements of an algebra with
respect to a Banach subalgebra is developed. In this development, ideas from the
theory of closed operators are combined with general Fredholm theory in a Banach
algebra.

1. Introduction

Throughout this paper, A is a complex unital algebra, and (B, ‖ · ‖B) is a Banach
subalgebra of A which contains the unit. An element t ∈ A is affiliated with B if,
for some λ ∈ C, (λ− t)−1 ∈ B. When t is affiliated with B, then there is a B-spectral
theory for t. For the case that A is an LMC-algebra and B is a continuously
embedded Banach subalgebra, this spectral theory has been studied and applied in
[5] and [7]. In fact, many of the results in these papers hold when A is an arbitrary
algebra.

The main purpose of this paper is to introduce and study Fredholm theory in A
with respect to B. Fredholm theory in an arbitrary Banach algebra is developed in
[6]. Here we extend this development to an even more general setting. The theory
presented in this paper is a synthesis of the material in [6] and the theory of
closed operators. In fact, many of our results are motivated by the Fredholm and
perturbation theory of closed operators. In this regard, we now give a short list of
concepts from the theory of closed operators along with the section of this paper in
which the corresponding generalisation is considered:

spectrum of a closed operator—Section 2;
T -bounded operator [12, pp 189–94]—Section 2;
Fredholm operator [10, chapter IV]—Section 3;
T -compact operator [10, section V.3]—Section 4;
generalised convergence (convergence in gap) [12, pp 197–208]—Section 5.

2. Some spectral theory

In our first theorem we establish that the B-spectrum of the elements of A
(defined below) is related to the operator spectrum of certain closed operators. First,
some notation.
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