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ABSTRACT

New fixed-point theorems are presented for %*-admissible and PK -admissible maps.
The arguments rely on fixed-point theory for self-maps, together with properties of
the Minkowski functional and retractions.

1. Introduction

This paper presents new fixed-point results of Furi-Pera type [1; 2] for the #*-
admissible maps of Park [4; 5]. In the process we establish new Leray—Schauder
alternatives for %%-admissible maps defined on closed convex subsets of locally
convex Hausdorff topological vector spaces. Also we present new fixed-point results
for set-valued maps with continuous selections (i.e. the PK-admissible maps).

For the remainder of this section we present some definitions and known results
[3;4;5]. Let X and Y be Hausdorff topological vector spaces. Recall that a polytope
P in X is any convex hull of a non-empty finite subset of X. Given a class Z of
maps, Z(X,Y) denotes the set of maps F : X — 27 (the non-empty subsets of Y)
belonging to %, and %, the set of finite compositions of maps in 2. A class % of
maps [4; 5] is defined by the following properties:

(i) % contains the class € of single-valued continuous functions;

(ii) each F € %, is upper semicontinuous and compact-valued; and

(iii) for any polytope P, F € %.(P,P) has a fixed point, where the intermediate

spaces of composites are suitably chosen for each %.

Definition 1.1. F € %*(X,Y) (i.e. F is %*-admissible) if for any compact subset K
of X thereis a G € #%.(K,Y) with G(x) = F(x) for each x € K.

Recall from [5] that %% is closed under compositions.

Next let Z and W be subsets of Hausdorff topological vector spaces X and Y,
and F be a multifunction. We say that F € PK(Z,W) (i.e. F is PK-admissible) if
W is convex and there exists a map S : Z — W with

Z =Ufint S~'(w):w € W}, co(S(x)) < F(x) for x € Z,

and S(x) # & for each x € Z; here S™!(w) = {z:w € S(z)}. Finally we recall the
following well-known selection theorem.
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Theorem 1.1. If Z is paracompact, W is convex and F € PK(Z, W), then there exists
a continuous (single-valued) function f :Z — W with f(x) € F(x) for each x € Z.

2. Fixed-point results for 7%*-admissible maps

In this section we present some Leray—Schauder-type [2] alternatives and two fixed-
point results of Furi-Pera type [1; 2] for #*-admissible maps. Our theorems are
based on the following three fixed-point results of O’Regan [3].

Theorem 2.1. Let Q be a closed convex subset of a locally convex Hausdorff topologi-
cal vector space E with xo € Q. Suppose that F € U*(Q,Q) with the following property
holding :

A< Q, Acco({xo} UF(A)) implies that A is compact. (2.1)
Then F has a fixed point in Q.
Theorem 2.2. Let Q be a closed convex subset of a locally convex Hausdorff topo-

logical vector space E and xo € Q. Suppose that F € U*(Q,Q) satisfies the following
properties:

A< Q, A< co({xo} UF(A)) implies that A is compact (2.2)

and

F(A) < F(A) for any relatively compact subset A of Q. (2.3)
Then F has a fixed point in Q.

Theorem 2.3. Let Q be a closed convex subset of a locally convex Hausdorff topo-
logical vector space E and xo € Q. Suppose that F € U*(Q, Q) maps compact sets into
relatively compact sets and satisfies (2.3) and suppose that the following properties
hold :

A< Q, A< co({xo} UF(A)), withA=C (24)
and C < A countable, implies that A is compact; '
for any relatively compact subset A of Q there (2.5)
exists a countable set B < A with B=A '
and
if A is a compact subset of Q, then ¢o(A) is compact. (2.6)

Then F has a fixed point in Q.

Remark 2.1. If E is metrisable then (2.5) holds, and if E is quasi-complete then (2.6)
holds.
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Remark 2.2. In some cases (see [3]) it is possible to drop assumption (2.3) in
Theorem 2.2 and Theorem 2.3. (We will discuss this later in this paper; see The-
orems 2.7-2.10.)

Our first result is a non-linear alternative of Leray-Schauder type for -
admissible maps that satisfy a condition of (2.1) type.

Theorem 2.4. Let E be a locally convex Hausdorff topological vector space, C a
closed convex subset of E, U°C an open convex subset of E, and 0 € U. Suppose
that F € (U, C) satisfies the following two properties:

A< U, Ac<co({0} UF(A)) implies that A is compact 2.7

and
x & AF(x) for x € U and 1 € (0,1). (2.8)
Then F has a fixed point in U.

