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Abstract

In 1973 Dark provided the first example of a group and a Fitting set D such that
the D-injectors are not normally embedded, and the first example of a group with
Fischer D-subgroups that are not D-injectors, though they are injectors for another
Fitting set, F . In their 1992 book Finite soluble groups, Doerk and Hawkes point
out that in this second example the F-injectors are not even system-permutable, a
weaker condition than normally embedded. Here we work with system-permutable
Fischer F-subgroups. First, we show that a system-permutable Fischer F-subgroup
that is also pronormal must be an F-injector. Then we prove that we can drop the
requirement of pronormality and reach the same conclusion. Thus in Dark’s example
the existence of Fischer D-subgroups that are not system-permutable is necessary
for any Fischer D-subgroups not to be D-injectors.

Several authors have studied the question of when the Fischer F-subgroups and
F-injectors of a finite solvable group are the same subgroups. Fischer [5] showed
that if F is what is now called a Fischer set, then the F-subgroups of G are indeed
F-injectors of G. A somewhat more general result of Anderson [1] is that when
the Fischer F-subgroups of H are normally embedded in H for each subgroup H

of G, the Fischer F-subgroups and F-injectors of G coincide. In [4], we came to
the same conclusion if all the Fischer F subgroups of G are either subnormally
embedded or locally pronormal in G. In [2], Dark provides the first example of a
group and a Fitting set D such that the D-injectors are not normally embedded,
and the first example of a group with Fischer D-subgroups that are not D-injectors,
though they are injectors for another Fitting set, F . Doerk and Hawkes [3, 646]
point out that in this latter example the F-injectors are not even system-permutable,
a weaker condition than normally embedded. Doerk and Hawkes [3, VIII(4.9)] have
also provided an example in which the Fischer F-subgroups are not injectors for
any Fitting set. Here we work with system-permutable Fischer F-subgroups. First
we show that a system-permutable Fischer F-subgroup that is also pronormal must
be an F-injector. Then we prove that we can drop the requirement of pronormality
and reach the same conclusion. Thus, in Dark’s example, the existence of Fischer D-
subgroups that are not system-permutable is necessary for the Fischer D-subgroups
not to be D-injectors. We begin with some key definitions. Definitions and notation
will be as in [3], and all groups will be finite and solvable.

A subgroup A is pronormal in G if, for each g ∈ G, A is conjugate to Ag by an
element of 〈A,Ag〉.

A subgroup A is system-permutable in G if there exists a Hall system Σ such that,
for every subgroup B of Σ, AB is a subgroup of G.
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