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Abstract

Given a central simple algebra over a field of characteristic not two, the classical
invariants of the surrogate form—the quadratic form arising from the quadratic
coefficient in the reduced characteristic polynomial of the algebra—are investigated.
It is shown that the surrogate form gives the same amount of information as the
trace form. Then an involution of the first kind is introduced, and the invariants
of the associated involution surrogate form are determined. Finally, the existence of
some special subspaces of the algebra is demonstrated.

1. Introduction

The surrogate form of a central simple algebra over a field arises from the
quadratic coefficient in the reduced characteristic polynomial of that algebra.

More precisely (see e.g. [3, 5]), let A be a central simple algebra of degree n (that
is, of dimension n2) over a field F of char(F) 6= 2. Let Ω denote an algebraic closure
of F . Under scalar extension to Ω, A becomes isomorphic to Mn(Ω). We can therefore
fix an F-algebra embedding A ↪→ Mn(Ω) and view every element a ∈ A as a matrix
in Mn(Ω). Its characteristic polynomial has coefficients in F and is independent of
the embedding of A in Mn(Ω). We call it the reduced characteristic polynomial of a
and denote it by

PrdA,a(X) = Xn − s1(a)Xn−1 + s2(a)Xn−2 − · · ·+ (−1)nsn(a).

The coefficients s1(a) and sn(a) are respectively the reduced trace and the reduced
norm of a, denoted

TrdA(a) = s1(a) and NrdA(a) = sn(a).

As is well known, the reduced trace gives rise to a quadratic form

TA : A −→ F, x 7−→ TA(x) := TrdA(x2),

the trace form of A (see e.g. [6]). We call the coefficient s2(a) the reduced surrogate
of a, and denote it by SrdA(a). One can show (see e.g. [3, xvii]) that

s1(a)2 − s1(a2) = 2s2(a).
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This allows us to define a quadratic form

SA : A −→ F, x 7−→ SA(x) := 2 SrdA(x) = TrdA(x)2 − TrdA(x2),

which we call the surrogate form of A.
This form has been studied in the setting of étale algebras L over a field of

characteristic two, where it functions as a surrogate for the ordinary trace form in
the definition of a discriminant of L (see [1; 12; 15]).

In this note we will determine the classical quadratic form theoretic invariants
of the surrogate form of a central simple algebra A of degree n over a field F of
char(F) 6= 2. Besides the dimension of the form, which is just the dimension of A, i.e.
n2, we mean by classical invariants the discriminant, signatures and Hasse invariant
of the form. The main tool will be the ‘comparison argument’, which relates the
surrogate form to the ordinary trace form of A. We will also determine annihilating
polynomials for the surrogate form.

After that we define an involution surrogate form for central simple algebras with
an involution of the first kind and determine its classical invariants.

We use the notation of [4] and [14] for quadratic forms and of [3] for central
simple algebras (with an involution).

In Section 2 we briefly recall the definition of the classical invariants. In Section 3
we investigate the surrogate form. In Section 4 we define the involution surrogate
form and investigate its properties. Finally, in Section 5 we show, as applications,
the existence of some special subspaces of A.

2. The classical invariants of a quadratic form

Let q : V −→ F be a non-singular quadratic form on a vector space of finite
dimension n over a field F of char(F) 6= 2.

The discriminant of q is defined as

disc q := (−1)
n(n−1)

2 det q mod F×2
,

where det q is the determinant of any Gram matrix of q.
Suppose q ' 〈a1, . . . , an〉 (here ' denotes isometry of quadratic forms). The

Hasse invariant of q is defined as

s(q) :=
∏
i<j

(ai, aj) ∈ Br(F),

where (ai, aj) is the class of the quaternion algebra (
ai,aj
F

) in the Brauer group Br(F)
of F . Note that for a, b ∈ F×, (a, b) has order two in Br(F) and that (1, a) is trivial
in Br(F) for any a ∈ F×.

