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Abstract

This article extends the Waelbroeck vector-valued spectrum by considering arbi-
trary uniform tensor products and non-commutative Banach algebras. The main
result is a vector-valued Gelfand invertibility result.

1. Introduction

Our initial interest in the topic of this and two further articles was in contributing
to the further development of the infinite-dimensional functional calculus defined,
using projective tensor products, by L. Waelbroeck [30; 31]. As our involvement
grew, so did the realisation that the subject matter had connections with a number of
other topics, for example the Harte joint spectrum, vector-valued Gelfand transforms,
invertibility theorems, tensor products of Banach spaces, polynomial estimates and
extensions and monomial expansions. We also found that we were ‘discovering’
known results, sometimes with different proofs. Nevertheless, we feel that the setting
in which we operate leads to a unified treatment of a number of different topics and
an environment in which further development is possible.

1.1. Commutative spectra
WhenA is a commutative Banach algebra and X is a Banach space Waelbroeck

defined an X-valued spectrum, σW (a), of an element a of the projective tensor
product A ⊗̂πX . This theory was extended by M.C. Matos in two articles, [21] and
[22]. In [21] Matos considered the spectrum as lying in C (M (A), X), where A is a
uniform Banach algebra with maximal ideal spaceM (A) and X is a locally convex
space with the approximation property; in [22] he considered the spectrum when
X has an unconditional basis and A is an arbitrary commutative unital Banach
algebra. In all these articles an infinite-dimensional holomorphic functional calculus
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is developed, and in [21] non-trivial applications to infinite-dimensional holomorphy
are presented. A commutative theory in algebras with a bounded structure is also
developed in [10] and [32].

1.2. Non-commutative spectra
In [14] R.E. Harte defined, using left and right invertibility, the joint spectrum

of a system of elements in an arbitrary Banach algebra and, subject to certain
commutativity hypotheses, obtained spectral mapping theorems. In a different setting
G.R. Allan [1, theorem 1] obtained a Gelfand invertibility theorem, in an arbitrary
unital Banach algebra A, by imposing internal commutativity conditions on a
sufficiently large subalgebra.

1.3. Tensor products of Banach algebras
The spaces L1(G), G a locally compact group, and C(K), K a compact Hausdorff

topological space, have been at the centre of many investigations in analysis and
have been examined from many different perspectives. Their vector-valued exten-
sions L1(G,E) ∼= L1(G)⊗̂πE and C(K,E) ∼= C(K)⊗̂εE, E a Banach space, provided
motivation for the introduction of topological tensor products and, when E =A, a
Banach algebra, for the investigation of tensor products of Banach algebras. That
the projective tensor product A ⊗̂πB of Banach algebras A and B is an algebra
and the relationship M (A ⊗̂πB) = M (A) ×M(B) for commutative Banach al-
gebras was established by B.R. Gelbaum [12; 11] and J. Tomiyama [26], and their
results were extended to certain locally m-convex algebras by A. Mallios [19; 20].
N.Th. Varopoulos [27; 28; 29], motivated by harmonic analysis considerations, inves-
tigated the injective tensor product and completely characterised the commutative
Banach algebras A such that A ⊗̂εA is again a Banach algebra (see Example 19).

We now describe the approach and content of this paper. The Waelbroeck
approach suggests the setting—tensor products—in which we operate, while the
joint spectrum provides the tools we require.

In §2 we recall (Definition 1) the definition of the joint spectrum and using
the dual space X ′ define intrinsically (that is, without reference to the different
representations of elements in the tensor product) spectra of elements of A ⊗̂γX
where A is a unital Banach algebra, X is a Banach space and γ is a uniform
crossnorm.

