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Abstract

In this note the representation theory of the twisted central product of two finite
groups is used to find the degrees of the irreducible projective representations of
Hamiltonian 2-groups for all possible cohomology classes of the groups.

1. Introduction

For fuller details of the concepts mentioned in this section the reader is referred
to the two books by Karpilovsky [6; 7], although all of the ideas mentioned here
were originally due to Schur [8; 9]. All groups considered in this paper are finite.

Let G be a group. Then M(G) is the Schur multiplier of G, and Proj(G, α) denotes
the set of all irreducible projective characters of G with 2-cocycle α.

Now suppose that G is a p-group. Then we say that G has projective character
degree pattern (x0, x1, x2, . . .) if there exists a 2-cocycle α such that Proj(G, α) contains
exactly xi elements of degree pi for all i. The degrees of the elements of Proj(G, α)
are unaffected by the choice of 2-cocycle from [α] ∈ M(G). Thus we say that the
projective character degree pattern occurs with multiplicity n, if there are exactly n
distinct cohomology classes for which G has the pattern.

A Hamiltonian group is a non-abelian group in which every subgroup is normal.
Such groups were classified in [2, theorem 12.5.4]:

G is a Hamiltonian group if and only if G is isomorphic to Q×Cn
2 ×A, where Q is

the quaternion group of order 8, Cn
2 denotes the elementary abelian group of order

2n, and A is an abelian group of odd order.
Let G1 and G2 be groups of coprime order. Then M(G1 × G2) ∼= M(G1) ×

M(G2), and it follows from [6, theorem 7.1.13] that {ξ × ζ : ξ ∈ Proj(G1, α1), ζ ∈
Proj(G2, α2)} = Proj(G1 × G2, α1α2). Thus we may regard Proj(G1 × G2, α) as having
been constructed in this manner for all [α] ∈ M(G1 × G2). Let [β] ∈ M(B), where
B is an abelian group. Then from [1, section 3] the elements of Proj(B, β) all have
the same degree, which can be found for any given B and β. For these reasons we
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will find the projective character degree patterns of certain 2-groups in this paper,
namely Q × Cn

2 and D4 × Cn
2 for n ≥ 0, where D4 denotes the dihedral group of

order 8. The groups Q and D4 are related in the sense that their character tables are
identical. On the other hand M(Q) is trivial, whereas M(D4) ∼= C2.

The motivation for this paper is that generally it is very difficult to describe the
degrees of the irreducible projective representations of an infinite family of groups,
the two exceptions to date being abelian and symmetric groups. In this paper we
deal with some groups which are ‘nearly’ abelian, and using both the techniques
of [1] and [5] are able to add two further families of groups, namely D4 × Cn

2 and
Q × Cn

2 for n ≥ 0, to the list of those with known irreducible projective character
degrees.

We will begin section 2 of this paper by reviewing the representation theory of
the twisted central product of two groups. This is then used to explicitly describe
the projective character tables of the groups D4×C2 and Q×C2. In section 3, using
these examples as models, we will describe all of the projective character degree
patterns of D4 × Cn

2 and Q × Cn
2 for n ≥ 0. The crucial difference between these

two groups is that U(Q × Cn
2 ) = (Q × Cn

2 )′, whereas U(D4 × Cn
2 ) is trivial; here

U(G) denotes the central elements of G which are α-regular for all [α] ∈M(G). This
result firstly implies that |Proj(Q×Cn

2 , α)| ≥ 2 for all [α] ∈M(Q×Cn
2 ), and secondly

that if equality occurs the two elements of Proj(Q × Cn
2 , α) are constructed from

self-associate characters of a covering group.

2. Twisted central products

The main tool we will use in this section is the twisted central product G ỸH of
two groups G and H , which is discussed in detail in [5].