PrOOF. Let u be the Minkowski functional on U and let r: E — U be given by

X

= m for x e E. (29)

r(x)

Let G = rF, and notice that G : U — U. In addition since r € 4 = % = U5 we have
that G € %%(U, U). Next we claim that

if A < U and 4 = ¢o({0} U G(A4)) then 4 is compact. (2.10)

To see this notice that, if 4 = U and A < co({0} U rF(A)) — note that (2.9) implies
that r(B) = co(B U {0}) for any subset B of E — then

A = @({0} U co(F(4) U {0})) = @olco(F(4) U {0})) = co(F(4) U {0}).

Now (2.7) implies that 4 is compact, so (2.10) holds. Apply Theorem 2.1, and
we deduce that there exists x € U with x € G(x) = rF(x). Thus x = r(y) for some
y € F(x). Now, either y € U or y ¢ U. If y € U then r(y) =y, so x = y € F(x) and
we are finished. If y ¢ U then r(y) = ﬁ with u(y) > 1. Then x = Ay (i.e. x € AF(x))

with0 < 1= ﬁ < 1. This contradicts (2.8). W

Theorem 2.5. Let E be a locally convex Hausdorff topological vector space, C a closed
convex subset of E, U C an open convex subset of E, and 0 € U. Suppose that F €
(U, C) satisfies (2.8) and the following two properties:

A< U, A< co({0} UF(A)) implies that A is compact (2.11)

and
F(A) = F(A) for any relatively compact subset A of U. (2.12)
Then F has a fixed point in U.
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Proor. Let p, r, G be as in Theorem 2.4. Essentially the same reasoning as in
Theorem 2.4 guarantees that G € %’;(U, U), and,

if A < U and A < co({0} U G(4)), then A is compact. (2.13)
Next we claim that
G(A) < G(A) for any relatively compact subset A of U. (2.14)

This is immediate since F satisfies (2.12) and r is continuous, i.e. if 4 is a relatively
compact subset of U then

G(4) = r(F(A)) = r(F(4)) = r(F(A4)) = G(A).

Apply Theorem 2.2, and we deduce that there exists x € U with x € G(x) =rF(x).
Thus x = r(y) for some y € F(x), and, as in Theorem 2.4, we have y € U. As a result
we have x =r(y) =y € F(x). 1

Essentially the same reasoning as in Theorem 2.5 (except that here we use
Theorem 2.3) establishes the following result.

Theorem 2.6. Let E be a locally convex Hausdorff topological vector space, C a
closed convex subset of E, U°C an open convex subset of E, and 0 € U. Suppose
that F € %*(U, C) maps compact sets into relatively compact sets. Assume that (2.8)
and (2.12) are satisfied and suppose that the following properties hold:

Ac U, A< co({xo} UF(A)), withA=C (2.15)
and C < A countable, implies that A is compact; )
for any relatively compact subset A of U there (2.16)
exists a countable set B < A with B=A :
and
if A is a compact subset of U then ¢o(A) is compact. (2.17)

Then F has a fixed point in U.

We can remove condition (2.12) for certain subclasses of #*(U,C). Given a
class .o/ of maps (with ¢ o/), we let «Z(X,Y) denote the set of maps F : X — 2Y
belonging to .o/, and .o/, the set of finite compositions of maps in 7. We say that
F € o/%X,Y)if F:X — 2Y is such that for any compact convex subset K of X
there exists a closed map G € «/.(K,Y) with G(x) = F(x) for each x € K. We also
assume throughout that .«¥ is closed under compositions.

In [3] the following fixed-point result was established.

Theorem 2.7. Let Q be a closed convex subset of a locally convex Hausdorff topologi-
cal vector space E with xo € Q. Suppose that F € o/%(Q,Q) satisfies (2.2) and the
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following condition:

for any relatively compact convex subset A of Q and any
closed map G € o4 (A, Q) with G(x) < F(x) for x € 4,
G* € UNAA) if GMx) # & for x € 4;

here G*(x) = G(x) N A for x € A.

(2.18)

Then F has a fixed point in Q.