We next define, using multiplicative linear functionals onA (A commutative), a
Waelbroeck spectrum of elements in the same space (the projective tensor product
case, π, is considered by Waelbroeck [30; 31], and various other special cases are
considered by Matos [21; 22]). In Proposition 7 we show that these definitions
coincide (modulo a canonical bidual identification) when A is commutative. Taken
together these results extend the now-classical Waelbroeck spectrum to the non-
commutative setting, to arbitrary uniform tensor norms and to arbitrary Banach
spaces, give an intrinsically functorial definition of the spectra and link together
the Harte and Waelbroeck approaches. By specialising to a commutative Banach
algebra A and letting X = B, a Banach algebra, we introduce (Definition 8) a
vector-valued Gelfand transform on A ⊗̂γB.



Dineen, Harte and Taylor—Tensor spectra I: basic theory 179

In §3 we prove, using the joint spectrum, a number of technical spectral mapping
theorems, which leads to a new proof of the result of Allan [1] mentioned above. In
§4 we give a number of examples and applications. In subsequent papers we discuss
the functional calculus.

As we deal with concepts from a number of different areas we have found it
convenient to introduce these as required and to outline their basic properties by
providing details in examples. We refer to A. Defant and K. Floret [8] for the theory
of tensor products of Banach spaces, and to R.E. Harte [15] and R.G. Douglas [9]
for spectral theory and Banach algebra theory.

2. Spectra of infinite systems

Definition 1. The joint left spectrum σleft(a) of an arbitrarily indexed collection
a := (a i)i∈I of elements of a Banach algebra A with identity 1A is the set of
all λ := (λi)i∈I such that 1A does not belong to the left ideal of A generated by
(a i − λi1A)i∈I , that is,

σleft(a) :=

(λi)i∈I : 1A /∈

∑
i∈F⊂I
F finite

b i (a i − λi1A) : b i ∈ A all i


 . (2.1)

Remark 2. Since we only use finite sums in the above definition it follows that
(λi)i∈I ∈ σleft

(
(a i)i∈I

)
if and only if (λi)i∈J ∈ σleft

(
(a i)i∈J

)
for every finite subset J of

I . Moreover, since A is unital we may replace the left ideal in Definition 1 by its
closure.

The joint right spectrum σright(a) is defined to be the joint left spectrum of a
in Aop where Aop is the algebra derived from A by reversal of products, that is,
A =Aop as a set and a Banach space, while the multiplication ∗ in Aop is defined
to be a ∗ b = b · a where · is the usual multiplication in A. The Harte spectrum is
defined to be σ (a) := σleft (a)∪ σright(a). We use σleftA etc. if it is necessary to indicate
the algebra with respect to which we are taking the spectrum. If A is commutative
the left and right joint spectra coincide and can be expressed in terms of Gelfand
characters:

σ(a) := {h(a) : h ∈ M (A)} . (2.2)

If I is finite and A is commutative this is well known (see, for instance, [23,
p. 220], [17, p. 66] or [24]) and

σ(a 1, . . . , a n) = {(h(a 1), . . . , h(a n)) : h ∈ M (A)} .
If the indexing set I is a Banach space X then (ax)x∈X can be identified with

the mapping ϕ : X −→ A by letting ϕ(x) = a x for all x ∈ X, and (λx)x∈X can
be identified with the mapping λ : X −→ C where λ(x) = λx for all x ∈ X. Many
structural properties of ϕ are inherited by λ. We collect in the following lemma those
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required in this paper but the method of proof can be developed in an obvious way
(see [14] for further details).

Lemma 3. (a) If ϕ ∈ L(X;A) and λ ∈ σleft(ϕ) then λ ∈ X ′ and ‖λ‖ ≤ ‖ϕ‖.
(b) If X is a Banach algebra, ϕ is an algebra homomorphism and λ ∈ σleft(ϕ) then

λ is an algebra homomorphism.