Let G denote the category of triples (G, s, w), where G is a finite group, s is a
group homomorphism from G to Z2, and w ∈ Z(G) of order 2 with s(w) = 0. We
call 〈w〉 the distinguished central subgroup of G. A morphism in G from (G, s, w) to
(H, t, z) is a group homomorphism f from G to H with f(w) = z and s(g) = t(f(g))
for all g ∈ G. We define an irreducible representation R of G to be w-positive (or
just positive if no ambiguity exists) if the restriction of R to 〈w〉 is a multiple of the
trivial representation, and to be w-negative otherwise.

Let (G, s, w1) and (H, t, w2) be objects in G, and 〈z〉 be a group of order 2.
We consider the subgroups G0 = 〈(g, 1, z) : g ∈ G〉 and H0 = 〈(1, h, z) : h ∈ H〉
of the direct product G × H × 〈z〉. We make G0 into an object in G by taking
the distinguished central subgroup to be 〈(1, 1, z)〉 and defining the homomorphism
s0 : G0 → Z2 by s0(g, 1, zj) = s(g). Similarly H0 may be made into an object in G. We
now define K to be the group which is the Cartesian product G×H × 〈z〉, together
with the binary operation given by

(g1, h1, z
i)(g2, h2, z

j) = (g1g2, h1h2, z
s0(g2)t0(h1)zi+j).

It is easy to check that K is G-isomorphic to (G × 〈z〉) Ỹ (H × 〈z〉) where we
have identified G and H with the obvious subgroups of K . Finally we note that if
R = 〈(w1, 1, 1), (1, w2, 1), (1, 1, z)〉, then K/R ∼= G/〈w1〉 ×H/〈w2〉.

Suppose that we are considering a group which is a twisted central product
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Table 1—Character table of D8.

1 x4 x x2 x3 y yx

1 1 1 1 1 1 1

1 1 1 1 1 −1 −1

1 1 −1 1 −1 1 −1

1 1 −1 1 −1 −1 1

2 2 0 −2 0 0 0

2 −2
√

2 0 −√2 0 0

2 −2 −√2 0
√

2 0 0

Table 2—Projective character table of D4.

1 x

2
√

2

2 −√2

G Ỹ H of two objects in G. Then there is a ‘twisted tensor product’ construction
which yields negative irreducible representations of our twisted central product
from the negative irreducible representations of G and H. If P and Q are negative
irreducible representations of G and H respectively, then this twisted tensor product
P ⊗̃Q has dimension equal to the product of the dimensions of P and Q except
when they are both non-self-associate. In the exceptional case Pa and Qa are not
equivalent to P and Q respectively, and P ⊗̃Q has dimension equal to twice the
product of the dimensions of P and Q. It is also possible to determine in all cases
the character values of the twisted tensor product construction; the details are given
in [5].

We now apply these ideas to construct the projective character tables of the
group D4 × C2 and Q× C2.

Example 2.1. Consider the construction of a representation group for D4×C2, where

Dn = 〈x, y : xn = y2 = 1, yxy = x−1〉 and C2 = 〈z : z2 = 1〉.
We note that M(D4) ∼= C2 and M(C2) = 〈1〉. Also a representation group for D4 is
D8, which has Table 1 as its character table. Thus the projective character tables of
D4 are the character table of D4 and Table 2. Now since D′8 = 〈x2〉, the cosets of the
quotient group D8/D

′
8 have representatives 1, x, y and xy. Thus J in the theory of

[3, section 3] is determined by two elements j1 = jx,z and j2 = jy,z , with jxy,z = j1j2.
Also j2

1 = j2
x,z = jx2 ,z = 1 and similarly j2

2 = 1, so that j1 and j2 are central elements
of order 2. Thus a presentation for a representation group K for the direct product
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Table 3—A projective character table of D4 × C2.

1 x xz z

2
√

2
√

2 2

2 −√2 −√2 2

2 −√2 −√2 −2

2
√

2
√

2 −2

Table 4—A projective character table of D4 × C2.

1 x2 x xz

2 −2 0 −2i

2 −2 0 2i

2 2 2 0

2 2 −2 0

D4 × C2 is

〈x, y, z, j1, j2 : x8 = y2 = z2 = 1, yxy = x−1, [x, z] = j1, [y, z] = j2〉
where j1, j2 and x4 are central elements of order 2. We now use this group to
construct the projective characters of D4 × C2 corresponding to distinct elements of
M(G) by factoring out K in turn by the eight subgroups of order 4 or 8 of 〈x4, j1, j2〉.

