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Abstract

Let T = X + iY be the Cartesian decomposition of an invertible operator T on
a Hilbert space with trace class self-commutator [T ∗, T ]. Carey–Pincus introduced
the principal function g and proved a trace formula associated with the Cartesian
decomposition T = X+iY. Applying the ordered C∞-functional calculus for (X, Y )
to their trace formula, we define the principal function gP and prove a trace formula
associated with the polar decomposition T = U |T |. Using this formula, we show
that g(x, y) = gP (eiθ, r) almost everywhere x + iy = reiθ on C.

1. Introduction

Let B(H) be the set of all bounded linear operators on a complex separable Hilbert
space H, and let C1 be the set of trace-class operators of B(H). In [4], Carey-Pincus
defined the principal function g and proved a trace formula associated with the
Cartesian decomposition T = X + iY with [T ∗, T ] ∈ C1 (see also [12]). It is known
that the principal functions are useful for the operator theory; for example,
relating the size of the principal function to the existence of cyclic vectors, Berger
[3] proved that, for a hyponormal operator T , the operator Tn has a non-trivial
invariant subspace for sufficiently high n (see other examples, [6; 9; 13; 14; 15;
16]. We also have two different trace formulae and the principal functions g and
gP associated with the decomposition T = X + iY and the polar decomposition
T = U |T |, respectively [4; 15; 16]. The relation between g and gP is that if there
exists a trace formula for the polar decomposition, then there exists g by a trans-
formation of variables, and g essentially coincides with gP . An operator T is called
p-hyponormal if (T ∗T )p ≥ (TT ∗)p [1]. If p = 1 and 1

2 , then T is called hyponormal
and semi-hyponormal, respectively. The principal function g has been studied well.
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