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ABSTRACT

Weber’s theorem says that if A : H 0 H is bounded and linear on a separable Hilbert
space, then any operator that is compact, commutes with A and lies in the weak
closure of the range of the inner derivation induced by A must also be
quasinilpotent. In this note we consider related problems for generalised inner
derivations associated with operators A and B on H .

1. Introduction

For bounded linear operators T : X 0 Y and S : Y 0 Z on Banach spaces the

condition

S�1(0)ST(X )�0 (1:1)

is equivalent to equality (ST )�1(0)�/T�1(0); when X�/Y�/Z and T�/Sn this is the

familiar condition that the operator S ‘has ascent5 n’. Stronger conditions would

replace the range T (X ) by its closure, either in the norm or in some weaker topology;

weaker conditions would ask that the intersection of S�1(0)S T(X ) with some

subspace of Y was in some sense nearly zero. Thus Kleinecke [3] showed that if
X �Y �Z�A for a Banach algebra A and S�T �da : x � ax�xa is an inner

derivation on A then

S�1(0)ST(X )⁄Q; (1:2)

where Q�QN(A) is the quasinilpotents in A: Weber [6] showed for the same S and
T that when A�B(H) for separable Hilbert space H , then

S�1(0)ScltT(X )SJ⁄Q; (1:3)

where clt represents the closure in B (H) with respect to the weak operator topology

t�w and J�/K (H ) is the compact operator. In this note we consider more generally
S�dAB : U � AU�UB with either T�/S or T �dA�B�; and we find that, for

example, (1.3) holds for Q�f0g and S�DAB and T �DA�B� when J is the finite rank

operators and t�w; the weak operator topology, and also when J is the trace class

and t�w�; the ultra weak operator topology.
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