(1) K/N, where N = 〈x4, j1, j2〉. This quotient group is obviously isomorphic to
D4 × C2.

(2) K/N, where N = 〈j1, j2〉. This quotient group is clearly isomorphic to D8×C2,
in which x4 is a central element of order 2. The projective character table of
D4×C2 corresponding to the x4-negative character table of D8×C2 is given
in Table 3.

(3) K/N, where N = 〈x4, j1〉. It is clear that in this case the quotient group has
presentation

〈x, y, z, j2 : x4 = y2 = z2 = [x, z] = 1, yxy = x−1, [y, z] = j2〉,
where j2 is a central element of order 2. This group can be expressed as a
twisted central product of D4 × C2 = 〈x, y, j2〉 with C2 × C2 = 〈z, j2〉. The
first of these has the structure of a group in G by taking ker s = 〈x, j2〉; the
corresponding homomorphism in the second group has ker t = 〈j2〉. It is now
clear that K/N is isomorphic to a twisted central product in this case. The
projective character table of D4×C2 corresponding to the negative character
table of K/N is given in Table 4.

(4) K/N, where N = 〈x4, j2〉. This case is essentially the same as (2), but
with the roles of j1 and j2 interchanged, so again the quotient group K/N
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Table 5—A projective character table of D4 × C2.

1 x2 y yz

2 −2 0 2

2 −2 0 −2

2 2 2 0

2 2 −2 0

Table 6—A projective character table of D4 × C2.

1 x2z x xz

2 2i
√

2 i
√

2

2 2i −√2 −i√2

2 −2i
√

2 −i√2

2 −2i −√2 i
√

2

is isomorphic to a twisted central product of D4 × C2 = 〈x, y, j1〉 with
C2 × C2 = 〈z, j1〉. This time we regard the groups D4 × C2 and C2 × C2 as
objects in G by taking ker s = 〈x2, y, j1〉 and ker t = 〈j1〉 respectively. The
projective character table of D4 × C2 in this case is given in Table 5.

(5) K/N, where N = 〈x4, j1j2〉. In this case the quotient group has presentation

〈x, y, z, w : x4 = y2 = z2 = 1, yxy = x−1, [x, z] = [y, z] = w〉,
where w is a central element of order 2. This group can also be expressed
as a twisted central product of D4 × C2 = 〈x, y, w〉 with C2 × C2 = 〈z, w〉.
This time in D4 × C2 we take ker s = 〈x2, yx, w〉, and in C2 × C2 we take
ker t = 〈w〉. We see that the multiplication on the twisted central product
gives us [x, z] = [y, z] = w, so that this group is again isomorphic to K/N.
In this case the projective character table of D4 × C2 is the same as Table 5
but with y and yz replaced by xy and xyz respectively.

(6) K/N, where N = 〈j1, j2x4〉. Here let D8 = 〈x, y〉 regarded as an object in G
by taking ker s = 〈x〉; also give C2 × C2 = 〈z, j2〉 the structure of an object
in G by taking ker t = 〈j2〉. It is clear that K/N is then isomorphic to a
twisted central product of D8 with C2 × C2. The two irreducible negative
representations of D8 are then each self-associate, since x is in ker s, so the
negative representations of K/N are all of degree 2, and the corresponding
projective character table of D4 × C2 is given in Table 6.

(7) Next take N = 〈j2, j1x4〉 and repeat the discussion in (6) with j1 and j2
interchanged to see that K/N is again isomorphic to a twisted central
product of D8 with C2 × C2. However, in this case the kernel of s on
D8 is the subgroup generated by y and x2. This means that the two irre-
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Table 7—Character table of Q.

1 x2 x y xy

1 1 1 1 1

1 1 −1 1 −1

1 1 −1 −1 1

1 1 1 −1 −1

2 −2 0 0 0

ducible negative representations of D8 are associates of one another, and so
the twisted central product has one irreducible negative representation of
degree 4.

