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ABSTRACT

In this paper we establish a spatial growth estimate for a class of non-linear fourth-
order parabolic equations. Alternatively, the results may be viewed as theorems of
Phragmen—Lindelof type. We conclude the paper by extending results for a type of
non-linear diffusivity term.

1. Introduction

In this paper we are concerned with the spatial behaviour of solutions of
initial-boundary value problems for a class of non-linear parabolic equations. More
precisely we will prove a Phragmen—Lindelof-type theorem for a class of parabolic
equations of the form

u; + A%u— Af(u) = 0.

Under a growth condition on non-linearity f, the growth rate of the non-trivial
solutions of an initial-boundary value problem for the above equation in unbounded
cylindrical domains with homogeneous boundary conditions is established.

Phragmen—Lindelof-type theorems for some classes of non-linear elliptic and
parabolic equations have been obtained previously (for relevant references one may
consult [1-8 and 10-14]).

Our results are established mainly following the ideas of [3; 5; 7], in which
Phragmen—Lindelof-type theorems for some semi-linear fourth-order elliptic, second-
order parabolic and Navier-Stokes equations have been derived.

Let us point out that our results obtained here are different from the Phragmen—
Lindelof-type theorems obtained in [2; 14] under the condition that the relevent
solutions tend to zero.

We finish the paper by describing some possible extensions of the methods and
results for non-linear diffusive parabolic equations.

2. Preliminaries

Let
Q={xeR": xyeRT, X' =(x2,%3,...,Xy) €y, < R

be the interior of a semi-infinite cylindrical domain where

o, ={(x,xX)€Q: x; =1},
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and let © — &, be a mapping from R into the family of bounded domain subsets
of R"!; suppose that

0 < o < infmes &, < supmes &; < f3,
T T

and 0o, is smooth. Let
Q. ={(x,xX)eQ: 0<x; <7}

We will consider the following initial-boundary value problem:

w4+ ANu=Af(u), (x,x,t)€Qr = Qx[0,T), (2.1)
ou ,

U= F 0, (x1,x,t)€dQx[0,T), (2.2)

u(x,x,0) =0, (x,x)eqQ (2.3)

We suppose that f € C%(R), (0) =0,
f'u)=0 Yux>0, (2.4)

[f'W)| < Aolul*™" VueR, (2.5)

where 2 <m < % forn> 2,2 <m< oo for n =2, and A4y is a positive constant.
Throughout the article we will employ the following notations:

0 k ak 2 . A N2
0; N =—1 [VuP=> (6w)

= b
0x; 0x; Py

n

IV2ul? =) (diu), A= iaf
i=1

ij=1

n
2 242 2 2
N =30 il = [ s
i.j=1 Q
A . . . .
and £ will represent the exterior normal derivative of u.

av
For further considerations, the following technical lemmas will be important

to us.

Lemma 1 ([9]). Let D < R" be a bounded region. Then W02’2(D) < LP(D), for
2<p£n%"4ifn>4and1§p<ooifn§4. That is to say, a constant C
depends upon D, and n and p exist such that

/21
/ lvPdx < C {/ |Vzv|2dx}
D D

for every u € W02’2(D).
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Lemma 2 ([8]). Let ¥ be a monotone increasing function with ¥Y(0) = 0,
lim,,, W(t) = +oc0. Then z(t) > 0 satisfying z(t) < WP(Z'(r)), T = 0, tends to +oo
when © — oo. If W(1) < cot? for some ¢y and p > 1 for T > 1y, then

lim,_,., 77 z(t) > 0.

3. A Phragmen-Lindelof-type alternative

Let u be any non-trivial solution of the initial-boundary value problem (2.1)—(2.3).
Multiplying (2.1) by u and integrating with respect to x over Q. yields

1
71/ w? dx+/ ulu dxz/ ulf(u)dx. (3.1)
2dt Qr Q Qr

T

It is not difficult to see that

n n

uh*u = g udtu +2 E u&f@?u
i=1 i,j=1
j>i

n n
= \V2ul> +> 0 |udiu— dudju—2 Y dudidu
i=1 j=i+1

+2) 0j(udfoju).
i,j=1
j>i

By the Stokes formula and boundary conditions (2.2), we have

I :=/ ul’u dx
Q

T

= /Q |V2u|2dx+/ [uﬁfu—@luﬁfu—ZZ(?ju@laju] dx’ (3.2)

j=2

and
I, .= / ulAf(u)dx
Q.
= —/ f’(u)Z(@,»ufdx—I—/ uf’(u)orudx'. (3.3)
& i=1 o
Taking into account conditions (2.4) and (2.5), from (3.3) we obtain the inequality