If q1 and q2 are two quadratic forms over F , then

s(q1 ⊥ q2) = s(q1)s(q2)(det q1, det q2). (2.1)

If q is a quadratic form over F and m ≥ 1 an integer, one can show by induction on
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m that

s(m× q) = s(q)m(det q, det q)(
m
2). (2.2)

Now suppose that F is an ordered field with ordering P. The signature of q at P,
sigP q, is defined to be the number of positive entries minus the number of negative
entries in q.

3. The surrogate form

Let A be a central simple algebra of degree n over a field F of characteristic
different from two. In this section we will determine the classical invariants of the
surrogate form SA. The main tool will be Proposition 3.1, which relates the surrogate
form to the ordinary trace form TA.

Note that the symmetric bilinear forms associated to TA and SA are given by
bTA(x, y) = TrdA(xy) and bSA (x, y) = TrdA(x) TrdA(y)− TrdA(xy) respectively.

Proposition 3.1 (‘Comparison argument’). Let A be a central simple F-algebra of de-
gree n ≥ 1 and suppose that char(F) does not divide n, then

SA ⊥ TA ' 〈1, n− 1〉 ⊥ (n2 − 1)× 〈−1, 1〉. (3.1)

Proof. Let A = Ker TrdA = {x ∈ A | TrdA(x) = 0}. This clearly is a subspace
of A of codimension 1. Let us identify F with the n × n scalar matrices in Mn(F).
An easy calculation shows that A⊥ = F for both TA and SA. Hence we obtain
the following orthogonal decomposition: A ∼= A ⊥ F for both TA and SA. We can
therefore decompose both the trace form and the surrogate form on A as follows:
TA ' TA ⊥ TF and SA ' SA ⊥ SF . From the definition of the surrogate form, we
see immediately that SA = −TA. Also observe that TF ' 〈n〉 and SF ' 〈n(n − 1)〉.
It follows that TA ' TA ⊥ 〈n〉 and SA ' −TA ⊥ 〈n(n − 1)〉. Since TA ⊥ −TA is
hyperbolic of dimension 2n2− 2, we get SA ⊥ TA ' 〈n, n(n− 1)〉 ⊥ (n2− 1)×〈−1, 1〉.
Hence SA ⊥ TA ' 〈1, n− 1〉 ⊥ (n2 − 1)× 〈−1, 1〉, provided that the characteristic of
F does not divide n.

Remark 3.2. Note that when char(F) divides n, we can use the diagonalisation SA ⊥
TA ' 〈n, n(n− 1)〉 ⊥ (n2 − 1)× 〈−1, 1〉. However, it will follow from Proposition 3.4
that SA is singular in this case.

It is now clear that the surrogate form of A doesn’t give any more information
than the trace form of A when char(F) 6= 2.

Corollary 3.3. Let A and B be two central simple algebras over a field F of
char(F) 6= 2. Then

TA ' TB ⇐⇒ SA ' SB.

Now we can use the comparison argument together with the known invariants
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of TA to calculate the invariants of the surrogate form. But first let us recall that,
for an ordered field F and any ordering P of F , the sign of A at the ordering P
of F , denoted sgnP A, is defined as follows:

sgnP A =

{
0 if FP is a splitting field of A,

1 otherwise,

where FP denotes the real closure of F with respect to P.

Proposition 3.4. Let A be a central simple F-algebra of degree n ≥ 1 and suppose that
char(F) does not divide n, then

(i) if A is split or n is odd,

SA ' 〈n− 1〉 ⊥ (n− 1)× 〈−1〉 ⊥ n(n− 1)

2
× 〈−1, 1〉;

(ii) disc SA = det SA = (−1)n−1(n− 1) detTA = (−1)
(n+2)(n−1)

2 (n− 1) mod F×2;
(iii)

s(SA) = s(TA)(n− 1,−1)
(n+2)(n−1)

2 (−1,−1)
(n2+2)(n−1)

2 ;

thus

s(SA) =

{
(n− 1,−1)

(n+2)(n−1)
2 (−1,−1)

(n+2)(n−1)(n2−n+4)
8 if n is odd

A
n
2 (n− 1,−1)

(n+2)(n−1)
2 (−1,−1)

(n+2)(n−1)(n2−n+4)
8 if n is even

;

(iv) if F is an ordered field, sigP SA + sigP TA = 2 for any ordering P of F , i.e.

sigP SA = (−1)sgnA+1 degA+ 2.