Remark 2.3. 1f, for example, «/(X,Y) denotes the class of upper semicontinuous
maps H :X — 27 with non-empty compact convex values, then clearly (2.18) is
satisfied. In fact in this case G* € .«7%(4, A) < U (A4, A).

Next we obtain a Leray—Schauder alternative for the subclass .«7. (We will state
and prove the result with Fr here. The result with F we will leave to the reader.)

Theorem 2.8. Let E be a locally convex Hausdorff topological vector space, C a
closed convex subset of E, U°C an open convex subset of E, and 0 € U. Suppose
that F € «/%(U, C) satisfies (2.8) and the following conditions:

A< C, A< co({0}UF(co({0} UA)NTU)) implies that A is compact (2.19)
and
for any relatively compact convex subset A of C and any
closed map G € o/ (A, C) with G(x) < Fr(x) for x € A,
G* e WA, A) if G*(x) - & for x € 4; (2.20)
here G*(x) = G(x) N A for x € A, and r
is defined in (2.9).
Then F has a fixed point in U.

PROOF. Let r be as in (2.9) and let H = Fr. Notice since .o/X is closed under
compositions that H € .o7¥(C, C). Next we claim that

if A = C and 4 < co({0} U H(A)) then A is compact. (2.21)

To see this, notice that if A = C and A4 = co({0} U Fr(A4)) then, since r(4) =
co(A U {0}), we have

A< co({0} UF(co({0}UA)NT)).

Now (2.19) implies that 4 is compact, so (2.21) holds. Apply Theorem 2.7, and
we deduce that there exists x € C with x € Fr(x). If we let z = r(x) € U, then
z € rF(z). Thus z = r(y) for some y € F(z). Now either ye U ory¢ U. If y € U
then r(y) = y, so z = r(y) = y € F(z), and we are finished. If y ¢ U then r(y) = Ay
with 4 = ﬂ(ly) € (0,1). Thus z = r(y) = Ay € AF(z) with 1 € (0,1). This contradicts
(2.8).
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Similarly we can obtain the analogue of Theorem 2.6 for maps in the subclass
of . First we recall the following fixed-point result from [3].

Theorem 2.9. Let Q be a closed convex subset of a locally convex Hausdorff topolog-
ical vector space E with xo € Q. Suppose that F € .o/*(Q,Q) maps compact sets into
relatively compact sets and assume that (2.4), (2.5), (2.6) and (2.18) hold. Then F has
a fixed point in Q.

Essentially the same reasoning as in Theorem 2.8 establishes the following result.

Theorem 2.10. Let E be a locally convex Hausdorff topological vector space, C a
closed convex subset of E, U°C an open convex subset of E, and 0 € U. Suppose
that F € «/%(U, C) maps compact sets into relatively compact sets and assume that
the following properties hold:

{ A< C, A< co({xo) UF(co({0} U A)), with A=0 222)
and Q = A countable, implies that A is compact;
{ for any relatively compact subset {Qf (ithere (2.23)
exists a countable set B < A with B=A
and
if A is a compact subset of C then co(A) is compact. (2.24)

Finally assume that (2.8) and (2.20) hold. Then F has a fixed point in U.

Our next result is a Furi—Pera-type fixed-point theorem for compact closed
U*-admissible maps.

Theorem 2.11. Let Q be a closed convex subset of a metrisable locally convex topo-
logical vector space E with 0 € Q. Suppose that F € %*(Q, E) is a closed compact map
with the following condition satisfied :

if {(x},2))}7; is a sequence in 0Q x [0, 1] converging
to (x,4) with x € AF(x) and 0 < A < 1, then (2.25)
{2;F(xj)} < Q for j sufficiently large.

Then F has a fixed point in Q.

ProOOF. Let r: E — Q be a continuous retraction (the existence of r follows from
Dugundji’s extension theorem).

Remark 2.4. 1f 0 € int Q we may take

X
max {1, u(x)}’
where p is the Minkowski functional on Q. Note that if int Q = ¢ then ¢Q = Q.

r(x) =

x€E,
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From Remark 2.4, we may choose (and we do so) the retraction r above so that
r(z) € 0Q if z € E\Q. Consider

B = {x € E:x € Fr(x)}.

Firstly, B # (#. To see this, notice that Fr € %*(E, E) and also notice that Fr is a
compact map (r is continuous and F is compact). Theorem 2.1 guarantees that Fr
has a fixed point, and therefore B # 7. In addition, since F is closed, we have that
B is closed. In fact B is compact, since

B < Fr(B) < F(Q).

