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ABSTRACT

If X is a class of groups, a group G is said to be just-non-X if it is not in X but
all its proper quotients are X-groups. A description of just-non-(nilpotent-by-finite)
groups and just-non-(supersoluble-by-finite) groups is given in this paper.

1. Introduction

Let X be a class of groups. A group G is said to be just-non-X if it is not in X but all its
proper quotients are X-groups. Many authors have investigated the structure of just-
non-X groups for several choices of the group class X. In particular M.F. Newman
[8; 9] considered just-non-abelian groups, while groups whose proper quotients are
nilpotent were studied by S. Franciosi and F. de Giovanni [2], and more recently L.A.
Kurdachenko and I. Subbotin [4] decribed just-non-hypercentral groups. In another
direction, groups whose proper quotients satisfy a certain finiteness condition have
been studied in a series of articles (see for instance [1; 3; 6; 7; 12; 13]). Moreover,
some recent papers deal with the structure of just-non-X groups, where X is a
property generalising both finiteness and nilpotency; in particular, groups whose
proper quotients are finite-by-nilpotent have been considered by Z. Zhang [15].

The aim of this article is to study groups whose proper quotients are nilpotent-
by-finite. It turns out that the Fitting subgroup of a just-non-(nilpotent-by-finite)
group is either torsion-free abelian or abelian of prime exponent. Obviously every
infinite simple group is just-non-(nilpotent-by-finite), and hence in this context it
is natural to restrict our investigation to just-non-(nilpotent-by-finite) groups with
non-trivial Fitting subgroup (i.e. soluble-by-finite groups). The structure of these
groups is described in Section 2, with special attention to the case of groups with
a unique minimal normal subgroup. Finally, in Section 3 we characterise just-non-
(supersoluble-by-finite) groups (with non-trivial Fitting subgroup).

Most of our notation is standard and can be found in [10].

2. Just-non-(nilpotent-by-finite) groups

We say that a group G is a JNNF-group if it is a just-non-(nilpotent-by-finite) group,
i.e. G is not nilpotent-by-finite but all its proper quotients have this property. Our
first lemma describes some elementary properties of JNNF-groups. Recall that the
FC-centre of a group G is the subgroup consisting of all elements of G with finitely
many conjugates.
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Lemma 2.1. Let G be a JNNF-group. Then the following properties hold :
(a) If Ny and N; are non-trivial normal subgroups of G, then N{(\N is non-trivial.
(b) If K is a normal subgroup of finite index in G, then Cg(K)= {1}, and in
particular K has trivial centre.
(c) The FC-centre of G is trivial.

Proor. (a) Since G/N; and G/N, are nilpotent-by-finite, the group G/N; N N, is
also nilpotent-by-finite, and so Ny N N, # {1}.

(b) Assume that Cg(K) # {1}, so that G/Cg(K) is nilpotent-by-finite. Then K is
nilpotent-by-finite and hence G itself is nilpotent-by-finite, a contradiction.

(c) Let x be any element of the FC-centre of G. Then C = Cg({x)®) is a normal
subgroup of finite index in G and it follows from (b) that Cg(C) = {1}. Therefore
x =1 and G has trivial FC-centre. H

Theorem 2.2. Let G be a JNNF-group. Then the Fitting subgroup A of G is abelian
and either it is torsion-free or it has prime exponent p. Moreover, if A is not trivial,
then Cg(A4) = A.

PRrROOF. Let N be any nilpotent normal subgroup of G. Then the factor group G/N’
is not nilpotent-by-finite, and hence N’ = {1}. Therefore every nilpotent normal
subgroup of G is abelian and so the Fitting subgroup A4 is abelian.

Suppose now that 4 is not torsion-free, and let S be the socle of the torsion
subgroup of A. Clearly S is an elementary abelian p-group for some prime p. Assume
by contradiction that S # A, and let K/S be the Fitting subgroup of G/S. Since
K /S is nilpotent, there exists a non-trivial element aS in A/S N Z(K/S). If x is any
element of K, then [a, x] belongs to S, so that

[, x] = [a,x]" = 1;

hence a” belongs to Z(K). On the other hand, Z(K) = {1} by Lemma 2.1, since K
is a normal subgroup having finite index in G. Thus @’ = 1 and a belongs to S, a
contradiction. Therefore 4 = S is an elementary abelian p-group.