Proof. (i) Suppose that A is split (i.e. A ∼= Mn(F)), then the statement follows using
the comparison argument, the well-known diagonalisation of the trace form

TMn(F) ' n× 〈1〉 ⊥ n(n− 1)

2
× 〈−1, 1〉

and Witt cancellation. Suppose next that degA = n is odd. Let L ⊂ A be a maximal
subfield. It is well known that L has degree n over F and that it is a splitting field
for A (see e.g. [10, 240–2]). Thus if n is odd, it follows from Springer’s Theorem (see
e.g. [14, 47]) that TA is isometric to TMn(F) and that SA is isometric to SMn(F). So the
statement follows again.

(ii) This follows from the comparison argument and the fact that detTA =

(−1)
n(n−1)

2 mod F×2. Since the surrogate form has dimension n2, its determinant
equals its discriminant.

(iii) Taking Hasse invariants of both sides of (3.1) gives

s(SA) = s(TA)(det SA, detTA)(n− 1,−1)n−1(−1,−1)n−1.
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Here we used (2.1), (2.2) and the fact that n2 − 1 ≡ n− 1 ≡ (n2−1
2

)
(mod 2). Hence

s(SA) = s(TA)((n− 1)(−1)k+n−1, (−1)k)(n− 1,−1)n−1(−1,−1)n−1,

where k =
(
n
2

)
= n(n−1)

2
. The first formula of (iii) follows using the fact that k2 ≡ k

(mod 2). The second part comes from combining this with the known computations

s(TA) =

{
(−1,−1)(

k
2) if n is odd

A
n
2 (−1,−1)(

k
2) if n is even

(3.2)

and the fact that
(
k
2

)
+ (n2+2)(n−1)

2
≡ (n+2)(n−1)(n2−n+4)

8
(mod 2). Note that the odd case

in (3.2) follows by direct computation, using the diagonalisation of TA, while the
even case was computed by Lewis and Morales [8, 3].

(iv) This follows directly from (3.1) and the fact that sigP TA = (−1)sgnA degA,
as shown by Lewis [6, 370].

It is now clear that the surrogate form is non-singular when char(F) does not
divide n and n− 1.

Finally, recall that a polynomial p(x) is said to annihilate the quadratic form ϕ

over F if p(ϕ) = 0 in the Witt ring W (F) (see e.g. [5]). For example, one can easily
show that any n-fold Pfister form is annihilated by x2 − 2nx.

Proposition 3.5.
(i) Let A be a central simple F-algebra of degree n; then pA(x) := (x−2+n)(x−

2 − n)(x + n)(x − n) annihilates the surrogate form SA of A. In the following
special cases we can do better than this.

(ii) Let M = Mn(F); then pM(x) := (x − 2 + n)(x + n) annihilates the surrogate
form SM of the full matrix algebra M.

(iii) Let Q = ( a,b
F

); then pQ(x) := x(x− 4)(x+ 4) annihilates the surrogate form SQ
of the quaternion algebra Q.

Proof. (i) By the comparison argument, SA ⊥ TA = 〈1, n − 1〉 in W (F). So SA =
−TA ⊥ 〈1, n − 1〉 in W (F). Since x2 − n2 annihilates −TA (see [6, 370]) and since
x2 − 2x annihilates the Pfister form 〈1, n − 1〉, it follows that SA is annihilated by
(x− n)(x+ n)(x− 2− n)(x− 2 + n) by the proposition of [5, §2] with q1(x) = x2− n2

and q2(x) = x2 − 2x.
(ii) We know that SM = 〈n − 1〉 ⊥ (n − 1) × 〈−1〉 in the Witt ring W (F). So,

SM ⊥ (n− 1)× 〈1〉 = 〈n− 1〉, and hence (SM ⊥ (n− 1)× 〈1〉)2 = 〈n− 1〉2 = 〈1〉. This
implies (SM ⊥ (n− 2)× 〈1〉)⊗ (SM ⊥ n× 〈1〉) = 0 in W (F).

