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Abstract

This paper attempts to provide an introduction to Hilbert modules easily accessible
to anyone with an elementary background in operator algebras. Our goal is to point
out that von Neumann modules are those Hilbert modules which behave best
compared with Hilbert spaces. Most results in the theory of operators on Hilbert
spaces remain valid when translated into the language of operators on von Neumann
modules.

1. Introduction

The concept of Hilbert modules was introduced by Paschke [9] and Rieffel [11]
for the first time in a non-commutative context. Hilbert modules are a straight-
forward generalisation of Hilbert spaces where the scalar field C is replaced by
a C∗-algebra (see Definition 3.1). The origin of Hilbert modules is in operator
theory, where they constitute an important tool in areas like KK-theory, quantum
groups and several other areas; see e.g. [6], the first book devoted entirely to Hilbert
modules.

Hilbert modules arise naturally by generalising the GNS-construction based on
a state to a GNS-construction based on a completely positive mapping (see Section
7). In this context Hilbert modules also entered quantum probability in different
contexts. On the one hand, there is Voiculescu’s operator-valued free probability
[19], which generalises the notion of free independence of states to the notion of
free independence of conditional expectations. The (operator-valued) central limit
distribution is described best by moments of creation and annihilation operators
on a full Fock module (instead of a full Fock space) introduced by Pimsner [10]
(see [18]). On the other hand, any system where a small system (e.g. an electron
or some initial space) is coupled to a big system (e.g. a field or a noise space)
with a distinguished state on the big system (e.g. the vacuum state) gives rise to a
natural conditional expectation (e.g. the vacuum conditional expectation). It turns
out (see [16]) that the GNS-modules of such conditional expectations belong to a
particularly well-behaved subcategory of the two-sided Hilbert modules, namely the
so-called centred Hilbert modules. (In [16] we introduced this subcategory because
the construction of a symmetric Fock module is, in general, possible only within
this subcategory.) In Section 6 we will have a glance at the well-behavedness of the
centred Hilbert modules. The two areas of operator-valued probability and centred
Hilbert modules are glued together by the stochastic limit for a free electron in
quantum electrodynamics investigated by Accardi and Lu [1]. In [16] we pointed

Mathematical Proceedings of the Royal Irish Academy, 100A (1), 11–38 (2000) c© Royal Irish Academy