Suppose now that A # {1} and put C = Cg(A). Since A < Z(C), the group
G/Z(C) is nilpotent-by-finite and so C is also nilpotent-by-finite. Then C/A4 is finite,
and in particular C/Z(C) is finite. It follows that C’ is finite, so that C’ = {1} and
C is abelian. Therefore C=A4. ®

As a consequence of Theorem 2.2 we can now prove that the class of (soluble-
by-finite) JNNF-groups does not contain locally nilpotent groups.

Corollary 2.3. Let G be a locally nilpotent group with non-trivial Fitting subgroup. If
every proper quotient of G is nilpotent-by-finite, then G itself is nilpotent-by-finite.

PrOOF. Assume by contradiction that G is not nilpotent-by-finite, so that it is
a JNNF-group, and in particular its Fitting subgroup A4 is abelian. The locally
nilpotent group G/A is nilpotent-by-finite, so that it is hypercentral. Let z4 be a
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non-trivial element of Z(G/A) and let 0 be the endomorphism of A defined by
0(a) = [a,z] for every a in A4; thus 6(a®) = 0(a)? for all a € A and g € G, so that
K = ker0 = Cy(z) is a normal subgroup of G. Let a be a non-trivial element of
A, so that (a,z) is a nilpotent group and hence 4 N Z({a,z)) # {1}. Therefore K
is not trivial, and G/K is nilpotent-by-finite. Since C5(4) = A by Theorem 2.2, K
is properly contained in A, and so A/K contains a non-trivial element bK having
finitely many conjugates under the action of G. Let {b®'K,...,b% K} be the conjugacy
class of bK in G/K. If g is any element of G, there exists i < ¢ such that b8 = b8k
with k € K ; thus 0(b) belongs to the FC-centre of G, so that 6(b) = 1 by Lemma 2.1,
and b belongs to K. This contradiction proves the statement. H

In the statement of Corollary 2.3 the assumption that the group has non-trivial
Fitting subgroup cannot be omitted. In fact, there exist locally nilpotent just-non-
(abelian-by-finite) groups with trivial Fitting subgroup, as the following example
shows.

Let A be the set of positive integers with the inverse order, and consider
the standard wreath product G = WrCl’,\, where C, is a group of prime order p.
Then G is a countably infinite locally finite p-group with no abelian non-trivial
normal subgroups (see [10], part 2, p. 22). Let g be any element of G. Then there
exists a bisection A = I'y UT, with I'; <« I'y, such that, if G = WWwrWw® is the
corresponding decomposition of G, then W® is finite and g € W®. Let B be the
base group of G = WWwrW®_ Then B’ is contained in the normal subgroup (g)¢
(see [10], part 2, lemma 6.26), and hence the factor group G/(g)¢ is abelian-by-finite.
Therefore G is just-non-(abelian-by-finite).

We also need the following slight generalisation of a well-known result concerning
the upper central series of a group (see [10], part 1, theorem 2.23).

Lemma 2.4. Let G be a nilpotent group, and let N be a normal subgroup of G such
that N N Z(G) has finite exponent. Then N also has finite exponent.

Let Q be a group and let A be a Q-module (i.e. a module over the integral group
ring ZQ). We say that A is just-infinite if A is infinite but all its proper factor modules
are finite. Just-infinite modules over nilpotent-by-finite groups arise naturally in the
study of JNNF-groups.

Lemma 2.5. Let G be a JNNF-group whose Fitting subgroup A is a non-trivial group
with finite Priifer rank. Then A is a faithful just-infinite G/A-module.

PRrROOF. Obviously the subgroup A is infinite, and Cg(A4) = A by Theorem 2.2, so that
A is a faithful G/A-module. Assume by contradiction that A contains a non-trivial
normal subgroup B of G such that 4/B is infinite. Since G/B is nilpotent-by-finite, its
Fitting subgroup K /B is nilpotent and G/K is finite. Clearly C/B = A/BNZ(K/B)
is a non-trivial G-invariant subgroup of A/B, and [C, K] is contained in B. Moreover,
Cc(K) = {1} by Lemma 2.1 and hence C/[C,K] is finite (see [5], proposition 1).
It follows that C/B is finite, and hence 4/B has finite exponent by Lemma 2.4.
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Therefore A/B is finite, and this contradiction proves that A4 is a just-infinite G/A-
module. H

By Theorem 2.2 there is a natural dichotomy in the study of just-non-(nilpotent-
by-finite) groups. Let G be a JNNF-group with non-trivial Fitting subgroup A4; we
say that G has characteristic 0 if A4 is torsion-free, and that G has prime characteristic
p if A has exponent p. The following result gives a description of JNNF-groups of
characterisic 0 when the Fitting subgroup has finite Priifer rank.