It remains to show that BN Q # &F. To do this we argue by contradiction. Suppose
that BN Q = (. Then, since B is compact and Q is closed, there exists a 6 > 0 with
dist(B,Q) > 6. Choose m € {1,2,...} with 1 < dm. Define

1
U, = {x € E:d(x,0) < i} for ie{mm+1,..};

here d is the Eetric associated with E. Fix i € {m,m+1,...}. Since dist(B, Q) >i we
see that BN U; = . In addition, U; is open and convex, 0 € U; and Fr € %’(‘,(Ui,E)
is a compact map. Theorem 2.4 guarantees, since B\ U; = ¢, that there exists

(yi,4i)) € 0U; x (0,1)  with  y; € 4 Fr(y).
We can do this for each i € {m,m + 1,...}. Thus we have
{2iFr(yi)} & Q for each i€ {(mm+1,...}. (2.26)
We now look at
D = {x € E:x € AFr(x) for some 4 € [0,1]}.

Notice that D # (F is closed and in fact compact (so sequentially compact), since
F € %*(Q, E) is a compact map. This, together with

1
d(yj,Q)zj and |4;| <1 for je{mm+1,.. .},

implies that we may assume without loss of generality that
lj—> 2 €[0,1] and y; —y"€dQ.

In addition we have y; € A;Fr(y;) with F closed, and so y* € A*Fr(y”). Note that
/¥ = 1since BN Q = &. Hence 0 < A* < 1. However, (2.25), with

xj=r(y;) €00 and x= y =r(y"),

implies that {1;Fr(y;)} = Q for j sufficiently large. This contradicts (2.26). Thus
BN Q # &, so there exists x € Q with x € Fr(x) = F(x). &

We can improve Theorem 2.11 if E is a Hilbert space.
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Theorem 2.12. Let Q be a closed convex subset of a Hilbert space E with 0 € Q.
Suppose that F € U*(Q,E) is a closed condensing map with F(Q) a bounded subset of
E, and assume that (2.25) holds. Then F has a fixed point in Q.

Proor. Define r: E — Q by r(x) = Py(x), i.e. r is the nearest point projection. Note
that r is non-expansive. Let

B ={x € E:x € Fr(x)}.

Now Fr € %*(E,E) is a condensing map with Fr(E) a bounded subset of E. The-
orem 2.1 guarantees that Fr has a fixed point, so B # (J. Also B is closed and
compact (if a(r(B)) # 0 then

%B) < a(Fr(B))) < a(r(B)) < «(B),

a contradiction, so we have a(r(B)) = 0, and thus «(B) = 0; here « is the Kuratowski
measure of non-compactness). Suppose that BN Q = . Let m, U; be as in
Theorem 2.11, and essentially the same reasoning as in Theorem 2.11 (here Fr is a
condensing map) guarantees that

{AiFr(y;)} &€ Q foreach i€ {m,m+1,...}. (2.27)

Let D be as in Theorem 2.11, and notice that D is closed and compact since
D = co(Fr(D)U {0}). As a result we may assume without loss of generality that

lj—> 2 €0,1] and y; —y"€dQ.
This implies that y* € A*Fr(y*) with 0 < A* < 1. This, together with (2.25), implies

that {1;Fr(y;)} = Q for j sufficiently large. This contradicts (2.27), so BN Q # .
|

3. Fixed-point results for P K-admissible maps

We begin this section by presenting a very general Leray—Schauder alternative for
PK maps.

Theorem 3.1. Let E be a locally convex Hausdorff topological vector space, C a closed
convex subset of E, U°C an open convex subset of E, and 0 € U. Suppose that Uis
paracompact and F € PK(U, C) satisfies

x & AF(x) for x € U and 1 € (0,1). (3.1)
In addition assume that one of the following conditions holds:

A< U, Acco({0}UF(A)) implies that A is compact, (3.2a)
A< U, A< co({0} UF(A)) implies that A is compact (3.2b)
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or
A< U, A< co({xo} UF(A)), with A= C and
C < A countable, implies that A is compact; in addition
assume that for any relatively compact subset A of U there (3.2¢)
exists a countable set B = A with B = A, and also if

D is a compact subset of U assume that ¢o(D) is compact.

Then F has a fixed point in U.

