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Abstract

We characterise Fréchet spaces with a dominant norm in terms of plurisubhar-
monicity.

A Fréchet space has a dominant norm, or is a DN space, if its topology can be
induced by norms ‖ ‖t, t ∈ N, satisfying

‖x‖2
t ≤ ‖x‖t−1‖x‖t+1, t = 2, 3, . . . ; (1)

see [7, Satz 2.1]. These spaces have been introduced by Vogt, and their relevance
to infinite-dimensional complex analysis was explored by himself, Meise, Dineen
and others; see [2, chapter 4] and [5; 6]. (DN spaces occur in finite-dimensional
complex analysis as well; see the survey [1].) Condition (1) and a related if rather
stronger convexity condition appear in [3; 4], which also deal with complex analy-
sis in Fréchet spaces. Our purpose here is to characterise DN spaces in terms of
plurisubharmonicity. Given that by now the importance of plurisubharmonicity for
complex analysis has been firmly established, the characterisation below will explain,
in a way, the ubiquity of condition (1) in complex analytical investigations.

Let X be a complex Fréchet space. An upper semicontinuous function u : X →
[−∞,∞) is plurisubharmonic if the function v(λ) = u(x+ λy), λ ∈ C, is subharmonic
for all x, y ∈ X. Recall further the notion of a pseudonorm. This is a function
p : X → [0,∞) that satisfies: p(x) = 0 precisely when x = 0; p(λx) ≤ p(x) if λ ∈ C,
|λ| ≤ 1; and p(x+ y) ≤ p(x) + p(y).

Theorem. The following three conditions are equivalent for a complex Fréchet space X:
(i) X has a dominant norm;
(ii) the topology of X can be induced by a pseudonorm p with convex sublevel sets

such that log p is plurisubharmonic;
(iii) the topology of X can be induced by a metric d such that log d is plurisub-

harmonic.

Important examples of DN spaces are spaces of rapidly decreasing vectors. Let
(Z, ‖ ‖) be a complex Banach space; for maps x : N→ Z define

‖x‖θ = sup
n
nθ‖x(n)‖ ≤ ∞, θ ∈ R, and put

s(Z) = {x : N→ Z | ‖x‖θ < ∞ for all θ}.
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It is immediate to check that s(Z) with the norms ‖ ‖t, t ∈ N, is a DN space, and
‖x‖θ depends continuously on (x, θ) ∈ X × R. A special case is the space s(C) = s

of rapidly decreasing sequences. First we verify (ii) for the space X = s(Z).

Proposition. The formula

p(x) = inf{θ > 0 : ‖x‖1/θ ≤ θ}, x ∈ s(Z) (2)

defines a pseudonorm with convex sublevel sets that induces the topology of s(Z).
Further, log p is plurisubharmonic.

Proof. The first half of the claim is staightforward and holds in greater generality,
cf. [3, proposition 5.1]. For example, to verify the triangle inequality, observe that by
the intermediate value theorem for x 6= 0 there is a unique α > 0 with ‖x‖1/α = α,
and this α = p(x). Suppose that y 6= 0 and let β = p(y). Then

‖x+ y‖1/(α+β) ≤ ‖x‖1/(α+β) + ‖y‖1/(α+β) ≤ ‖x‖1/α + ‖y‖1/β = α+ β.

Hence (2) implies that p(x + y) ≤ α + β = p(x) + p(y). This inequality also holds
when x or y is 0.

To prove that log p is plurisubharmonic, note that ‖x‖1/θ ≤ θ means ‖x(n)‖ ≤
θn−1/θ for all n. Since θn−1/θ increases with θ,

p(x) = sup
n

inf{θ > 0 : ‖x(n)‖ ≤ θn−1/θ}, or

log p(x) = sup
n

inf{ω ≥ −∞ : log ‖x(n)‖ ≤ ω − e−ω log n}. (3)

The map ω 7→ ω − e−ω log n being a concave, increasing self-homeomorphism of
[−∞,∞), its inverse fn is increasing and convex; also the inf in (3) is achieved
for ω = fn(log ‖x(n)‖). Therefore log p, the sup of plurisubharmonic functions
fn(log ‖x(n)‖), n ∈ N, is itself plurisubharmonic.

Proof of the theorem. (i)⇒ (ii): According to [8, lemma 2.1], a DN space is
isomorphic to a subspace of s(Z) for some Banach space Z . Since, by the proposition,
s(Z) admits a pseudonorm as in (ii), so does X.

(ii)⇒ (iii): The metric d(x, y) = p(x− y) will do.
(iii)⇒ (i): First, observe that balls {x ∈ X : d(0, x) < r} contain no complex

lines, for otherwise the restriction of d(0, ·) to such a line would be a non-constant,
bounded subharmonic function, which is impossible. Second, inductively construct
positive numbers εt → 0 and continuous seminorms ‖ ‖t such that

if ‖y‖t ≤ 1 then d(0, y) ≤ εt, t = 1, 2, . . . ; (4)

if d(0, y) ≤ (εt−1εt+1)1/2 then ‖y‖t ≤ 1, t = 2, 3, . . . . (5)

The observation above implies that ‖ ‖t are in fact norms; also they induce the
topology of X. The function λ 7→ log d(0, x/λ) being subharmonic on C \ {0}, by the
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three-circles theorem we have if x 6= 0

max
|λ|=‖x‖t−1

d
(

0,
x

λ

)
max
|λ|=‖x‖t+1

d
(

0,
x

λ

)
≥ d

(
0,

x

(‖x‖t−1‖x‖t+1)1/2

)2

.

Hence (4) implies that

(εt−1εt+1)1/2 ≥ d
(

0,
x

(‖x‖t−1‖x‖t+1)1/2

)
,

and so ‖x/(‖x‖t−1‖x‖t+1)1/2‖t ≤ 1 by (5), which is equivalent to (1).

What about non-DN spaces? Are their topologies induced by pseudonorms that
still have some plurisubharmonicity properties? We cannot give a general answer,
but here is an example. Let Z and ‖ ‖θ be as above, and define

X = {x : N→ Z | ‖x‖θ < ∞ for all θ < 0}.
With the norms ‖ ‖θ , θ < 0, X becomes a Fréchet space. Arguing as in the
Proposition, one can verify that q(x) = inf{τ > 0 : ‖x‖−τ ≤ τ} is a pseudonorm with
convex sublevel sets that induces the topology of X, and q itself is plurisubharmonic.
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