Theorem 2.6. Let G be a group whose Fitting subgroup has finite Priifer rank. Then
G is a JNNF-group of characteristic 0 if and only if it contains non-trivial torsion-free
abelian subgroups A and X satisfying the following conditions:

(a) A is normal in G, and it is a faithful just-infinite G/A-module;

(b) ANX = {1};

(c) the subgroup AX has finite index in G.

ProoF. Suppose first that G is a JNNF-group of characteristic 0, so that by The-
orem 2.2 the Fitting subgroup 4 of G is a torsion-free abelian group. Moreover,
A is a faithful just-infinite G/4-module by Lemma 2.5. The factor group G/A4 is
nilpotent-by-finite, and hence in particular FC-hypercentral, so that, since Cg(A4) =
A, G/A contains a torsion-free abelian normal subgroup H/A of finite index (see
[3], theorem 4.4). Since C4(H) = {1} by Lemma 2.1, H contains a subgroup X such
that AN X = {1} and the index |H : XA| is finite (see [5], proposition 2). Then X is
a non-trivial torsion-free abelian group and XA has finite index in G.

Conversely, suppose that the group G satisfies the conditions of the statement,
and let N be a non-trivial normal subgroup of G. If AN N = {1}, we have also
[4,N] = {1}, so that N < Cg(4) = A, a contradiction. Therefore A N N # {1},
and hence AN/N =~ A/AN N is finite. It follows that G/N is finite-by-abelian-by-
finite, and so also nilpotent-by-fnite (see [10], part 1, thecorem 4.25). Assume by
contradiction that G is nilpotent-by-finite, so that its Fitting subgroup F has finite
index in G and is nilpotent. Thus ANZ(F) # {1} and therefore A/4ANZ(F) is finite,
so that there exists a positive integer n such that A" is contained in Z(F). For all
elements a € 4 and x € F we obtain that

[a,x]" = [a",x] = 1,

so that [a,x] = 1 and F is contained in Cg(4) = A, a contradiction since G/A is
infinite. Therefore G is a JNNF-group and it has obviously characteristic 0, since A
is contained in F. W

Recall that a group G is monolithic if it has a unique minimal normal sub-
group, which is called the monolith of G. In the proof of our next lemma H"(Q, A)
denotes, as usual, the nth cohomology group of the group Q with coefficients in the
Q-module A.

Lemma 2.7. Let G be a monolithic JNN F-group with non-trivial Fitting subgroup, and
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let M be the monolith of G. Then every subgroup of G containing M splits conjugately
on M.

ProoF. It follows from Lemma 2.1 that M is contained in the Fitting subgroup A of
G so that M is abelian. As G/M is nilpotent-by-finite, its Fitting subgroup F/M is
nilpotent, and the index |G : F| is finite, so that Z(F) = {1}. Then H*(F/M, M) = {0}
and hence

HY(L/M,M) = H*(L/M,M) = {0}

for each subgroup L of G containing M (see [11]). Therefore every subgroup of G
containing M splits conjugately on M. H

Our next result provides a satisfactory description of monolithic JNN F-groups
of characteristic 0.

Theorem 2.8. Let G be a monolithic group with monolith M, and suppose that the
Fitting subgroup of G has finite torsion-free rank. Then G is a JNNF-group of char-
acteristic 0 if and only if there exists a subgroup X of G such that G =X x M and
the following conditions hold :

(a) M is a torsion-free abelian group and C¢(M) = M ;

(b) X is a finite extension of a torsion-free abelian group.

PrOOF. Suppose first that G is a JNNF-group of characteristic 0. By Lemma 2.7
every subgroup of G containing M splits over M, and in particular there exists a
subgroup X of G such that G = X x M. Let 4 be the Fitting subgroup of G. Then
M is contained in 4 and A/M is finite by Lemma 2.5, so that M = A is the Fitting
subgroup of G. Therefore C;(M) = M and M is torsion-free abelian. Moreover, it
follows from Theorem 2.6 that X is a finite extension of a torsion-free abelian group.