Proof. (a) Since

ϕ(x1 + x2)− λ(x1 + x2)1A −
2∑
i=1

(ϕ(xi)− λ(xi)1A)

= (ϕ(x1 + x2)− ϕ(x1)− ϕ(x2))− (λ(x1 + x2)− λ(x1)− λ(x2)) 1A
= (λ(x1) + λ(x2)− λ(x1 + x2)) 1A

this is a scalar times the identity, and by the definition of the joint left spectrum
if the left-hand side is not invertible the right-hand side must be zero. Hence
λ(x1 + x2) = λ(x1) + λ(x2). Similarly λ(βx) = βλ(x) for x ∈ X and β ∈ C. If |λ(x)| >
‖ϕ(x)‖ then

∥∥∥∥ϕ(x)

λ(x)

∥∥∥∥ < 1 and ϕ(x)−λ(x)1A = λ(x)

(
ϕ(x)

λ(x)
− 1A

)
is invertible. Hence

|λ(x)| ≤ ‖ϕ(x)‖ for all x ∈ X. This shows that λ ∈ X ′ and ‖λ‖ ≤ ‖ϕ‖.
(b) Use the method in (a) and the identity

(ϕ(xy)− λ(xy)1A)− ϕ(x) (ϕ(y)− λ(y)1A)− λ(y) (ϕ(x)− λ(x)1A)

= (λ(x)λ(y)− λ(xy)) 1A.

We let γ denote a uniform crossnorm [8] defined on all pairs of Banach spaces
X and Y . Hence if x ∈ X and y ∈ Y then

γ(x⊗ y) = ‖x‖ ‖y‖ ,

and if X1 and Y1 are another pair of Banach spaces, T ∈ L (X,X1) and S ∈
L (Y , Y1), then T ⊗ S ∈ L (X ⊗̂γY ,X1 ⊗̂γY1

)
and

‖T ⊗ S : X ⊗γ Y −→ X1 ⊗γ Y1‖ ≤ ‖T‖ ‖S‖ ,

where [T ⊗ S] (x ⊗ y) = T (x) ⊗ S(y) for all x ∈ X and y ∈ Y . We let X ⊗̂γY
denote the completion of X ⊗ Y with respect to the norm γ. We denote by ε the
injective tensor norm and by π the projective tensor norm. Both ε and π are uniform
crossnorms and any uniform crossnorm γ satisfies ε ≤ γ ≤ π.

Definition 4. If A is a unital Banach algebra, X is a Banach space and γ is a
uniform crossnorm, the left joint tensor spectrum σleft(a) of a ∈ A ⊗̂γX is defined
to be the set σleft

(([
IA ⊗ x′] (a)

)
x′∈X ′

)
.
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From our identification above we see that σleft(a) ⊆ X ′′ and consists of all
x′′ ∈ X ′′ such that the closed left ideal in A generated by{[

IA ⊗ x′] (a)− x′′(x′)1A}x′∈X ′
does not contain the identity. By Lemma 3(a), if x′′ ∈ σleft(a) then

‖x′′‖ ≤ sup
{∥∥[IA ⊗ x′] (a)

∥∥ , x′ ∈ X ′, ‖x′‖ ≤ 1
} ≤ ‖a‖ .

Our next result shows that σleft(a) can be identified via the canonical mapping
J
X

: X −→ X ′′ with a subset of X. The special case X = c0 was obtained in a
different fashion in [16].

Proposition 5. If A is a unital Banach algebra, X is a Banach space, γ is a uniform
crossnorm and a ∈ A ⊗̂γX, then if x′′ ∈ σleft(a) there exists x ∈ X such that x′′ =
J
X

(x). Consequently we have the identification

σleft(a) =

{
x ∈ X : 1A /∈

{∑
i

b i
([
IA ⊗ x′i

]
(a− (1A ⊗ x))

)}}

where (b i)i and (x′i)i are finite subsets of A and X ′ respectively.

