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ABSTRACT

For each natural number n we construct an algebra over a countable field such that
the polynomial ring in n commuting indeterminates over this algebra is Jacobson
radical but not a nil-ring. This answers a question of Amitsur.

1. Introduction

A theorem of Amitsur [2] says that the Jacobson radical of the polynomial ring
over an associative ring R, J(R[x]), is equal to I[x] for some nil ideal I of R. In [3]
Amitsur constructed, for a given ring R, the descending chain of its radicals

J(R)2 K(R) 2 J{(R) 2 K{(R)2... 2 J(R) = Ko(R),

where J(R) and K(R) denote the Jacobson and upper nil radical of R, and, for every
n, Ju(R) = J(R[x1,...,x,])) N R, K,(R) = K(R[xq,...,x,]) N R, where R[xi,...,X,]
is the polynomial ring over R in n commuting indeterminates. The question of
whether there exists a ring R for which this is a strictly descending chain is open.
The aim of this paper is to show that for each n there is a ring R, such that the

R=J(R)=K(R)=... = Ji(R) and J,(R) # K,(R) for n >i.
It is known [1] that if A4 is an algebra over an uncountable field then

J(4) = K(A) = Ji(4) = Ki(A4) = ... = Jo(A) = K (A).

If A is a nil algebra over a countable field then A[x] need not be nil (cf. [11]), even
if A[x] is Jacobson radical (cf. [12]). Thus K{(4) # Ji(A). Recall that the K6the
conjecture [6] is true if K(R) = J{(R) for every ring R [7]. Some interesting results
and questions connected with this subject can be found in [3; 4; 9; 10].

In this paper we construct, for each countable field K and each i, an algebra R
over K such that J;(R) # K;(R). The most general idea of our example resembles
that of the famous Golod—Shafarevich example (cf. [5; 8; 13; 14]). We use techniques
similar to those in [11] and [12]. In Sections 1, 2 and 4 we generalise results from
sections 2, 3 and 4 of [11]. As in [12], we use Krempa’s well-known result that the
polynomial ring over a ring R is Jacobson radical if and only if for any n the ring
of n X n matrices over R is nil.
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The question of whether, for all rings R and for each n, J,(R) = K,_{(R) remains

open [3; 4].

In what follows, K is a field, z is a natural number and A4 is the algebra of
polynomials in z + 2 non-commuting indeterminates ay,...,a,.» over K. Let 4 be
the subalgebra of 4 consisting of the polynomials with zero constant term.

We denote by M the set of monomials in ay,...,a,4; over K, and, for each n > 0,
M, denotes the set of monomials of degree n. Thus My = 1, and for n > 1 the
elements in M, are of the form x;...x,, where x; € {ay,...,a.42}. The K-subspace

of A spanned by M, will be denoted by H,, and elements of H, will be called
homogeneous polynomials of degree n. Every polynomial f € A can be uniquely
represented in the form f = fo+ f1 +... + f4, where f; € H;, f; # 0. The f; are
called homogeneous components of f, and d = degf is the degree of f.

Given a natural number n and a set F < A, let B,(F) denote the right ideal of A
generated by the set J,_o,5  MuF, ie. By(F) = ;2 My FA.

2. Linear mappings

Let my,my,... be an increasing sequence of natural numbers such that each m; divides
miyi, and let S; be a finite subset of H,,. In [11, section 2] we introduced mappings
R; : H,, > H,, in the case when A4 has three generators (i.c. z = 1). We will use the
same definition (recalled below) when z is an arbitrary natural number.

Given a subset V; of H,,, let ¢y, : Hy,, » Hy, denote the K-linear mapping such
that ker(cy,) = spang (V).

Let F; = {fi,la- .. 7fi,r,»} S H;11;~

We shall define K-linear mappings R; : H,,, — H,, inductively fori=1,2,....

Put R; = id. Suppose that i > 1 and we have already defined R; for j < i. Given
W=X1...Xm,, € My,,, define

iyt

Rip1(w) = cryr)(Ri(x1 ... X)) Ri(X(i—tymt1 - - - Xjm;)

where CR(F) denotes CLR(fi)wsRilFiry)}
Since increasing the number of generators of the algebra 4 does not affect the
proofs in section 2 of [11], we have the following.

Theorem 1 (cf. [11, theorem 4]). If w € H,,,, N Zle By, (F), then Rip1(w) = 0.
PrOOF. See [11] proof of theorem 4. W

Lemma 2. Define s; = my, and siy; = sj(mipym;—" — 1) for i > 1. If miyy > mz2+*
for all i > 1, then miy1(1 — (82)71) < sip1 < myyy.