(8) K/〈j1x4, j2x
4〉. In this case, the quotient group has j1 and j2 each identified

with x4, so is again a twisted central product of D8 with C2 × C2, with
xy centralising z. Here D8 is given its G structure by taking ker s to be
〈x2, xy〉. This means that the two irreducible negative representations of D8

are associates of one another, and so the twisted central product has one
irreducible negative representation of degree 4.

Thus we have shown in particular that D4 × C2 has Schur multiplier elementary
abelian of order 8, and its projective character degree patterns are (8, 2) with
multiplicity one, (0, 2) with multiplicity five, and (0, 0, 1) with multiplicity two.

Example 2.2. Consider the construction of a representation group for Q×C2, where

Q = 〈x, y : x4 = 1, y2 = x2, y−1xy = x−1〉 and C2 = 〈z : z2 = 1〉.
We note that M(Q) = 〈1〉. So a representation group for Q is Q, which has Table 7
as its character table. We now leave the reader, using Example 2.1 as a model, to
check that a presentation for a representation group for the direct product Q×C2 is

〈x, y, z, j1, j2 : x4 = z2 = 1, y2 = x2, y−1xy = x−1, [x, z] = j1, [y, z] = j2〉,
where j1 and j2 are central elements of order 2, and also that the projective character
tables of Q× C2 are identical to those in Example 2.1 (1), (3), (4) and (5). We note
for future reference that these are precisely the tables of D4 × C2 for which x2 is
α-regular.

Thus we have shown in particular that Q× C2 has Schur multiplier elementary
abelian of order 4, and its projective character degree patterns are (8, 2) with
multiplicity one, and (0, 4) with multiplicity three.

Using the above examples as guides, we will ultimately be able to describe the
degrees of all the irreducible projective characters of D4 ×Cn

2 and Q×Cn
2 for n ≥ 0.

Lemma 2.3. Suppose that K = (G, s, z) Ỹ (H, t, z). Let χ and χ′ be irreducible negative
characters of G such that χ′ = λχ for some linear representation λ of G. Suppose also
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that ψ and ψ′ are irreducible negative characters of H such that ψ′ = µψ for some
linear representation µ of H . Then (χ̃′ψ′)(gh) = λ(g)µ(h)(χ̃ψ)(gh) for all g ∈ G and all
h ∈ H , where χ̃ψ denotes the irreducible negative character of K constructed from χ

and ψ.

Proof. We first note that χ and χ′ are both self-associate (SA) or both non-self-
associate (NSA), since χ′ = λχ, and similarly for ψ and ψ′. We consider the four
possibilities which can arise, with reference to [5, table 5.7].

(1) χ and ψ are SA.
In this case

(χ̃′ψ′)(gh) = χ′(g)ψ′(h) = λ(g)χ(g)µ(h)ψ(h) = λ(g)µ(h)(χ̃ψ)(gh)

if σ(g) = 0 = σ(h), and (χ̃′ψ′)(gh) = 0 = (χ̃ψ)(gh) otherwise.
(2) χ and ψ are NSA.

In this case

(χ̃′ψ′)(gh) = 2χ′(g)ψ′(h) = 2λ(g)χ(g)µ(h)ψ(h) = λ(g)µ(h)(χ̃ψ)(gh)

if σ(g) = 0 = σ(h), and (χ̃′ψ′)(gh) = 0 = (χ̃ψ)(gh) otherwise.
(3) χ is SA and ψ is NSA.

This is the same as (1) unless σ(g) = 0 6= σ(h). In the case σ(g) = 0 6= σ(h),
χK = ζ + ζc, where K is the kernel of s and ζc is the distinct G-conjugate of
the irreducible character ζ. Now χ′K = λKχK = λKζ + λKζ

c = λKζ + (λKζ)
c,

since λK is G-invariant. Thus

(χ̃′ψ′)(gh) = (λK (g)ζ(g)− λK (g)ζc(g))ψ′(h)
= λ(g)µ(h)(ζ(g)− ζc(g))ψ(h) = λ(g)µ(h)(χ̃ψ)(gh).