(iii) A simple calculation shows that SQ = 〈2,−2a,−2b, 2ab〉. In other words,
SQ = 〈2〉ψ, where ψ is the 2-fold Pfister form 〈〈−a,−b〉〉. Therefore ψ2 = 4× ψ and
so S2

Q = 4×ψ = 4× 〈2〉SQ. Hence S3
Q = 4× 〈2〉S2

Q = 16× SQ. Thus SQ is annihilated

by x3 − 16x = x(x− 4)(x+ 4).
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4. The involution surrogate form

Let F be a field of characteristic different from two. Let A be a central simple
algebra over F with an involution σ of the first kind (i.e. an anti-automorphism of
period two that is the identity map on the centre F of A). We will assume in the
rest of this article that char(F) does not divide the degree of A.

In this section we will study the involution surrogate form of (A, σ), which is
defined to be the quadratic form

Sσ : A −→ F, x 7−→ TrdA(x)2 − Tσ(x),

where Tσ is the involution trace form,

Tσ : A −→ F, x 7−→ TrdA(xσ(x)),

studied by Lewis [7].
Let A+ = {x ∈ A | σ(x) = x} and A− = {x ∈ A | σ(x) = −x} be the subspaces

of symmetric and skew-symmetric elements respectively. Let degA = n (i.e. A has
dimension n2). The involution σ is said to be orthogonal when dimA+ = n(n+1)

2
and

dimA− = n(n−1)
2

, while it is said to be symplectic when the dimensions of A+ and A−
are reversed.

One can easily check that A⊥+ = A− for both the involution trace form and
the involution surrogate form. Hence we have the orthogonal decomposition A ∼=
A+ ⊥ A− and can write Tσ = T+

σ ⊥ T−σ and Sσ = S+
σ ⊥ S−σ . Furthermore, the

ordinary trace form and surrogate form also decompose orthogonally on A+ ⊥ A−,
TA = T+

A ⊥ T−A and SA = S+
A ⊥ S−A . One can easily verify that T+

A = T+
σ , while

T−A = −T−σ . The following lemma compares the involution surrogate and trace
forms, analogous to Proposition 3.1.

Lemma 4.1.
(i) S+

σ = S+
A and

S+
σ ⊥ T+

σ ' 〈1, n− 1〉 ⊥ (dimA+ − 1)× 〈−1, 1〉.
(ii) S−σ = −S−A = T−A = −T−σ and thus

S−σ ⊥ T−σ ' dimA− × 〈−1, 1〉.
(iii) Sσ ⊥ Tσ ' 〈1, n− 1〉 ⊥ (n2 − 1)× 〈−1, 1〉.

Proof. (i) Since T+
σ = T+

A , we have S+
σ = S+

A . For the second part, mimic the proof
of Proposition 3.1.

(ii) An easy calculation using the well-known fact that TrdA(σ(x)) = TrdA(x),
which implies that TrdA(a) = 0 for all a ∈ A−.

(iii) Follows directly from (i) and (ii).

As in the previous section, the classical invariants of the involution surrogate
form can now be calculated, using the known invariants of the involution trace
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form and Lemma 4.1. We will therefore omit details in the proofs since they are all
simple—but sometimes rather tedious—calculations.

The discriminant of an involution is only defined when the degree of A is even.
We will therefore assume for the moment that degA = n = 2m. We will briefly recall
the definition of the determinant and the discriminant of an involution (see [3, 81]
for more details). Let σ be an orthogonal involution. One can show that each unit
in A− has the same reduced norm. The determinant of σ is the square class of the
reduced norm of any skew-symmetric unit:

det σ = NrdA(a) · F×2 ∈ F×/F×2

for any a ∈ A− ∩A×. When σ is symplectic, we define det σ = 1. The discriminant of
σ (orthogonal or symplectic) is defined to be

disc σ = (−1)m det σ ∈ F×/F×2
.