Proof. We first note that if b :=
∑n

i=1 b i ⊗ xi ∈ A⊗X then the mapping

x′ ∈ (X ′, σ(X ′, X)) −→ [
IA ⊗ x′] (b) =

n∑
i=1

x′(xi)b i ∈ (A, ‖·‖)

is continuous (it is possible to show by example that this mapping is not in general
continuous when b is replaced by an arbitrary element of the tensor product).

If a ∈ A ⊗̂γX is arbitrary then for any ε > 0 we can choose b ∈ A⊗X such
that ‖a− b‖ < ε. Let

(
x′α
)
α

denote a bounded net in X ′ which converges σ(X ′, X)
to x′ ∈ X ′. Since γ is a uniform crossnorm,∥∥[IA ⊗ x′α] (a)− [IA ⊗ x′] (a)

∥∥ ≤ ∥∥[IA ⊗ x′α] (b− a)
∥∥+

∥∥[IA ⊗ x′] (b− a)
∥∥

+
∥∥[IA ⊗ x′α] (b)− [IA ⊗ x′] (b)

∥∥ ≤ 2ε+
∥∥[IA ⊗ (x′α − x′)

]
(b)
∥∥ .

Hence for a arbitrary in A ⊗̂γX the mapping

x′ ∈ X ′ −→ [
IA ⊗ x′] (a) ∈ (A, ‖·‖) (2.3)

is continuous on each bounded subset of X ′ endowed with the σ(X ′, X) topology.
Let

(
x′α
)
α∈Γ

denote a bounded net in X ′ which converges σ(X ′, X) to x′ ∈
X ′. Suppose, by taking a subnet if necessary, that there exists δ > 0 such that
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|x′′(x′α)− x′′(x′)| ≥ δ for all α. By (2.3) there exists α0 such that

∥∥[IA ⊗ (x′α − x′)
]

(a)
∥∥ ≤ δ

2

for all α ≥ α0. Hence, for α ≥ α0, we have

[
IA ⊗ (x′α − x′)

]
(a)− x′′(x′α − x′)1A = −x′′(x′α − x′)

[
1A −

[
IA ⊗ (x′α − x′)

]
(a)

x′′(x′α − x′)
]
.

Since ∥∥∥∥∥
[
IA ⊗ (x′α − x′)

]
(a)

x′′(x′α − x′)

∥∥∥∥∥ ≤
(
δ/2
)

δ
=

1

2

[
IA ⊗ (x′α − x′)

]
(a) − x′′(x′α − x′)1A is invertible. This contradicts the fact that x′′

belongs to σleft(a). Hence the linear functional x′′ is σ(X ′′, X ′)-continuous on the
bounded subsets of X ′. By a result of Banach [18, corollary 4, p. 250] x′′ is σ(X ′, X)-
continuous, that is, there exists x ∈ X such that x′′ = J

X
(x). This completes the

proof.

We now define the Waelbroeck tensor spectrum (see [30; 31; 21; 22]).

Definition 6. If A is a commutative Banach algebra, X is a Banach space and γ is
a uniform crossnorm on A⊗X , then the Waelbroeck tensor spectrum σW (a) of
a ∈ A ⊗̂γX is the set

{[h⊗ IX] (a) : h ∈ M (A)} .

The relationship between the joint tensor and Waelbroeck spectra is outlined
in the next proposition and we may thus regard Definition 4 as an extension to
arbitrary unital Banach algebras of the Waelbroeck spectrum. We write σ in place
of σleft when dealing with elements of the tensor product of a commutative unital
algebra and a Banach space.

Proposition 7. If A is a commutative unital Banach algebra, X is a Banach space, γ
is a uniform crossnorm on A⊗X and a ∈ A ⊗̂γX, then

J
X

(σW (a)) = σ(a).