Proor. Let f:U — C be the continuous selection of F guaranteed from The-
orem 1.1, u be the Minkowski functional on U and r: E — U be

X

=  f E.
max{1, u(x)} or x€

r(x)
Let G = rf, and notice that G : U — U is a continuous map.

Case (i). Suppose that (3.2a) holds.
Then we claim that

if A < U and 4 = ¢o({0} U G(A4)) then 4 is compact. (3.3)
To see this notice that if 4 < U and A < ¢o({0} U G(A)) then (see Theorem 2.4)
A = @a({0} UrF(4)) < ca({0} U F(A)),

and so (3.2a) implies that A4 is compact. Thus (3.3) holds. We may apply Theorem 2.1
(with F replaced by G) to deduce that there exists x € U with x = G(x).

Case (ii). Suppose that (3.2b) holds.
Then as above we can prove that

if A < U and 4 < co({0} U G(A4)) then 4 is compact. (3.4)

Apply Theorem 2.2 (with F replaced by G = rf; note that rf(A) < rf(A) for any
relatively compact subset A of U since r, f are continuous) to deduce that there
exists x € U with x = G(x).

Case (iii). Suppose that (3.2c) holds.
Then as above we can prove that
if A< U, A< co({xo} UF(A)), with A =C
and C < A countable, implies that 4 is compact. (3.5)
Apply Theorem 2.3 to deduce that there exists x € U with x = G(x).

In all cases there exists x € U with x = G(x). Thus x = r(y) with y = f(x). Now
either ye Uory ¢ U.If y € U then r(y) = y, so x = y = f(x) € F(x), and we are
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finished. If y ¢ U then r(y) = ﬁ with u(y) > 1. Then x = 1y = Af(x) € AF(x) with
0<i= ﬁ < 1. This contradicts (3.1). ®

Our final result is a Furi—Pera result for PK maps.

Theorem 3.2. Let Q be a closed convex subset of a metrisable locally convex topologi-
cal vector space E with 0 € Q. Suppose that F € PK(Q, E) is a compact map with the
following condition satisfied:

if {(x},2))}7; is a sequence in 0Q x [0, 1] converging
to (x,4) with x € 2F(x) and 0 < A < 1, then (3.6)
{2;F(xj)} < Q for j sufficiently large.

Then F has a fixed point in Q.

Proor. Note that Q is paracompact. We let f :Q — E be the continuous selection
of F guaranteed from Theorem 1.1. Let

B ={x¢€E:x=fr(x)},

where r is as described in Theorem 2.11. Firstly, B # . To see this, note that fr is
a continuous compact map, and we may apply Theorem 2.1 to deduce that B #+ .
Also B is closed and compact since

B < fr(B) < f(Q) = F(Q).

Suppose that BN Q = . Then, since B is compact and Q is closed, there exists a
6 > 0 with dist(B,Q) > 6. Choose m € {1,2,...} with 1 < dm. Define

1
U, = {xEE 1d(x,0) < i} for ie{mm+1,...};

here d is the metric associated with E. Fix i € {m,m+1,...}. Since dist(B, Q) > J, we
see that BNU; = . In addition U; is open and convex, 0 € U; and fr:U; - E is a
continuous compact map. Theorem 2.4 (or Theorem 3.1, note that Uj is paracompact)
guarantees, since BN U; = ¢, that there exists

(yi, )\.i) S 8U, X (0, 1) with yi = i,»fr(yi) (S /I,Fr(y,)
We can do this for each i € {m,m + 1,...}. Thus we have
{ZiFr(y))} &€ Q foreach i€ {m,m+1,...}. (3.7)

Let
D = {x € E:x = Afr(x) for some 1 € [0,1]}.
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Notice that D # ¢ is closed and in fact compact (so sequentially compact), so we
may assume without loss of generality that

lj—> 2 €[0,1] and y; —y"€dQ.
Also y* = 2*fr(y*) with 0 < 2* < 1. However, (3.6), with
xj=r(y) €00 and x=y" =r(y"),

implies {4;Fr(y;)} < Q for j sufficiently large. This contradicts (3.7). Thus B 1 Q #
&, so there exists x € Q with x = fr(x) = f(x) € F(x). 1

Remark 3.1. If E is a Hilbert space in Theorem 3.2 then we can replace F € PK(Q, E)
a compact map with F € PK(Q, E) a condensing map with F(Q) a bounded subset
of E.
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