Conversely, every group satisfying the conditions of the statement is a JNNF-
group of characteristic 0 by Theorem 2.6. H

Lemma 2.9. Let G be a JNNF-group of prime characteristic p, and let A be the Fitting
subgroup of G. Then the Hirsch—Plotkin radical of G/A has no elements of order p.

Proor. Let R/A be the Hirsch-Plotkin radical of G/A. Then R/A is a locally
nilpotent group that is also nilpotent-by-finite, and hence it is hypercentral. Assume
by contradiction that R/A contains elements of order p, so that there is an element
xA of order p in Z(R/A). As G/A is nilpotent-by-finite, the index |G : R] is finite
and hence xA has finitely many conjugates. Therefore (x)°A4/A4 is a finite p-group
and so the normal subgroup (x)%4 is nilpotent (see [10], part 2, lemma 6.34). This
contradiction proves the lemma. M

Lemma 2.10. Let G be a periodic JNNF-group with non-trivial Fitting subgroup A,
and let a be any non-trivial element of A. Then the normal closure {a)C is a just-infinite
G/Cg({a)%)-module.
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PrOOF. Let p be the characteristic of G. Consider any non-trivial normal subgroup
N of G that is contained in (a)¢ and let K/N be the Fitting subgroup of G/N.
It follows from Lemma 2.9 that K/A4 has no elements of order p, so that A/N is
the Sylow p-subgroup of the nilpotent group K /N, and hence it is contained in
Z(K/N). In particular, the coset aN has finitely many conjugates in G/N, and so
(a)6/N is finite. M

We can now prove the following.

Theorem 2.11. Let G be a periodic JNNF-group with non-trivial Fitting subgroup A.
Then G is monolithic.

PrOOF. Let p be the characteristic of G, so that the Fitting subgroup K/A of
G/A is a p'-group by Lemma 2.9. Consider any non-trivial element a of A and
put A; = (a)®. Then A is contained in C = Cg(A4;), and hence X/C = KC/C is
a p’-group. Assume now by contradiction that G is not monolithic, so that there
exists a proper non-trivial subgroup U of A4; that is normal in G. Then A;/U is
finite by Lemma 2.10, so that X /Cx(A4,/U) is also finite. Thus Y = Cx(4,;/U) is a
normal subgroup of finite index in G. As C has non-trivial centre, the factor group
G/C is infinite by Lemma 2.1, and hence Y /C # {1}. Therefore Y /C contains a
finite non-trivial normal subgroup H/C of G/C. Since H/C is a finite p’-group,
it follows from Maschke’s Theorem that 4; = U x V, where V is a non-trivial
normal subgroup of H. Then [V,H] < [A;,Y] < U, so that [V, H] is contained in
UNV = {1} and hence Cy4,(H) # {1}.

Clearly Cy4,(H) is normal in G, and so 4;/Cy4,(H) is finite. A second application
of Maschke’s Theorem yields now that A; = Cy4,(H) x W where W is a finite normal
subgroup of H. Therefore [4;,H] = [W, H] is contained in W and so it is finite.
On the other hand, [4;, H] is normal in G, so that [4;,H] = {1} and H < C. This
contradiction proves that G is monolithic. MW

Lemma 2.12. Let G be a monolithic JNNF-group of prime characteristic p. Then the
Fitting subgroup A of G is the unique minimal normal subgroup of G.

PrOOF. Assume by contradiction that the unique minimal normal subgroup M of
G is properly contained in A. Since G/M is nilpotent-by-finite, it follows that A/M
contains a finite non-trivial subgroup E/M such that E is normal in G.

Thus E has a finite G-composition series. Since G/Cg(E) is nilpotent-by-finite,
we obtain that E = E; x E;, where E; is a finite normal subgroup of G and
E, is a normal subgroup of G having no finite G-composition factors (see [14],
corollary 1). Therefore E; = {1}, and E = E, has no finite G-composition factors.
This contradiction proves the lemma. H

The last theorem of this section describes monolithic JNNF-groups of prime
characteristic. In particular, it follows from Theorem 2.11 that all periodic JNNF-
groups with non-trivial Fitting subgroup have such structure.
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Theorem 2.13. Let G be a monolithic group with monolith M. Then G is a JNNF-
group of prime characteristic p if and only if there exists a subgroup X of G such that
G = X X M and the following conditions hold:

(a) M is an elementary abelian p-group and Cg(M) = M ;

(b) X is an infinite nilpotent-by-finite group.

ProOF. Suppose first that G is a JNNF-group of characteristic p. Then G has the
required structure by Lemma 2.7 and Lemma 2.12.