Proposition 4.2. Let (A, σ) be a central simple algebra over F of even degree n = 2m
with an involution of the first kind. Let Sσ be the involution surrogate form of (A, σ),
with orthogonal decomposition S+

σ ⊥ S−σ on A+ ⊥ A−.
(i) If n ≡ 0 (mod 4), then det S−σ = disc σ and det S+

σ = (1− n) disc σ.
(ii) If n ≡ 2 (mod 4), then det S−σ = 2 disc σ and det S+

σ = 2(1− n) disc σ.
In both cases we have det Sσ = 1− n.

Proof. In [7], Lewis shows that detT+
σ = detT−σ and determines the relationship

between detT+
σ and the determinant of σ (which he calls the discriminant). In

particular, he shows that

detT+
σ =

{
det σ if n ≡ 0 (mod 4),

2 det σ if n ≡ 2 (mod 4).

Some calculations, using Lemma 4.1, finish the proof.

Proposition 4.3. Let (A, σ) be a central simple algebra of degree n over F with invo-
lution of the first kind. Let Sσ be the involution surrogate form of (A, σ). Then the
following relations hold in the Brauer group of F:

s(Sσ) =


An/2(−1, det σ)(−n, 1− n) if n is even and σ is orthogonal,

An/2(−1,−1)n/2(−n, 1− n) if n is even and σ is symplectic,

1 if n is odd.

Proof. In [7] Lewis calculates the Hasse invariant of the involution trace form Tσ
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and obtains the following relations in the Brauer group of F:

s(Tσ) =


An/2(−1, det σ) if n is even and σ is orthogonal,

An/2(−1,−1)n/2 if n is even and σ is symplectic,

1 if n is odd.

Some calculations, using Lemma 4.1, finish the proof.

Proposition 4.4. Let (A, σ) be a central simple algebra of even degree n = 2m over a
field F of char(F) 6= 2 with involution of the first kind.

(i) If n ≡ 0 (mod 4), then

s(S−σ ) =

{
A

m(m+1)
2 (−1, det σ) if σ is symplectic,

A
m(m−1)

2 (−1,−1)
m(m+1)

2 (2, det σ) if σ is orthogonal,

and

s(S+
σ ) =


A

m(m−1)
2 (1− 2m,− det σ) if σ is symplectic,

A
m(m+1)

2 (−1,−1)
m(m+1)

2 (2, det σ)

(1− 2m,− det σ) if σ is orthogonal.

(ii) If n ≡ 2 (mod 4), then

s(S−σ ) =

{
A

m(m+1)
2 if σ is symplectic,

A
m(m−1)

2 (−1,−1)
m(m−1)

2 (−2, det σ) if σ is orthogonal,

and

s(S+
σ ) =

{
A

m(m−1)
2 (2m− 1, 2 det σ) if σ is symplectic,

A
m(m+1)

2 (−1,−1)
m2−m+2

2 (2m− 1, 2 det σ) if σ is orthogonal.

Proof. In [11, 307], Quéguiner calculates the Hasse invariant of T+
σ and T−σ when

degA = n = 2m is even:

s(T+
σ ) =

{
A

m(m−1)
2 (−1,−1)

m(m−1)
2 if σ is symplectic,

A
m(m+1)

2 (−2, det σ)m−1 if σ is orthogonal,

s(T−σ ) =

{
A

m(m+1)
2 (−1,−1)

m(m+1)
2 if σ is symplectic,

A
m(m−1)

2 (−2, det σ)m−1 if σ is orthogonal.

Some calculations, using Lemma 4.1, finish the proof.

Let A be a central simple algebra over an ordered field F with ordering P and
let σ be an involution of the first kind on A. In [9] Lewis and Tignol define the
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notion of a signature of an involution of the first kind in terms of the involution
trace form Tσ ,

sigP σ =
√

sigP Tσ.

Proposition 4.5. Let A be a central simple algebra over an ordered field F with order-
ing P and let σ be an involution of the first kind on A. Then

sigP Sσ = 2− (sigP σ)2.

Proof. This follows directly from Lemma 4.1(iii).

5. Applications

In this final section, we show the existence of some special subspaces of the
algebra A.

Proposition 5.1. Let A be a central simple algebra of odd degree n over a formally
real field F . There exists a subspace W ⊂ A of dimension n− 2 for which

TrdA(x)2 < TrdA(x2), ∀x ∈W,x 6= 0.