. . . . —1
Proor. Easy induction arguments give s; < m;. For every i > 1, siy1 = simim;

(1 —mmzY) > simiimi'(1 — ¢;), where ¢; = 27"z, One easily checks that

sivt = mir [[io (1 — ex). Hence sipy > mipq(1— Y04_ ex) > mp(1— 307 ) >
miz1(1 — (82)~1). The result follows.



SMOKTUNOWICZ—Amitsur’s conjecture on polynomial rings 207

Each polynomial w € H, can be uniquely represented in the form > o,p, where
o, € K and p € M,,. Given a monomial p = x;...x, € M, and a permutation ¢ € S,
define p” = Xg(1)... Xgm and w” => app”. N

Theorem 3 (cf. [11, theorem 6]). Suppose that m;, s;, R; are as in Lemma 2 and
Theorem 1. For every integer i > O there are permutations o; € Sy, m; € Sy, and
a K-linear map h; : Hy,—s, > Hy,—s, such that if u € H, and v € H,,,_, then

(Ri((uv)™)™ = uhi(v).
Proor. See [11], proof of theorem 6. W

3. Free algebras

Here we will generalise results from section 3 of [11].

Given w € M and an element x € {ay,...,d,42}, we denote by d,w the x-degree
of w. Obviously the degree of w, which we denote by dw, is equal to Z:lz dgw.

Note that for each integer n > 0 the set D = {w € M : dw = n} is a free basis of
the right A-module DA.

Given integers ny,...,n,,, define w(ny,...,n,42) = 0 if some of n; is < 0, and
w(ng,...,nq0) =Y {weM :d,w=mn;fori=1,...,z+2} if all n; > 0.

We will need the following straightforward lemma.

Lemma 4. (a) For each n > 0 the set S = {w(ny,...,n.42) 10, iqn > 0,0 4. 4
N2 = n} is a free basis of the right A-module SA.

(b) For arbitrary integers ny,...,n,12, and r < ny + ...+ n,43, we have
W(nla"'anz+2) = Z{W(rla---ar2+2)w(nl _rla---’n2+2_r2+2) N +"'+VZ+2 = r}'
In what follows, < will denote the lexicographical ordering of triples (ny,...,n;12)
of integers (i.e. (n1,...,n.42) < (n},...,n. ) if and only if n; < n}, or n; = n} and

ny <, or ny =, and n, = n) and n3 < nj etc.).

Lemma 5. If (ny,...,n,42) > (,...,n..,), then for arbitrary integers my,...,m, 7,
[ + 1 742 . g
!
(my —mny,...,moyy —n.40) < (my—nj,...,mq2 —n_,).

Lemma 6 (cf. [11, lemma 9]). Let f :H, > A, g : Hp - Aand h : Hy,, — A
be K-linear mappings such that for all u € M, v € M, h(uw) = f(u)g(). If
h(w(ny,...,n;42)) =0 for all ny+...+n,., = p+q, then either f(w(py,...,p:42)) =0
Jor all py+ ...+ pz4a =p or gw(qi,...,q:42)) =0 for all g1 + ... + qz42 = q.

PrOOF. Analogous to proof of lemma 9 from [11]. W

Theorem 7. Let p, r be integers such that p +r > 80z(z + 2), r > 4zp, and let
f:Hy,—> A and g : Hp, — A be K-linear mappings such that for u € M,, v €
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M,, we have g(uv) = uf(v). If the dimension of the K-subspace of A spanned by
{gW(ng,...,n42)) tnp + ...+ nn = p+r}is < (p+r7T(40z(z +2))7"", then
fw(p1,...,pz42)) =0, for all py,...,p.42 such that py + ...+ p.12 = p. Consequently
forall ny +...+n,.o =p+r we have g(w(ny,...,n,42)) = 0.