(4) χ is NSA and ψ is SA.
This is the same as case 3 but with the roles of χ and ψ interchanged.

Finally we note that the case when st = 0 is covered by the above using the
remarks following [5, table 5.7].

The application of this result to projective characters is as follows. Two projective
characters of a group G are said to be projectively equivalent if they are in the same
orbit under the action (by multiplication) of the linear representations of G on the
projective characters of G.

Using the notation of Lemma 2.3, let ξ and ξ′ be the two projective characters of
G/〈z〉 linearised by χ and χ′; then ξ and ξ′ are projectively equivalent. Similarly, if ζ
and ζ ′ are the two projective characters of H/〈z〉 linearised by ψ and ψ′, then ζ and ζ ′
are also projectively equivalent. Lemma 2.3 then states that the projective characters
of G/〈z〉 × H/〈z〉 linearised by χ̃′ψ′ and χ̃ψ are also projectively equivalent. The
remaining results in this paper all have similar interpretations about the projective
characters of G/〈z〉 ×H/〈z〉.
Corollary 2.4. Suppose that K = (G, s, z) Ỹ (H, t, z). Let A be a subgroup of the linear
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representations of G/〈z〉 regarded as linear representations of G. Let B be a subgroup
of the linear representations of H/〈z〉 regarded as linear representations of H. Suppose
that A has m orbits on the irreducible negative characters of G and B has n orbits on
the irreducible negative characters of H . Then the group AB of linear representations of
G/〈z〉×H/〈z〉 of the form λµ for λ ∈ A and µ ∈ B, regarded as linear representations
of K , have ≤ mn orbits on the irreducible negative characters of K .

Proof. By [5, theorem 5.9] the irreducible negative characters of K are all of the
form χ̃ψ, where χ is an irreducible negative character of G and ψ is an irreducible
negative character of H . However, by Lemma 2.3 if χ and χ′ are in the same A-orbit,
and ψ and ψ′ are in the same B-orbit, then χ̃ψ and χ̃′ψ′ are in the same AB-orbit.
Thus AB has at most mn orbits on the irreducible negative characters of K.

3. Projective character degree patterns

We begin this section by considering the irreducible characters of T × Cn
2 ,

where T is one of the two groups D4 or Q. These are obtained by multiplying the
irreducible characters of T by the linear representations of Cn

2 . It follows that the
linear representations of T × Cn

2 act transitively on the linear representations of
T × Cn

2 , and on the remaining set of irreducible characters of degree 2. This result
essentially extends to the situation when we are dealing with projective characters
of T × Cn

2 , as shown below.

Proposition 3.1. Let α be a 2-cocycle of T×Cn
2 , where T is one of the two groups D4 or

Q. Then the linear representations of T×Cn
2 have at most two orbits on Proj(T×Cn

2 , α).

Proof. We proceed by induction on n. The result is true for n = 0 or n = 1 from
Example 2.1 for T = D4 or Example 2.2 for T = Q.

Let R(n) denote the set of objects (H, t, z) in G with H/〈z〉 ∼= T × Cn
2 .

Let (G, s, w) ∈ R(n− 1) and 〈z〉 be a group of order 2. Then the set of irreducible
characters of (G × 〈z〉) Ỹ (C2 × 〈z〉) which are w-positive but z-negative may be
regarded as the z-negative characters of

(
(G × 〈z〉) Ỹ (C2 × 〈z〉))/〈w〉. If σ denotes

the homomorphism of (G × 〈z〉) Ỹ (C2 × 〈z〉) constructed from the component
homomorphisms in the twisted central product, then

(
(G×〈z〉) Ỹ (C2×〈z〉))/〈w〉 can

be made naturally into an object in G, and hence into an element of R(n), by defining
the kernel of the homomorphism to be the image of ker σ in the quotient group. Also
the set of irreducible characters of (G×〈z〉) Ỹ (C2×〈z〉) which are w-negative and z-
negative may be regarded as the z′-negative characters of

(
(G×〈z〉)Ỹ(C2×〈z〉))/〈wz〉,

where 〈z′〉 = 〈w, z〉/〈wz〉. Again
(
(G × 〈z〉) Ỹ (C2 × 〈z〉))/〈wz〉 may be made into

an object in G, and hence into an element of R(n), by defining the kernel of the
homomorphism to be the image of ker σ in the quotient group and noting that
〈w, z〉 ≤ ker σ.