Proof. When degA is odd, we have that TA ' TMn(F) and SA ' SMn(F) by Springer’s
Theorem as remarked earlier. So,

SA ' 〈n− 1〉 ⊥ (n− 1)× 〈−1〉 ⊥ n(n− 1)

2
× 〈1,−1〉.

Clearly 〈n− 1〉 ⊥ (n− 1)× 〈−1〉 is isotropic and so contains at least one hyperbolic
plane, which we can take to be 〈n− 1,−(n− 1)〉. Therefore,

〈n− 1〉 ⊥ (n− 1)× 〈−1〉 ' µ ⊥ 〈n− 1,−(n− 1)〉
for some quadratic form µ. By Witt cancellation we get

(n− 1)× 〈−1〉 ' µ ⊥ 〈−(n− 1)〉,
i.e. µ is a subform of (n− 1)× 〈−1〉 and is therefore negative definite. So

SA ' µ ⊥ hyperbolic part,

where µ is negative definite of dimension n− 2.

Proposition 5.2. Let F be a field of characteristic 6= 2 and let A be a central simple
F-algebra of odd degree n. There exists a subspace U ⊂ A of dimension ≥ n2−n+2

2
on

which TrdA is multiplicative, i.e.

TrdA(xy) = TrdA(x) TrdA(y), ∀x, y ∈ U.
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Proof. Again we have

SA ' 〈n− 1〉 ⊥ (n− 1)× 〈−1〉 ⊥ n(n− 1)

2
× 〈1,−1〉.

Clearly 〈n− 1〉 ⊥ (n− 1)× 〈−1〉 is isotropic and so contains at least one hyperbolic

plane. Therefore the Witt index of S is at least n2−n+2
2

and hence there is a subspace

U ⊂ A of dimension ≥ n2−n+2
2

such that

SA(x, y) = TrdA(x) TrdA(y)− TrdA(xy) = 0, ∀x, y ∈ U.
(Note: xy need not be in U when x and y are in U.)

Remark 5.3. When n is even, the previous proposition is false as the following
counterexample shows. Let F be formally real and A = (−1,−1

F
). Then SA = 〈2, 2, 2, 2〉

and there is no non-trivial subspace of A on which this form vanishes.

Recall that a field extension E/F is called cyclic if E/F is Galois and Gal(E/F)
is a cyclic group and that a central simple F-algebra A is cyclic if there is a strictly
maximal subfield E of A such that E/F is a cyclic extension.

A celebrated theorem of Wedderburn states that if A is a central simple F-algebra
of degree 3, then A is cyclic. (For a proof, see [10, 288]. More information about
cyclic division algebras can also be found in this monograph.)

Ever since Wedderburn proved this theorem, it has been an open question
whether every central simple F-algebra of odd prime degree n is cyclic. A necessary
and sufficient condition for this to happen is the existence of an element a 6= 0
whose minimal polynomial is λn − det(a), i.e. an element a for which

TrdA(a) = TrdA(a2) = · · · = TrdA(an−1) = 0.

Rowen [13, 767] shows that any central simple algebra of odd degree n contains
an element a 6= 0 with TrdA(a) = TrdA(a2) = 0. In particular, when n = 3, this yields
another proof of Wedderburn’s theorem. Rowen’s result can be strengthened, as the
following proposition shows.

Proposition 5.4. Let F be a field of characteristic 6= 2 and let A be a central simple
F-algebra of odd degree n. There exists a subspace V ⊂ A of dimension n(n−1)

2
such

that

TrdA(x) = 0 = TrdA(xy), ∀x, y ∈ V .
Proof. Let A = Ker TrdA and let V ′ =A∩U, where U is the subspace occurring
in Proposition 5.2. Since A has codimension 1 in A, V ′ has codimension at most
1 in U, and thus the dimension of V ′ is at least n2−n+2

2
− 1 = n(n−1)

2
. However, if

x ∈ V ′, then x is in fact an element of the maximal totally isotropic subspace V of
the trace from TA. Since dimV = n(n−1)

2
, we thus get V ′ = V .

Formanek [2, 342] obtains this result too, using a different method.
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