ProoF. The result holds if some p; < 0. Hence it suffices to show that each
fw(p1,...,pz+2)), where pi+...4+p.+2 = p, is a linear combination of f(w(qi,...,q-+2))
such that g +.. Aq:42=0p and q1,---,9:42) < (p1,--- ,pz+2)- LetS = {(m,. cNp0)
M4 ..d+ng =p+r, P+rz+2)""'<m<(@p+r)(z+2)'(1+ (027" for
i = 1,...,z + 1). First we shall prove that cardS > (p+r)*!(40z(z +2))"".
Observe that there are at least (p + r)(20z(z + 2))~' — 2 natural numbers lying
between (p + r)(z +2)~' and (p + r)(z + 2)~'(1 + (20z)7!), so we can choose
((p + r)(20z(z + 2))~! — 2)**! distinct sequences (ny,...,n,.1) of natural numbers
such that (p+r)(z+2)"' <m < (p+r)(z+2)"'(1+(20z) Y fori=1,...,z+ 1. For
each such sequence we can choose a natural number n,,; such that ny+...+n,, =
p+rand n.n > (p+r)(z+2)"1(1 —107"). Since p + r > 80z(z + 2), we get that
cardS > ((p 4+ r)(20z(z + 2))~' — 2)“”rl > (p+ ) T((40z2)(z +2))" .

Hence the assumption of the theorem implies that 3, o lu,n.,g(W(n1,...,
n.42)) = 0 for some I, .., € K not all of which are zeros. Let (ji,...,j.42)
be the maximal element in S, with respect to <, such that [; ;. # 0. Then
g(W(j1,. .- 7jz+2)) = Z km ..... nzﬂg(w(nb- .. >nz+2)) for some knl ..... N € K, where the
sum runs over all (ny,...,n;,47) € S such that (ny,...,n.42) < (ji,.--, jzt2)-

From Lemma 4(b) we get that if n; +...+n,4 = p+r then g(w(ny,...,n,42)) =
Z,AIJF'_._H,HZ:rw(rl,...,rzﬂ)f(w(nl — Pl fpyn — T242)), SO g(W(jt,...,Jo42)) =

FidoAre =t w(r, ..., rz+2)f(w(j1 = Flyeees Job2 — r.4+2)) and g(W(jls ‘e sjz+2)) =

Bodless Doty ymr w(ri,...,r02)f(W(ny—ri,...,n,02—r,42)) where the sum runs
over (ny,...,n,42) € S such that (ny,...,n,42) < (ji,-.., j-+2). These and Lemma 4(a)
imply that, for each (ry,...,r,4,) satisfying r{ + ... +r,1» = r, we have f(w(j, —
Floweos Jor1 —T242)) = 2 Ky oo f(W(N1 — 71, .., 1240 —F242)) where the sum runs over
(nl,...,nz+2) €S, (nl,...,nz+2) < (jl,---,szrZ)-

The definition of S and the assumption r > 4zp imply that j; > p for i =
1,...,z+2. Hence for arbitrary py,...,p.+2, such that p; +...4+p.1» = p, the integers
Pt = j1 —Ply---s¥242 = jz12 — P42 are positive and r{ + ...+ r,4» = r. Thus

J(p1,..spz42)) = (W0t — 11,y o2 — T242))
= Z knl ..... nz+2f(w(n1 — Iy Bz — rz+2))-

(M1301242) < (J1esfz42)

Clearly (ny —r1,...,n:400 —71242) < (j1 =715+ 05 joy2 — T242) = (P1,- .., Pz42), SO the
result holds. W

Now, from Lemma 4(b) we get immediately that if ny 4 ...+ n.42 = p 4+ r then
g(W(n17 ceey nZ+2)) =0.

Theorem 8. Let my,my,... be natural numbers such that, for each i, m; divides mj1,
Mg > miz2 ™ and m; > 80z(z + 2).
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Let, for i > 0, Fi = {fi1s-., fir,} S Hp, with r; < m#t1(40z(z + 2))7*7!, and
let R; be defined as in Section 1. For every i >0 there are ny,...,n,yo such that
Ri(w(ny,...,n.42)) # 0.

PrOOF. Suppose the contrary. Let i be the minimal number such that R;(w(ni,...,
n.42)) =0 for all ny +... 4+ n,42 = m;. Clearly i > 1. By the definition of R; we have

that if w = xi...xs € My, then Ri(w) = ¢ r(Rict(x1 ... X ) TII5" Ry
(X(j—tym_s+1---Xjm_, ). Applying Lemma 6 several times, we get that Ri_i(w(ny,...,
n,.2))=0foralln +...+n,00 =m_y or CR,,_I(F,._I)(R,-,l(W(nl, ...,Nn542))) = 0 for all
n +...+n,.5 = m;_;. Since i is minimal, the former is impossible. Thus, suppose the
latter holds. Then Ri_j(w(ny,...,n.42)) € spang{Ri—(fi—1.1),---» Ric1(fi=1s:,)}
(: kerCRi—l(Fi—l))‘