Conversely, by [3, corollary 3.4] the negative characters of any element of R(n)
may be constructed as above, starting with some element of R(n− 1).

Continuing with the above notation, we have already said that the group of linear
representations of G lifted from the linear representations of G/〈w〉 have exactly
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two orbits on the w-positive irreducible characters of G, so that the group of linear
representations of G × 〈z〉 lifted from the linear representations of (G × 〈z〉)/〈w, z〉
have two orbits on the w-positive, z-negative irreducible characters of G × 〈z〉.
Clearly the linear representations of C2 × 〈z〉 have just one orbit on the z-negative
representations of C2 × 〈z〉. We conclude by Corollary 2.4 and the above remarks
that the group of linear representations of

(
(G × 〈z〉) Ỹ (C2 × 〈z〉))/〈w, z〉 regarded

as linear representations of
(
(G× 〈z〉) Ỹ (C2 × 〈z〉))/〈w〉 have at most two orbits on

the z-negative irreducible characters of
(
(G× 〈z〉) Ỹ (C2 × 〈z〉))/〈w〉.

In the other case the inductive hypothesis gives that the group of linear repre-
sentations of G lifted from the linear representations of G/〈w〉 have at most two
orbits on the w-negative irreducible characters of G, so that the group of linear rep-
resentations of G×〈z〉 lifted from the linear representations of (G×〈z〉)/〈w, z〉 have
at most two orbits on the w-negative, z-negative irreducible characters of G × 〈z〉.
We conclude by Corollary 2.4 and the above remarks that the group of linear rep-
resentations of

(
(G × 〈z〉) Ỹ (C2 × 〈z〉))/〈w, z〉 regarded as linear representations of(

(G× 〈z〉) Ỹ (C2 × 〈z〉))/〈wz〉 have at most two orbits on the z′-negative irreducible

characters of
(
(G × 〈z〉) Ỹ (C2 × 〈z〉))/〈wz〉. We thus have the desired conclusion

by translating these results about covering groups and characters into those about
T × Cn

2 and projective characters.

Corollary 3.2. Let T be one of the two groups D4 or Q. Then the projective character
degree patterns of G = T × Cn

2 are all of the form:
(1) xi = 2n+2−2i, xi+1 = 2n−2i, and xj = 0 for j 6= i, i+1, for some i = 0, . . . , [n/2];
(2) xi = 2n+3−2i, and xj = 0 for j 6= i, for some i = 1, . . . , [(n+ 3)/2].
If case 1 occurs for some 2-cocycle α, then the linear representations of G act

transitively on each of the two subsets of Proj(G, α) containing projective characters of
the same degree.

If case 2 occurs then either the linear representations of G act transitively on
Proj(G, α) or there are two orbits of the same length.

Proof. By Proposition 3.1 the linear representations of G have at most two orbits
on Proj(G, α) and each orbit has 2-power length. Next we note that G has an abelian
subgroup of index 2, which implies by [4, lemma 2.4] that the degree of the elements
of Proj(G, α) are chosen from {2i, 2i+1}, for some integer i with 0 ≤ i ≤ [n/2] if two
degrees occur, or 1 ≤ i ≤ [(n + 3)/2] if just one degree occurs. In the first case let
xi = 2a and xi+1 = 2b; then we require that 2a22i + 2b22i+2 = 2n+3, from which we
conclude that a = b+ 2 and b = n− 2i. In the second case suppose that the linear
representations of G have two orbits on Proj(G, α), which all have the same degree;
then a similar argument to that just given shows that the orbit lengths must be
equal.