Proof. Let
∑n

i=1 a i ⊗ xi denote an arbitrary element in A⊗X . If h ∈ M (A) and
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x′ ∈ X ′ then

h

([
IA ⊗ x′]( n∑

i=1

a i ⊗ xi
))

= h

(
n∑
i=1

x′(xi)a i

)

=

n∑
i=1

h (a i) x
′(xi)

=
[
h⊗ x′]( n∑

i=1

a i ⊗ xi
)

= x′
(

n∑
i=1

h (a i) xi

)

= x′
(

[h⊗ IX]

(
n∑
i=1

a i ⊗ xi
))

.

Since γ is a uniform crossnorm and A⊗X is dense in A ⊗̂γX we have

h ◦ [IA ⊗ x′] = h⊗ x′ = x′ ◦ [h⊗ IX]

for all h ∈ M (A) and x′ ∈ X ′.
If x′′ ∈ σ(a) ⊂ X ′′ then

1A /∈

∑

x′∈F⊂X ′
F finite

a i
([
IA ⊗ x′] (a)− x′′(x′)1A) : a i ∈ A, all i ∈ F

 . (2.4)

The set of elements in (2.4) form a proper ideal in A which is contained in a closed
maximal ideal and hence in the kernel of some h ∈ M (A). Hence h

([
IA ⊗ x′] (a)

)
=

x′′(x′) for all x′ ∈ X ′. This implies x′ ([h⊗ IX] (a)) = h
([
IA ⊗ x′] (a)

)
= x′′(x′) for all

x′ ∈ X ′ and hence J
X

([h⊗ IX] (a)) = x′′. We thus have σ(a) ⊂ J
X

(σW (a)) ⊂ J
X

(X).

If x ∈ X and J
X

(x) /∈ σ(a) then there exist (a i)
n
i=1 ⊂ A and

(
x′i
)n
i=1
⊂ X ′ such

that

1A =

n∑
i=1

a i
([
IA ⊗ x′i

]
(a)− x′i(x)1A

)
.

Hence, since h(1A) = 1, we have

1 =

n∑
i=1

h(a i)x
′
i ([h⊗ IX] (a)− x)

=

[
n∑
i=1

h(a i)x
′
i

]
([h⊗ IX] (a)− x)
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and x 6= [h⊗ IX] (a) for any h ∈ M (A). This implies that x /∈ σW (a). Hence
J
X

(σW (a)) ⊂ σ(a).

If A and B are algebras then the mapping

M1 : (a 1, b 1, a 2, b 2) ∈ A×B×A×B −→ a 1a 2 ⊗ b 1b 2 ∈ A⊗B
is 4-linear and the fundamental existence theorem for tensor products implies that
there exists a unique linear mapping M2 :A⊗B⊗A⊗B −→A⊗B such that

M2(a 1 ⊗ b 1 ⊗ a 2 ⊗ b 2) = M1(a 1, b 1, a 2, b 2).

Associativity of tensor products and the fundamental existence theorem imply
that there exists a unique bilinear mapping M3 : (A⊗B) × (A⊗B) −→ A⊗B
such that

M3(a 1 ⊗ b 1, a 2 ⊗ b 2) = a 1a 2 ⊗ b 1b 2.

Hence A⊗ B is an algebra with multiplication defined by M3. If A and B are
Banach algebras and A⊗ B is endowed with the projective tensor norm then
‖M1‖ ≤ 1. Hence ‖M2‖ ≤ 1 and ‖M3‖ ≤ 1 and A ⊗π B is a normed algebra.
A density argument shows that A ⊗̂πB is a Banach algebra. This, as we have
noted in our introduction, has been known for many years (see, for example,
[11; 12; 19; 20; 26]).

If A and B are unital then 1A ⊗ 1B is the identity of A⊗B. We say that the
uniform crossnorm γ onA⊗B is suitable forA⊗B ifA ⊗̂γB is a Banach algebra
when endowed with the product derived from M3. Further examples are given in
Section 4.

If K is a compact topological space and B is a Banach algebra we let C(K;B)
denote the algebra of continuous B-valued mappings on K . When endowed with the
norm ‖ · ‖K , C(K;B) is a Banach algebra and if B is unital the mapping 1B(x) := 1B
is the identity.