Consequently we get that the dimension of the K-subspace of 4 spanned by
{Ri_i(W(ntye. o ep2)) t g+ oo npyy = mq ) is < rig < mi"T1(40z(z + 2)) 2L
For w € M,,_, let Ri_j(w) = (Ri_1(w’))™' where m;_1, g;_; are those of Theorem 3.
Observe that (w(ny,...,n.42))° = w(ni,...,n.42). Consequently Ri_j(w(ny,...,n-42))
= (Ri—1(w(ny,...,n,42)))"'. Consequently the dimension of the K-subspace of A4
spanned by {Ri_{(W(ny,...,n.42)) @ ny + ...+ nqp = mi_y} is < mi_1*1(40z(z +
2))>~!. By Lemma 2 and Theorem 3, r = s;_;,p = mi_; — si_1, f = hi_; and
g = R;_ satisfy the assumptions of Theorem 7. Hence R;_1(w(ni,...,n,12)) = 0 and
Ri_{(w(ny,...,n;13)) =0 for all ny +... + n,.p = m;_;. We are finished. ®

4. Algebras T and T,

In what follows, K is a field and T is the algebra of polynomials in non-commuting
indeterminates by,...,b, 4, over K.

We denote by T the subalgebra of polynomials with zero constant term in T, and
by M the set of monomials in by,...,b.4». Let Q be the additive monoid generated
by 1/2. Define the semigroup homomorphism & : M — Q as follows: &(b;) = 1 for
i=1,....,z4+1, &) =0 and &(b.42) = 1/2.

Set My = {1}, and for each ¢ € Q denote by M, the set of monomials w such
that ¢(w) = q. The K-subspace of T spanned by M, will be denoted by H,. Thus
H, = spang M.

Given F = T, we denote by M!(F) the set of all matrices [ x [ over F.

Let T[y1,...,y.—1] be the polynomial ring in z — 1 commuting indeterminates
V1s...,¥-—1 over T, and let K or K[yy,...,y._1] denote the polynomial ring over K
in z — 1 commuting indeterminates yi,..., y,_1.

Define K, = spang {wi...w; : j < p and w; € {y1,...,y.—1} for all i < j}.

Lemma 9. Let f = Zf=1f,~ where f; € M’(Kpﬁi/z) for each i. Suppose that either
n or n+ 1/2 is a natural number > t. Then there exists a set G(f,n) < H, with
cardG(f,n) < I>(2np)°t(z + 2)' such that, for every natural number m > 2n,

fm € M <<G(f, n)z Mi/2Kf1n72n + Mn—1/2{b1;--->bz+l}> TK) .

i=1
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ProOF. Givenl < j<tand 1 <k <2n—j,wesetwjx =3 it yi—onjfir--fi:
Note that wj €H,_ —js2- Let Gy(f,n) U1<]<,U1<k<2n ]w]kMJ/z Clearly Gy(f,n) =
M! (H,K2p). Observe that, for all natural j, cardM; i < (z+ 2). Note that for
each j the number of polynomials w;; is < 2n. Thus we get cardGi(f,n) <
2ntsup1§j§t(card(ﬁj/2)) < 2nt(z + 2)'. Note that, since yi,...,y,_; are commuting
indeterminates, we have dimgKs,, < (2np)*~!. Thus there is a set G(f,n) < H,
such that Gi(f,n) = M'(G(f,n)K2,,) and cardG(f,n) < [>(2np)*~'cardGi(f,n) <
(2np)t(z + 2)".

Observe now that f" = >, . _ fi...fi, For each term f; ...f; there
exists 1 < k < 2n such that i; +...4+ iy < 2n < m and i; + ... + i1 = 2n
(because iy < t < 2n and iy + ...+ i, = 2n). Thus (cf. [11], proof of lemma 1)
o= o Zil+4..+ik<2nsi1+..4+ik+1 fiveor fin leik+2,.4.,i,,,srfir<+z ...fi,- However,
Sicivoningt Jiver -+ Fin = Zi<iinsrt Fiv oo L = fm=k=1_ Consequently we get
that /" = 305" S0 i<ansioctivn fin - Fu 7571 Thus fm = St yopmen=ho
Zz|+ AFi=2n— th . flk (fj+ +ft)fm_k_1 SO fm = Z;’:l Zin:? i1 +..+ix=2n—j fil "'fik
i+ Ff ™ = S S Wi+ fOf

Observe first that, since 1 < k < 2n— j, f" %=1 = fm=21fl for some [ > 0. Clearly
each wjx(f;j+...+f;) is a linear combination of elements from G,(f, n)Ml(ZE:1 Mi/zf)
and elements from M'(M,_;3{b1,...,b.+1}TK). Since G(f,n) = M'(KG(f,n)), we
get the result. ®

Let Ty be the subalgebra of T generated by by,...,b,1; and bfﬂ.