I, ng/ |u > |0y uldx'. (3.4)
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On the other hand,

ualu—alualu—zzauaau_a (udtu) — Za (0;u)?
j=2

]

Coupling these identities with (3.2), we obtain

I = / |V2ul? dx+/ 0 lualu—i(a u) ] dx'. (3.5)

j=1

Equation (3.1), with (3.4) and (3.5), yields

luC, 0)llg, + 11 V2ul )] 113,

—/ 01 [ 1M—Z(a u)2] dx' +A0/ |u| % |0yuldx.

After an integration with respect to 7, we obtain

[1d
/0 {Mw( Ollg, + Il IV2u( 1) ||és}ds

s/[wu\z—uafu]dx’Jer/ |u| 2 |0 uldx. (3.6)
Q‘(

O

2dt|

Integrating (3.6) with respect to t in the interval [0, T') and utilising initial-condition

(2.3) give
T (1 T
[ A5 iR  [won de d
0 0

T
s/ (/ [|Vu|2—uafu]dx’> dt
0 o
T m
+A0/ (/ u|2|61u|dx) dt. (3.7)
0 Q,

Now we will consider each term on the right-hand side of (3.7) separately. We use
the Schwarz inequality to get

T
Ji :=/ {/ [|vu|2—uafu]dx’}dt
0 [
T % %
s/ {/ |Vu|2dx/—|—</ uzdx/) (/ afu|2dx/> }dt (3.8)
0 O O O
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T
Jy = AO/ {/ u|"z’|alu|dx} dt
0 Q,
T V. :
SAO/ {</ u|’"dx) (/ éluzdx> }dt. (3.9)
0 Q, Q,

Recall the inequality 2|A| |B| < &(A)* + 1(B)?, which holds for positive 4, B and ¢
(3.10)

>

thus we have

T
Ji g/ {/ |Vu|2dx’+f/ uzdxuri/ a%uzdx’}dz
0 o 2 [ 2¢ o

and
T & m 1 2
Jr < Ay = lu|"dx + — |0qul“dx » dt. (3.11)
o L2, 2e Jo

Recall the Poincaré-Friedrichs inequality
(3.12)

yi / wdx < / |Vul?dx,
D D

where A is the first eigenvalue of the Laplacian operator in D with homogeneous

Dirichlet boundary conditions. Because of (3.12),

€ 1 T

Ji< (A7 @)+ 20720 + =— / / \V2ul?dx' | dt (3.13)
2 2e 0 oy

and
g € m 1 —1 2.2
Jy < Ao = [uldx + —25"(tr) | |V-u|~dx ; dt, (3.14)
0 2 Ja, 2¢ Q.

where A(t) depends on Q..
Lemma 1 and inequality (3.14) yield

_ T
i21(7“')/0 ||V2u(.,t)|||érdt}. (3.15)

c T 3
stAo{zcu)(A nv%annam) +E

Neglecting the first term in the left-hand side of (3.7) and using the inequalities

(3.13) and (3.15) we deduce that

T T
2 2
/0 (/0 HV7u(., o)l ||dit) ds
! T
< dl(T)\/O (Lr |V2u|2dx’) dt + dz(‘c)‘/o [ |V2u(,, [)‘ ||g2)rdt
7 (3.106)

eAoC(t T :
SO ([T Wl
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where
g1 ) i
(7)== 77 @) + 3470 + 5. (3.17)
11
dy(r) = 222 ) (3.18)
2¢

Plugging (3.17) and (3.18) into (3.16) gives an inequality involving

T
E(t,T) = /0 I V2u(, )] 1], dt, (3.19)

the strain energy contained in Q.. Precisely, we have the following non-linear integro-
differential inequality,

SA()C(‘E)

5 [E(t, T)]3, (3.20)

/T E(s,T)ds < di(t)E'(zr, T) + d2(t)E(z, T) +
0

where

T T
E'(1, T)=%/0 Il |V2u(., 1) ||érdt/0 (/ V2u|2dx/) dt. (3.21)

Our next objective is to solve the non-linear integro-differential inequality (3.20).
Introducing

F(t,T)=E(z,T) —|—/ E(s, T)ds
0
in (3.20), we get

m

, AC(1) .,
FeT) < (1+di) + o) e 1)+ 2D e s )
Hence Lemma 2 gives
lim,_,, v #2F(t,T) >0
and
lim._,, v "2 E(t, T) > 0. (3.23)

We have thus established the following theorem.

