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ABSTRACT

The internal structure of maximal connected principal topologies is revealed
within the lattice of all topologies for a given set, thereby providing an easily applied
identification test. Some examples, including the Khalimsky line, are realised.

1. Introduction

The study of maximal connected topologies was initiated by Thomas [8] in 1968,
and they were subsequently characterised by Clark and Schneider [1] in 1988 (as
being those topologies which are submaximal and nearly maximal connected). The
work of Neumann-Lara and Wilson [7] was also significant in this regard. Re-
cently, the present authors have obtained a more general characterisation involving
singular sets [4]. However, the full identification of such topologies remains a prob-
lem. Thomas contributed to a solution when, in the case of a principal topology,
he established necessary and sufficient conditions for it to be maximal connected.
Accordingly, he was able to determine the structure of all maximal connected prin-
cipal topologies for small finite sets. Furthermore, Das [2] quantified the number of
homeomorphic classes of maximal connected topologies definable for any finite set.
The purpose of this paper is to identify all maximal connected principal topologies
for a set of arbitrary cardinality.

Recall that, given a non-empty set X and a member 7 of LT (X) (the lattice of
all topologies definable for X), the topological space (X,.7) is principal when every
point in X has a minimum J -neighbourhood (equivalently, every intersection of
J -open subsets X is 7 -open). Assuming that (X, ") is principal, Thomas proved
that (X,.77) is maximal connected if and only if (a) X is the union of all minimum
Z -neighbourhoods of non-7 -isolated points in X, (b) the intersection of any two
distinct such neighbourhoods is degenerate, and (c) every pair of points in X can be
linked by means of a unique simple chain of such neighbourhoods.

We shall adapt and extend this result.

2. Degenerative covers

Given a non-empty proper subset A of X, .#(A) denotes the member
{U : eitherU = AorA < U} of LT(X). It is of some interest to observe that
topologies of this nature are, of course, connected and indeed are precisely the
principal minimal submaximal members of LT (X) which are not Ty (see [3]).
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Definition 1. A family ¢ of subsets of X is called an A-degenerate cover of X when
each of the following conditions is satisfied:
(i) X =U{G:Ge¥%};
(ii) GiNG; is a degenerate (that is, it has at most one element) subset of A, for
all G; # Gj in 9;
(i) % is associated with A (thatis, GN A # () for all G € %);
(iv) % is uniquely associated with X\ 4 (that is, G N (X\A) is a singleton for all
G e Y9);
(V) % cannot be a non-trivial partition base for X (that is, there is no non-empty
proper subset V' of X such that both V' and X\V are unions of members
of ¥).

Some observations regarding the above are pertinent at this stage. Because of
(1), (i1) and (iv), for each x € X\A there exists a unique G, € ¥ with x € Gy, and so
9 = {G, : x € X\A}; because of (iii), ) = G,\{x} = 4 for all x € X\A.

Also, if we write 4(%) to denote the member of LT (X) which has 4 as an open
subbase, then condition (v) above essentially proclaims that #(%) is a connected
topology. Because of (ii) and (v), there exists a subset I of A (the set of ‘meeting
points’ of distinct pairs of elements from %) which is either empty or #(%)-dense.
Consequently, with reference to the space (X, #(¥)), for each x € X\A4, G, is the
minimum neighbourhood of x, while if x € I, {x} is the minimum neighbourhood,
and if x € A\I, there exists a unique y € X\A4 such that x € G,, whence G, is the
minimum neighbourhood of x. That is, #(%) is principal.

Given an A-degenerate cover ¥ of X, another A-degenerate cover # of X is
said to be finer than % if and only if H, = G, for all x € X\ A4. Then ¥ is said to be
final if and only if & is finer than ¥ implies # = %.

Example 2. Let R denote the set of real numbers, let Q be the set of rational numbers,
and let Q;(Q,) be the set of non-negative (non-positive) rationals respectively, so
that Q; N Q> = {0}. Then

H = {01 U {2}, U {5} {1, —1,3/3}, {Lx} 1 x € R\(QU {V/2,4/3,/3))}

is a Q-degenerate cover of R which is not final since

G ={01U{2},0: U{51{L,y} 1y € R\(QU{2,/5})}

is a strictly finer Q-degenerate cover of R. Incidentally, ¢ is final.

Lemma 3. Given a non-empty subset A of X and an A-degenerate cover 9 of X, the
topology M (A)N B(%) (the supremum of M (A) and B(9) in LT (X)) is connected and
principal.

Proof. That I = #(A) vV #(%) is principal is fairly immediate, since, for each
a € A, {a} is the minimum Z -neighbourhood of a, while, for each x € X\A4, the
unique Gy € % is the minimum Z -neighbourhood of x (note that G, = A U {x}).
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To show that 7 is connected, suppose otherwise; then there exists a non-empty
proper subset ¥ of X such that V € J and X\V € 7. Let U; = U{G, : x €
VN (X\A4)} and U, = U{G, : x € (X\V)N (X\A4)}. Since U; = V, U, = X\V
and U; U U, = X, it follows that U; = V and U, = X\V. This contradicts the
connectedness of #(%9). A

3. Maximal connectedness

Theorem 4. Given a non-empty subset A of X and an A-degenerate cover 4 of X, the
topology M (A) NV B(9) is maximal connected if and only if % is final.