Let S; = spang{s € M :s ¢ T} and S, = spang{s € M : sT N Ty = 0}.

Given a natural number n and a set F = T, let D,(F) denote the right ideal of R
generated by the set J_o;,  MuF. Similarly, given a natural number n and a set

F = Ty, let C,(F) denote the right ideal of Ty generated by the set (g1, (M N
Tl)F Thus Dn(F Zk =0,12,.. nkFT and Cn(F Zk:O,l,Z,..(Mnk N Tl)le.

Given a matrix S with entrles in KT, we denote by [S] the set of coefficients of
entries of S. Thus [S] = T.

Theorem 10. Let f be as in Lemma 9. Let r,w be natural numbers with w > r > 2.
There exists a set F(f,r) < H, with cardF(f,r) < [>(2rp)*(z + 2)* such that the
two-sided ideal of T generated by [ '] is contained in D,,(F(f,r)) + S,.

ProoF. Let F(f,r) = Uy<ice Mi/2G(f,r—i/2) where G(f,n) is defined as in Lemma 9.
Observe that, for all i, cardM;;, < (z + 2)'. Hence cardF(f,r) < (t + 1)supi<i<
(cardM; ), G(f,r —i/2)) < P(t + Dt(z + 2)*2rp)* < PQ2rp)(z + 2)*.

Since S, is the right ideal of T, it suffices to show that u[ f!®] < D (F(f r)+S,
for all monomials u. Observe that either u € S, or u = u”u’ for some u”,u’ € M such
that &(u”) is a natural number divsible by w and &(u') < w. Observe that if, for some
v € M, &(v) is neither a natural number nor 0, then vh; € S, fori = 1,...,z + 1.
Hence uMoy,—¢w)—1/2{b1,....b-+1} = S». Applying Lemma 9 to f, n = 2w — &(u) and
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m = 10w, we get

ul '™ S uG(f,2w — EW) <Z Mi/2K> [ 0] + 8,

i=1

For each h € G(f,2w—¢&(u')), E(u'h) = 2w, so w divides &(uh). Thus it suffices to show
that [gf®+%®)] < F(f,r) + S, for each monomial g such that £(g) < t/2. Observe
first that, since r is a natural number, we have gM,_¢(g)—1,2{b1,...,b.41} = S,. Hence,
applying Lemma 9 to f and n =r — &(g), m = 6w + 2&(u'), we get

t
[gf6w+26(u')] c gG(f,r _ é(g)) (Z Mi/zK) Uﬂ6w+2§(u)—2r+2£(g)] +S,.

i=1
Since gG(f,r — &(g)) < F(f,r), we obtain our claim. M

Corollary 11. Let f,r,w be as in Theorem 10. There exists a set F(f,r) < H, N T}
with cardF(f,r) < 12(2rp)i(z +2)*% such that the two-sided ideal of T generated by
[f1] is contained in C,(F(f,r)) + Si.

ProOOF. Let F(f,r) be as in Theorem 10. It suffices to show that there is a set F(f,r) <
H,.N Ty with cardF(f,r) < cardF(f,r) such that D, (F(f,r)) < C.(F(f,r))+S;. Each
h € F(f,r) can be uniquely represented in the form h = #' + h”, where W' € H. N T,
and h” € S;. The set of all such /' will be denoted by F(f,r). Thus, cardF(f,r) <
cardF(f,r). Each element of D, (F(f,r)) is a linear combination of elements ghg’
where g’ € M, h€ F(f,r) and g € M, for some k € {0,1,...}. Since k,w,r are
natural numbers, it follows that if g € S; or g’ € S; then gF(f,r)g’ < Si. Suppose
now that g,g’ € T. Observe that if i’ € Sy then gh”g’ € S; and gh'g’ € C.(F(f,r)).
This proves the corollary. H

From Theorem 10 and Corollary 11 we get the following.

