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ABSTRACT

Let G be a finite soluble group. We derive upper bounds, in terms of the derived
length of G; for the maximal proportion of elements of G that can be sent to their
inverses under a group automorphism.

1. Introduction and notation

Let G be a finite group. If a is an automorphism of G; we follow [4] in denoting by

IG(a) the set of those elements of G that are sent to their inverses under a; i.e.:

IG(a)�fg � G ½ ga�g�1g: We then set l(a;G)� ½IG(a)½
½G½ and define

l(G)�maxa �Aut(G) l(a;G): (1:1)

There are several papers in the literature that investigate the properties of the

function l(�) from finite groups to Q \ (0; 1]: The idea underlying these investigations

is that, if l(G) is ‘large’, then G should be ‘close’ to being abelian. The plausibility of

this idea stems from the simple observation that if l(G)�1; then G is abelian. The

first non-trivial result was due to Manning [6], who proved that if G is not abelian,

then l(G)5 3
4
: Much later, Liebeck and MacHale [4; theorem 4.13] classified all G for

which l(G)� 1
2
: These groups have a very restricted structure. For our purposes, their

most noteworthy feature is that they are all soluble of length at most 2: More

recently, this classification has been extended [2; 3] to include all groups G for which

l(G)� 1
2
: The only other significant result seems to be due to Potter [7], who proved

that if l(G)� 4
15
; then G is soluble.

Let us now explain the motivation for the results to appear in this paper. First,

notation: we shall denote by Jn the class of finite soluble groups whose derived length

is n: We then define the real number ln by

ln�supG �Jn
l(G): (1:2)

The results quoted above imply that l1�1 (trivially), l2�
3
4

and l35
1
2
: In fact, from

the result of [2], it is easy to find G �J3 such that l(G)� 1
2
; and thus to see that l3�

1
2
:

The smallest such group has the following presentation:
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