We maintain the above notation. Let a ∈ A ⊗̂γX and let (hα)α∈Γ denote a net
in M (A) which converges in the weak* topology on M (A) to h. Let ε > 0 be
arbitrary. Choose b :=

∑k
i=1 a i ⊗ xi ∈ A⊗X so that ‖b− a‖ < ε. Now choose α0

such that

‖[hα ⊗ IX − h⊗ IX] (b)‖ ≤
k∑
i=1

|[hα − h] (a i)| . ‖xi‖ ≤ ε

for all α ≥ α0. We have, for α ≥ α0,

‖[hα ⊗ IX] (a)− [h⊗ IX] (a)‖ ≤ ‖[hα ⊗ IX] (a)− [hα ⊗ IX] (b)‖
+ ‖[hα ⊗ IX] (b)− [h⊗ IX] (b)‖
+ ‖[h⊗ IX] (b)− [h⊗ IX] (a)‖

≤ 3ε.
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This implies that [hα ⊗ IX] (a) −→ [h⊗ IX] (a) as α −→ ∞ in X and, in the
notation of the following definition, that â ∈ C(M (A);B). The next definition is
implicit in the work of Waelbroeck [30; 31] and Matos [21; 22].

Definition 8. If A and B are Banach algebras with A commutative and γ is a
suitable tensor norm on A⊗B then the Gelfand transform ˆ from A ⊗̂γB into
C(M (A);B) is defined by letting

â(h) = [h⊗ IB] (a)

for all a ∈ A ⊗̂γB and all h ∈ M (A).

Remark 9. Notice that IB above is the identity in the algebra L (B,B). Note also
that the transform does not depend on the crossnorm; that is, if a lies in two tensor
products (see Corollary 23) it will have the same Gelfand transform in each case.

Proposition 10. The Gelfand transform is an algebra homomorphism and a linear con-
traction.

Proof. Since h⊗ IB ∈ L(A ⊗̂γB;B) the transform is linear. Moreover, since γ is a
uniform crossnorm, ∥∥∥â(h)

∥∥∥ = ‖[h⊗ IB] (a)‖ ≤ ‖h‖ ‖IB‖ ‖a‖

and
∥∥∥â(h)

∥∥∥ ≤ ‖a‖. This shows that ˆ is a contraction.

If a =
∑k

i=1 a i ⊗ c i and b =
∑n

j=1 b j ⊗ d j and h ∈ M (A) then

â.b (h) = [h⊗ IB] (a.b)

= [h⊗ IB]

 k,n∑
i,j=1

a ib j ⊗ c id j


=

k,n∑
i,j=1

h(a ib j)c id j

=

k,n∑
i,j=1

h(a i)h(b j)c id j

=

k∑
i=1

h(a i)c i.

n∑
j=1

b jh(b j)d j

= [h⊗ IB] (a) . [h⊗ IB] (b)

= â(h)b̂(h).
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Hence â.b̂ = â.b . Since γ is a suitable crossnorm, a density argument shows that the
Gelfand transform is an algebra homomorphism.

3. Stability of the spectrum under projections

In this section we prove a number of technical results concerning the behaviour
of the spectrum under certain transformations. A number of these results have
appeared in [14] and [16]. We take the opportunity to expand on their proofs here.

Proposition 11. If A is a unital Banach algebra and if a = (a i)i∈I and b =
(
b j
)
j∈J

then

σleft (a, b) ⊂ σleft (a)× σleft (b) .

If the commutativity relations

a ia k = a ka i for i, k ∈ I and a ib j = b ja i for i ∈ I and j ∈ J
are satisfied, then

πJ
(
σleft

({a, b})) = σleft (b)

where πJ is the canonical projection from CI × CJ onto CJ .