Conversely, suppose that G = X x M satisfies conditions (a) and (b), and let N
be any non-trivial normal subgroup of G. Since Cg(M) = M, we have M NN # {1},
so that M is contained in N and hence G/N is nilpotent-by-finite. Finally, assume
by contradiction that G is nilpotent-by-finite and let F be the Fitting subgroup of G.
Then Z(F) is non-trivial, and so M is contained in Z(F). Therefore F is contained
in C¢(M)= M, and G/M is finite. This contradiction completes the proof. W

3. Just-non-(supersoluble-by-finite) groups

It is well known that every supersoluble group is nilpotent-by-finite, so that a group
is supersoluble-by-finite if and only if it is nilpotent-by-finite and finitely generated.
In particular, every finite-by-supersoluble group is supersoluble-by-finite. We say
that a group G is a JNSF-group if it is just-non-(supersoluble-by-finite), i.e. if G is
not supersoluble-by-finite but all its proper quotients have this property. Note that
soluble just-non-supersoluble groups are completely described in [12].

Lemma 3.1. Let G be a JNSF-group. Then G is a JNNF-group. Moreover, if G has
characteristic 0, the Fitting subgroup A of G has finite rank.

PrOOF. Assume by contradiction that G is nilpotent-by-finite, and let x be a non-
trivial element of the centre of the Fitting subgroup of G. Then x has finitely many
conjugates in G, and hence (x)“ is finitely generated. It follows that G is finitely
generated and so also supersoluble-by-finite. This contradiction shows that G is not
nilpotent-by-finite, so that it is a JNNF-group.

Suppose now that G has characteristic 0, and let a be any non-trivial element of
A. Since G/{a) satisfies the maximal condition on subgroups, we have that 4/(a)®
is finitely generated, and hence A is a finitely generated G/A-module. It follows that
A contains a free-abelian subgroup S such that 4/S is a n-group, where = is a finite
set of prime numbers (see [10], part 2, lemma 9.53). Consider a prime number ¢
that is not in &, so that 49N S = S9. As G/AY is supersoluble-by-finite, the group
A/A? is finite, so that S/S9 is also finite, and hence A has finite rank. H

Lemma 3.1 allows us to use the results of Section 2 to characterise JNSF-groups.

Theorem 3.2. A group G is a JNSF-group of characteristic 0 if and only if it contains
non-trivial torsion-free abelian subgroups A and X satisfying the following conditions:
(a) A is normal in G, and it is a faithful just-infinite G/A-module;
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(b) X is finitely generated;
() ANX = {1} and AX has finite index in G.

PrOOF. Suppose that G is a JNSF-group of characteristic 0. Then G is JNNF and
its Fitting subgroup has finite rank by Lemma 3.1, so that by Theorem 2.6 there
exist in G torsion-free abelian subgroups A and X satisfying conditions (a) and (c).
Moreover, X is finitely generated since G/A is supersoluble-by-finite.

Conversely, suppose that G contains subgroups A and X satisfying the conditions
of the statement. Then G is a JNNF-group of characteristic 0 by Theorem 2.6. Let N
be any non-trivial normal subgroup of G. Then ANN # {1}, and so A/ANN is finite.
It follows that G/A N N is finitely generated, so that G/N is supersoluble-by-finite,
and G is a JNSF-group. W

Theorem 3.3. 4 group G is a JNSF-group of prime characteristic p if and only if it
contains an abelian normal subgroup A of exponent p such that G/A is an infinite
supersoluble-by-finite group and A is a faithful just-infinite G/A-module.

PrOOF. Suppose first that G is a JNSF-group of prime characteristic p, and let A be
the Fitting subgroup of G. Then A4 is an abelian group of exponent p and G/A4 is
infinite and supersoluble-by-finite. Moreover, C5(A) = A by Theorem 2.2. It is also
clear that A4 is a just-infinite G/A4-module, since every proper quotient of G satisfies
the maximal condition on subgroups.

Conversely, let the group G satisfy the conditions of the statement, and let N be
any non-trivial normal subgroup of G. As Cg(4) = A, we have that ANNN # {1}, and
hence A/ANN is finite. Therefore G/N is finite-by-supersoluble-by-finite, and so also
supersoluble-by-finite. Clearly A4 is infinite, so that G is not supersoluble-by-finite,
and hence it is a JNSF-group. W
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