In fact, as we will show below, we have exactly described the projective character
degree patterns of D4 × Cn

2 in Corollary 3.2, but for Q × Cn
2 there does not exist a

2-cocycle α for which |Proj(Q × Cn
2 , α)| = 1. This is a consequence of the following

result, which represents a fundamental difference between the two groups. Let G be
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a group; then U(G) denotes the central elements of G which are α-regular for all
[α] ∈M(G).

Lemma 3.3. U(T × Cn
2 ) =

{ 〈x2〉, if T = Q;
〈1〉, if T = D4.

Proof. This is immediate from [3, proposition 3.6] and the fact that U(Q) = Z(Q),
since M(Q) is trivial, whereas U(D4) is trivial from Example 2.1.

This result firstly implies that |Proj(Q× Cn
2 , α)| ≥ 2 for all [α] ∈M(Q× Cn

2 ), and
secondly that if equality occurs the two elements of Proj(Q× Cn

2 , α) are constructed
from self-associate characters of a covering group.

Theorem 3.4. The projective character degree patterns of D4 × Cn
2 are:

(1) xi = 2n+2−2i, xi+1 = 2n−2i, and xj = 0 for j 6= i, i+ 1, for i = 0, . . . , [n/2];
(2) xi = 2n+3−2i, and xj = 0 for j 6= i, for i = 1, . . . , [(n+ 3)/2].

Proof. Let R(n) once again denote the set of objects (G, s, w) in G with G/〈w〉 ∼=
D4 × Cn

2 for n ≥ 0. Then we will prove the following statements by induction on
n, from which the theorem directly follows. If (G, s, w) ∈ R(n) then the irreducible
negative characters of G are as follows, with all possible degree and associativity
structures occurring for at least one (G, s, w) ∈ R(n):

(1) 2n−2i of degree 2i+1 and 2n+2−2i of degree 2i, the possible values of i being
0, . . . , [n/2]. The possible associativity structures are that the characters are
either (a) all self-associate (SA); (b) all non-self-associate (NSA) if n−2i ≥ 1;
or (c) just those of degree 2i+1 are SA for n− 2i ≥ 0.

(2) 2n+3−2i of degree 2i, the possible values of i being 1, . . . , [(n + 3)/2]. The
possible associativity structures are that the characters are either (a) all SA;
(b) all NSA if n + 3 − 2i ≥ 1; or (c) half are SA and half are NSA if
n+ 3− 2i ≥ 2.

The result is true for n = 0 and also for n = 1 from Example 2.1. Assume that
the result is true for n− 1. Then it follows as in the proof of Proposition 3.1 that all
the irreducible negative characters of elements of R(n) can be found by considering
for all (G, s, w) ∈ R(n−1) the cohort of irreducible characters of (G×〈z〉) Ỹ (C2×〈z〉)
which are positive with respect to w and negative with respect to z, and the cohort
which are negative with respect to both w and z.

The inductive hypothesis and the twisted tensor product construction yield that
the cohorts of irreducible characters of (G × 〈z〉) Ỹ (C2 × 〈z〉) under consideration
are as follows, each possibility of degree structure and associativity occurring for
some choice of (G, s, w) ∈ R(n− 1). The numbering and lettering below refer to the
z-negative irreducible characters constructed in the twisted central product using
those irreducible z-negative characters in the first factor with the same case number
and letter in the inductive hypothesis above.

Case 1: The two negative linear representations of C2 × 〈z〉 are SA.
(1) 2n+2−2i of degree 2i and 2n−2i of degree 2i+1 for i = 0, . . . , [(n − 1)/2]. These

irreducible characters are either all SA, or all NSA if n−2i ≥ 2, or just those
of degree 2i+1 are SA for n− 2i ≥ 1.
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(2) 2n+3−2i of degree 2i for i = 1, . . . , [(n+ 2)/2]. These irreducible characters are
either all SA, or all NSA if n+ 3− 2i ≥ 2, or half are SA and half are NSA
if n+ 3− 2i ≥ 3.

