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ABSTRACT

Let X1, X2, . . . be a sequence of independent Bernoulli random variables. For any
fixed integer K ]/1, let xK �/ (x1, x2, . . . , xK) be any one of the 2K vectors each of
whose components is 0 or 1. We study the first occurrence of the pattern xK in
X1, X2, . . . , and characterise the factors that explain why some sequences xK are more
likely to occur before other sequences of the same length. Explicit formulae
and a simple recursion are derived for the distribution of the first occurrence of
the vector xK in the sequence X1, X2, . . . .

1. Introduction

This paper is concerned with the distribution of the first occurrence of any given

vector in a sequence of outcomes of independent Bernoulli random variables. Let

X1, X2, . . . be a sequence of independent random variables with the Bernoulli

distribution P(X �x)�ux(1�u)1�x; x�/0, 1. In coin tossing, for example, we can

set Xi equal to 1 or 0 according to whether a head (H) or a tail (T) results from the

ith toss. Let K be any positive integer and let xK � (x1; x2; . . . ;xK ) be any one of the

2K possible values of X �(X1;X2; . . . ;XK ): For i�/1,2, . . . , we denote by block i the
K positions occupied by the variables Xi , Xi�1, . . . , Xi�K�1, and we let N�N(xK )
be the number of the block at which xK occurs for the first time in the sequence X1,

X2, . . . . In queueing terminology, N may be referred to as the waiting time until the

sequence first occurs. For example, if the vector of interest is x3�/(1, 1, 0), then the

waiting time N would have the value n�/7 if we observe a sequence beginning

with 1,0,1,0,0,0,1,1,0, . . . , and N would have the value 2 for any sequence that

commences with either 0,1,1,0 or 1,1,1,0. In his applications of renewal theory, Ross

[6] refers to xK as a pattern , and N (denoted T in [6]) is called the first renewal time of
the pattern.

For K�/1 and x1� (1); the density of N is, of course, geometric: P(N�n)�
(1�u)n�1

u; n�/1,2, . . . . The case K�/2 is solved in Hombas [3]. Our goal is the

derivation of the distribution N for any given vector xK of arbitrary length K .

The motivation for the present work is as follows. In the context of an experiment

involving tossing of a fair coin (u�1=2); Konold [4] describes an interesting

simulation study to compare the probabilities of first occurrence of the sequences

HHHHH and HTHHT, i.e. x5�/(1, 1, 1, 1, 1) and x5�(1; 0; 1; 1; 0); and points out
that Engel [1] gives an algorithm to determine that the expected number of

*Corresponding author; e-mail: jerome.sheahan@nuigalway.ie

Mathematical Proceedings of the Royal Irish Academy, 104A (1), 1�/15 (2004) ��c Royal Irish Academy


