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Abstract

Let m > 1, r, s be fixed non-negative integers, and let R be a ring with unity 1 in
which for every x in R there exist polynomials f(X), p(X), q(X) ∈ Z[X], depending
on x, such that p(x)[f(x), y]q(x) = xr[x, ym]ys, for all y in R. The main result of
the present paper asserts that R is commutative if R has the property Q(m) (viz.
for all x, y in R, m[x, y] = 0 implies that [x, y] = 0). Commutativity of R has also
been obtained under different sets of constraints on integral exponents. Thus, many
well-known commutativity theorems become corollaries of our results.

1. Introduction

Throughout the present paper, R will denote an associative ring with centre
Z(R), N(R) the set of nilpotent elements of R and C(R) the commutator ideal of
R. R is said to be a left (resp. right) s-unital ring if for each x ∈ R, x ∈ Rx (resp.
x ∈ xR), and R is called s-unital if it is both left and right s-unital. As usual, Z[X]
is the totality of polynomials in X with coefficients in Z, the ring of integers. For
any x, y in R, we set [x, y] = xy − yx. Consider the following ring properties:

(P1) For each x in R there exist polynomials f(X), p(X), q(X) ∈ Z[X] such that
p(x)[f(x), y]q(x) = ys[x, ym]xr , for all y in R, and fixed integers m > 1, r ≥ 0,
s ≥ 0.

(P2) For each x in R there exist polynomials f(X), p(X), q(X) ∈ Z[X] such that
p(x)[f(x), y]q(x) = xr[x, ym]ys, for all y in R, and fixed integers m > 1, r ≥ 0,
s ≥ 0.

(P3) For each x ∈ R there exist polynomials f(X), p(X), q(X), f̃(X), p̃(X), q̃(X) ∈
Z[X] such that p(x)[x2f(x), y]q(x) = yr[x, ym] and p̃(x)[x2f̃(x), y]q̃(x) =
ys[x, yn], for all y ∈ R, where r ≥ 0, s ≥ 0, m > 1, n > 1 are fixed in-
tegers with (m, n) = 1.

(P4) For each x ∈ R there exist polynomials f(X), p(X), q(X), f̃(X), p̃(X), q̃(X) ∈
Z[X] such that p(x)[x2f(x), y]q(x) = [x, ym]yr and p̃(x)[x2f̃(x), y]q̃(x) =
[x, yn]ys, for all y ∈ R, where r ≥ 0, s ≥ 0, m > 1, n > 1 are fixed
integers with (m, n) = 1.

(P11) For each x ∈ R, there exist polynomials f(X), p(X), q(X) ∈ Z[X] such that
p(x)[x2f(x), y]q(x) = ys[x, ym], for all y ∈ R, and fixed integers m > 1, s ≥ 0.

(P22) For each x ∈ R, there exist polynomials f(X), p(X), q(X) ∈ Z[X] such that
p(x)[x2f(x), y]q(x) = [x, ym]ys, for all y in R, and fixed integers m > 1, s ≥ 0.

(P3)∗ For each x, y ∈ R there exist polynomials f(X), p(X), q(X), f̃(X), p̃(X), q̃(X) ∈
Z[X] and integers m = m(x, y) > 1, n = n(x, y) > 1, r = r(x, y) ≥ 0,
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