Corollary 12. Let f; € M"'(KI,X.(Z?=1 H;j)) for i=1,2... and for some natural num-
bers I, pi, ti, and let m;, i = 1,2..., be an increasing sequence of natural numbers
such that m; > 2t;. There exist subsets F; < H,, N Ty with cardF; < li2(2mipi)z(z +
2)* such that the ideal of T generated by [f}*""'], i = 1,2..., is contained in
Z;il Cmm(Fi) + 81

5. The main result

Let o : A —» Ty be the homomorphism defined by o(a;) =b; for i < z+ 1 and
o(dy42) = b§+2. Observe that o : A — T is an isomorphism.

Corollary 13. For all n, «(M,) = M, N Ty and o~ (C,(F)) = B,(a}(F)).
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Let w(ny,...,n,;4>) be defined as in Section 2. Given integers ny,...,n,o, define
p(ni,...,n.42) = 0 if some of n; is < 0, and p(ny,...,n,12) = > {v € M : dyv = n; for
i=1,...,z+4 2} if all n; > 0, where d,v is the x-degree of v for x € {by,...,bpt2}.

Lemma 14. For all ny,...,n,1;, we have p(ny,...,n;12) € Sy if n,1; is odd, and p(ny, ...,
n12) — o(W(ny,...,nyp1,n242/2)) € Sy if oy is even.

Proor. By induction on ny + ...+ 1,4, and Lemma 4(b). ®
Now we will prove the main result.

Theorem 15. For every countable field K and for every natural number z there is an
algebra T over K (generated by z + 2 elements) such that the polynomial algebra
T[yi,...,y.] over T in z commuting indeterminates is Jacobson radical but not nil.

PrOOF. Recall first that K = K[yy,...,y.—1]. Let T be the subalgebra of T of
polynomials with zero constant term. Since K is countable, elements in |J;2;, M'(K T)
can be enumerated, ie. |J;°; M/(K T) = {f1,f2,...}. For each f; fix natural numbers
li,ti, pi such that f; € M"(K,, (31, Hyp)).

It is clear that there are natural numbers my, m,,... satisfying

(i) m; > 80z(z + 2) and, for each i, m; > I>(2p;)*(z + 2)*1(40z(z + 2))**1;

(ii) for each i > 1, miy; > m;z2™* and m; divides mj, ;.

Let I be the ideal of T generated by {[f/*"*'] :i = 1,2,...}. Hence, for each
I, M'((T/I)[y1,...,y-—1]) is nil. Consequently from Krempa’s result quoted at the
beginning of the paper we see that (T /I)[y1,...,y.] is Jacobson radical.

Suppose that (T /I)[y1,...,y-] is nil. Then there is a number k such that, for all
I >k, (biy1 +...+b-y: + boyi 4+ b)) €1y1,..., )2,

Consequently, for all 0 < ny,...,n. <L,y i p(ni,...,nz, 1—(ni+...+n+i),i) € L.

From Corollary 12, I = Y., Cp..,(Fi) + S; for some F; = H,, N Ty with
cardF; < [2(2m;p;)(z + 2)*. Consequently from (i) cardF; < m;"1(40z(z + 2))~~1.
From this and from Lemma 14 we get that for all ny,...,n,

Z aw(ng,...,n., L —(ny + ...+ 0 +2j), j) — qn,.n. € St
0<j<l/2

,,,,,

and T{ NS =0, it is equal to 0. Now, from Corollary 13,

0
Z w(ng,...,n,l— (g +...+n, 4+ 2j),j) € ZB'n;+1(Ei)
0<j<l/2 i=1

where E; = o 1(F)).

Observe now that w(ny,...,n;,[—(n1+...+n.+2j), j) € H_;. Since Sl By, (Ei)
is homogeneous, we get that w(ny,...,n.12) € > 1oy By, (E;) for all ny +... +n.4q +
2n,,, = I. This holds for all [ > k. Moreover, if ny + ... 4+ n,41 + n,4o = my then
ny ...+ 041 +2n.47 > my > k. Consequently w(ny,...,n.12) € .o By, (E;) for all
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ny+...+n.42 = my. Since >~ | By, (E;) is homogeneous and E; = H,,, we get that
w(ny,...,n;42) € Zi.‘:l B, (E;) for all ny + ... 4+ n.4» = m. Now, by Lemma 4(b),

for all ny +... + n,00 = myyy, w(ng,...,n,40) € Zile B, (Ej).

By Theorem 1 we have Ry i(w(ny,...,n,12)) = 0 for all ny + ... + n,00 = myy;.
By Theorem 8 this is impossible. Thus T = T/I satisfies the assumptions of our
theorem. M
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