Case 2: The two negative linear representations of C2 × 〈z〉 are NSA.
(1a) 2n+2−2i NSA irreducible characters of degree 2i and 2n−2i NSA of degree 2i+1

for i = 0, . . . , [(n− 1)/2].
(1b) 2n−2i SA irreducible characters of degree 2i+1 and 2n−2−2i SA of degree 2i+2

for i = 0, . . . , [(n− 1)/2], provided that n− 2i ≥ 2. That is, there are 2n+2−2j

SA irreducible characters of degree 2j and 2n−2j SA irreducible characters of
degree 2j+1 for j = 1, . . . , [n/2].

(1c) 2n+1−2i irreducible characters of degree 2i+1, of which 2n−2i are SA and 2n−2i

are NSA, for i = 0, . . . , [(n− 1)/2].
(2a) 2n+3−2i NSA irreducible characters of degree 2i for i = 1, . . . , [(n+ 2)/2].
(2b) 2n+1−2i SA irreducible characters of degree 2i+1 for i = 1, . . . , [(n + 2)/2],

provided that n + 3 − 2i ≥ 2. That is, there are 2n+3−2j SA irreducible
characters of degree 2j for j = 2, . . . , [(n+ 3)/2].

(2c) 2n+2−2i NSA irreducible characters of degree 2i and 2n+1−2i SA irreducible
characters of degree 2i+1 for i = 1, . . . , [(n+2)/2], provided that n+3−2i ≥ 3.
So in fact this occurs for i = 1, . . . , [n/2].

Now in both cases all the degrees and structures are of the required form, and it
can easily be checked that the possible required degree and associativity structures of
(G, s, w) ∈ R(n) which do not occur in case 1 do occur in case 2, and this observation
means that all the described degree and associativity structures occur for at least one
element of R(n). It remains from Corollary 3.2 to show that no other associativity
structures can occur. So let M be a subgroup of index 2 in an object (G, s, w) ∈ R(n).
By Corollary 3.2 the linear representations of G/〈w〉 have at most two orbits on the
irreducible w-negative characters of G. All the irreducible characters in such an orbit
are either all SA or all NSA. Thus when only one degree occurs the only possible
associativity structures which can occur are that all the characters are SA, or they
are all NSA, or using Corollary 3.2 the characters in one orbit are all SA and the
characters in the other orbit are all NSA. When two degrees 2i and 2i+1 occur, we
have from Corollary 3.2 that either all the characters are SA, or they are all NSA,
or only those of degree 2i+1 are SA, or only those of degree 2i are SA. Suppose
that the last of these four cases occurs; then repeating the construction given above
(with the z-negative representations of C2 × 〈z〉 NSA) will produce a 2-cocycle α of
D4 × Cn+1

2 for which Proj(D4 × Cn+1
2 , α) contains both elements of degree 2i and of

degree 2i+2, contrary to Corollary 3.2.
Thus we have shown as required that each of the possible degree and associativity

structures in the inductive statement occur for some (G, s, w) ∈ R(n), and that only
one of these structures occurs for each (G, s, w) ∈ R(n).

Theorem 3.5. The projective character degree patterns of Q× Cn
2 are:

(1) xi = 2n+2−2i, xi+1 = 2n−2i, and xj = 0 for j 6= i, i+ 1, for i = 0, . . . , [n/2], and
n ≥ 0;

(2) xi = 2n+3−2i, and xj = 0 for j 6= i, for i = 1, . . . , [(n+ 2)/2], and n ≥ 1.



148 Mathematical Proceedings of the Royal Irish Academy

Proof. The proof is essentially the same as that of Theorem 3.4 with two minor
differences in the inductive hypothesis. These differences are that the largest possible
value of i in (2) will be [(n+ 2)/2] for Q×Cn

2 , whereas it was [(n+ 3)/2] for D4×Cn
2 .

The only difference in associativity structures occurs in (2b), where all the characters
can be NSA for n+ 3− 2i ≥ 2 for Q×Cn

2 , whereas all the characters were NSA for
n+ 3− 2i ≥ 1 for D4 × Cn

2 .
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