PROOF. Suppose that .#(A) V #(¥%) is maximal connected and ¥ is not final; then
there exists an A-degenerate cover # of X which is strictly finer than 4. In particular,
there exists x € X\A4 with x € Hy = G, < AU {x}. Thus H, ¢ /#(A)V %(%) and
so M(A)NV B(Y) < M(A)V B(H) in LT(X) (observe that G, = H, U (G,\H,) and
G,\H, = A for all y € X\A). But .Z(A) Vv #(#) is connected by Lemma 3, thereby
contradicting the maximality of .#(A) V #(¥).

Conversely, suppose that ¢ is final yet .#(A)V %#(¥%) < 7 in LT(X), where 7
is connected, so that there exists a non-empty proper subset V' of X with V € J
and V ¢ M(A)V B(%). Evidently, V£ Aand V=XNV =U{G, NV :x € X\A4},
so there exists some x* € (X\A) NV with x* € G- NV = Gy ; write G = G NV
and consider the family of subsets # = {G,{G, : y € X\A4,y # x"}}. Since 7 is
connected, # satisfies conditions (ii)—(v) of Definition 1 above. Consequently #
fails to satisfy condition (i) (otherwise # is a strictly finer A-degenerate cover of X
than ¢). Thatis, U = GU {U{G, : y € X\A4,y # x"}} is a proper 7 -open subset of
X; but then X\U < A4 is also non-empty 7 -open, contradicting the connectedness
of 7. m

Lemma 5. Let (X,7) be a maximal connected and principal space. If A denotes the
subset of X consisting of all T -isolated points and 4 denotes the family of minimum
T -neighbourhoods of points in X\A, then 9 is a final A-degenerate cover of X.

ProOOF. That ¥ is an A-degenerate cover of X is an immediate consequence of
Thomas’s result. Also, by hypothesis, 7 < .#(A)VH(%) in LT (X), so the maximality
of 4 and Lemma 3 ensures equality here, while the finality of ¢ follows from
Theorem 4. W

Theorem 6. A topological space (X, 7") is maximal connected and principal if and only
if there exists a non-empty proper subset A of X and a final A-degenerate cover 4 of
X such that 7 = M(A)V B(Y). (Moreover, the construction is canonical: A is the
subset of I -isolated points in X and ¥ is the family of minimum J -neighbourhoods
of points in X\A).

Proor. Immediate by Theorem 4 and Lemma 5. H
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Example 7. (i) When A = {a} and ¥ = {{a,x} : x € X\ A}, then we have
MA)VN B(G)=I(a)={G=X :ac G}U{0}

(an ‘included point’ topology).
(i) When A = X\{b} and ¥ = {X}, then we have

MAYV BG) = Eb)={G<= X :b¢ G} U{X)

(an ‘excluded point’ topology).
Of course, the included point and excluded point members of LT (X) are precisely
those which are principal, maximal connected, and door.

Example 8. Whena € A, b € X\A and ¥ = {AU {b},{a,x} : x € X\(AU {b})}, then
we have #(A)V B(9) = M (A) U (F(a) N &(b)).

These are the principal maximal connected topologies first mentioned by Larson
[6]. Indeed, they are submaximal and nearly maximal connected principal members
of LT(X), whose predominant feature is that there exists a single unique boundary
point (namely b) for all non-empty proper regular open sets (see [1] and [4]).

Example 9. When X is the set of (real) integers, 4 is the set of odd integers, and
4 ={{2n—1,2n,2n+1} :n € X}, then .#(A)V %(%) is the topology of the so-called
‘Khalimsky line’, much in vogue recently with digital topologists (see, for example,

[5D).

ACKNOWLEDGEMENT

The research of the first author was supported by a distinction award scholarship
from the Department of Education for Northern Ireland.

REFERENCES

[1] B. Clark and V. Schneider, A characterization of maximal connected spaces and maximal arcwise
connected spaces, Proceedings of the American Mathematical Society 104 (4) (1988), 1256—60.

[2] S.K. Das, On the enumeration of finite maximal connected topologies, Journal of Combinatorics
Theory (b) 15 (1973), 184-99.

[3] G.J. Kennedy and S.D. McCartan, Submaximality and supraconnected are complementary topological
invariants, in P. Simon (ed.), Proceedings of the Eighth Prague Topology Symposium (electronic),
at Topology Atlas, North Bay, Ontario, 1996, pp 163-6.

[4] G.J. Kennedy and S.D. McCartan, Singular sets and maximal topologies, Proceedings of the American
Mathematical Society 127 (11) (1999), 3375-82.

[5] E.D. Khalimsky, R. Kopperman and P.R. Meyer, Computer graphics and connected topologies on
finite ordered sets, Topology and its Applications 36 (1990), 1-17.

[6] R.E. Larson, Complementary topological properties, Notices of the American Mathematical Society 20
(1973), 176 (Abstract *701-54-25).

[7] V. Neumann-Lara and R.G. Wilson, Some properties of essentially connected and maximally con-
nected spaces, Houston Journal of Mathematics 12 (1986), 419-29.

[8] J.P. Thomas, Maximal connected topologies, Journal of the Australian Mathematical Society 8 (1968),
700-5.