Theorem 1. If (2.4) and (2.5) hold, then for every positive t each non-trivial solution
u of initial-boundary value problem (2.1)—(2.3) satisfies

T
z@Hﬂﬁ%/|HWWﬁmam>a (3.24)
0
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4. An extension for non-linear diffusivity term

In this section we discuss some possible extensions of the previous methods
and results to equation (1.1) with non-linear diffusivity term. Let us consider the
non-linear parabolic equation of the form

SAg(u) + A*u = Af(u), (4.1)
where 6 < 0 and g is a non-linear function. Now we suppose that g € C(R), g(0) =0,

g'(u) > co >0, 4.2)

g/ ()] < Bo|Vul? ", (4.3)

where 2 <m < nzf”z forn> 2,2 <m< oo for n =2, and By is a positive constant.
We consider the problem determined by equation (4.1), with initial and boundary
conditions (2.2), (2.3). Similar calculations to those used in the previous section lead
to the equality

n

/ |V2u|2dx=—/ 01 ué‘fu—Z(éju)z dx’'
Q. [

Jj=1

— 4 - N2 / ’
/Q ST / uf s

n

+g /Qz g/(uf)% <Z(azu)2> dx —0 lr ”g/(ut)amtdx', (44)

i=1

By conditions (4.2) and (4.3), we obtain the inequalities
N . 5 , d n 5
=g g g e

0 d )
- — 4.
< 2C0/Qf dt|Vu| dx (4.5)

and

I = —5/ ug’(u;)01u,dx’

< |5|Bo/ u|Vu| 2 dx’'. (4.6)
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From (4.4)—(4.6), and after integration from 0 to T and 0 to 7, we obtain

// 1 V2u(, )] 118, dtds</ /(\Vu\ — udiu)dx'dt
+ / / / f'(u)|Vul*dxdtds
0 Jo Q.
T
—l—/ / uf’(u)ou dxdt
0 Q,
o [T 5
+=co [Vu(., T)|*dxds
2 0 JQ,

T
+|5|Bo/ /u|Vu,|%dxdz. (4.7)
0 Q.

On account of Lemma 1, the Poincaré-Friedrichs inequality (3.12) and conditions
(2.4) and (2.5), (4.7) is estimated as

T
/ / 1 1V2u( o) 13, deds < di(x) /0 U VPO 12, 4 11 V20 )] 12 )de

" T
+d2(f)/0 (1 1V2uC Ol g, + IV 0] 118,)de

m

2

" T
+d3(7) {/0 (1 1V2uC Ol g, + IV ) If))dt} ,

(4.8)
where
d,(x) = max {/11—‘(1) + %z;z(r) + % , 1} : (4.9)
. U, 1
d(z) = max{zs/lz (1), 5-101Boz" (7). 1}, (4.10)
d3(v) 1= max {ngC(v:), §|5\BOC(I)251(1), 1}. (4.11)
We define
t,T)= / (1 V2u( o)) IS, + 1 Vu( 0] |3, )dt (4.12)

as the strain energy contained in Q.. Inserting (4.12) in (4.8) we get

/ / V(0] 1 dxds < d(OE (60) + BB ) + B E ), (@.13)
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where
_ T
E'(z,T) =/0 (I V2uC o 2+ 1 Vu( 0] 1]2)dt.

In order to put the left-hand side of (4.13) into the energy term (4.12), we add some
appropriate terms into the right-hand side. Thus,

/ ' E(s, T)ds <y~ di(0)E'(1, ) + y ' do(0)E (1, t) + y ' d3(0){E(z, 1)} 2, (4.14)
0

where y ;== f —v >0 and = max{l, By}, v = min{oy, o}

Now we may proceed in a way similar to section 3 to deduce spatial growth
for the solutions to the problem determined by equation (4.1), boundary conditions
(2.2) and initial-conditions (2.3). Therefore we have proved the following theorem.

Theorem 2. If (4.2) and (4.3) hold, then for every positive t each non-trivial solution
u of initial-boundary value problem (4.1), (2.2) and (2.3) satisfies

T
lim, v / U IVl 0] 12, + 1| (V28] (12t > . (4.15)

Remark. The estimates (3.24) and (4.15) will be valid also if we take Q as a real
cylinder of the form

Q={(x,x)eR": —w<x; <o, x' €dy,}

with
Q. ={(x,xX)eQ: |x| <71}
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