Proof. By Remark 2 we have

πJ
(
σleft

({a, b})) ⊂ σleft (b)

and

πI
(
σleft

({a, b})) ⊂ σleft (a) .

This implies σleft
({a, b}) ⊂ σleft (a) × σleft (b). We prove the reverse inclusion by

transfinite induction on I . First suppose |I | = 1. In this case (a i)i∈I can be identified
with an element a ∈ A. Let µ =

(
µj
)
j∈J ∈ σleft (b) and let N denote the closed

left ideal of A generated by
(
b j − µj1A)j∈J . Let M = {y ∈ A : Ny ⊂ N}. Clearly

1A ∈M and

N(y 1 + y 2) ⊆ Ny 1 +Ny 2 ⊆ N +N = N

N(θy 1) = θNy 1 ⊆ Ny 1 ⊆ N
N(y 1y 2) ⊆ (Ny 1)y 2 ⊆ Ny 2 ⊆ N

show that M is a unital subalgebra of A. If x ∈ A and j ∈ J then, by our
commutativity assumptions,

x
(
b j − µj1A) .a = x .a

(
b j − µj1A) ∈ N
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and a ∈M. If n ∈ N then

Nn ⊆ N.N ⊆ A.N = N,

so N ⊆ M and, by construction of M, N is a two-sided closed ideal in M. Now
consider the unital Banach algebra M/N and choose λ ∈ ∂

(
σM/N(a +N)

)
, the

boundary of the spectrum of a +N in M/N. Our choice implies that a − λ1A +N

is a topological divisor of zero in M/N. We claim that (λ, µ) ∈ σleft
({a , b}). If not,

there exists a ′ ∈ A,
(
b ′j
)
j∈J ∈ AJ , with b ′j = 0 for all but a finite number of j such

that

1A = a ′ (a − λ1A) +
∑
j

b ′j
(
b j − µj1A) .

If y ∈M then

y − a ′ (a − λ1A) y =
∑
j

b ′j
(
b j − µj1A) y ∈ N

and

y +N = a ′ (a − λ1A) y +N. (3.1)

Since N is a left ideal in A, a ′N ⊆ N. Hence, if z ∈ N, (3.1) implies that we can
find w ∈ N such that

y + w = a ′ (a − λ1A) y + a ′z = a ′ [(a − λ1A) y + z ]

and

‖y + w‖ ≤ ‖a ′‖ ‖(a − λ1A) y + z‖ .
Since z was arbitrary we have

‖y +N‖M/N ≤ ‖a ′‖ ‖(a − λ1A) y +N‖M/N (3.2)

for all y ∈M. As a − λ1A +N is a topological divisor of zero in M/N there exists(
y n
)
n
⊂ M such that ‖y n +N‖M/N = 1 and ‖(a − λ1A) y n +N‖M/N −→ 0. This

contradicts (3.2) and establishes our claim. Since πJ
({λ, µ}) = µ this completes the

proof when |I | = 1.
For the general case we use transfinite induction and for this purpose we may

suppose that I is the set of all ordinals less than or equal to the ordinal α. Let
µ ∈ σleft (b). By the |I | = 1 case we can find λ1 such that (λ1, µ) ∈ σleft

({a 1, b}).
Suppose that β ≤ α and that we have found (λω)ω<β such that for all β0 < β(

(λω)ω≤β0
, µ
) ∈ σleft

({
(aω)ω≤β0

, b
})
.
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If β has an immediate predecessor β1 then the first part of the proof shows that we
can find λβ such that(

λβ,
{

(λω)ω≤β1
, µ
}) ∈ σleft

(
aβ,
{

(aω)ω≤β1
, b
})
,

that is, {
(λω)ω≤β , µ

} ∈ σleft
(
(aω)ω≤β , b

)
.

If β does not have an immediate predecessor then β is infinite and by Remark 2{
(λω)ω<β , µ

} ∈ σleft
(
(aω)ω<β , b

)
.

The addition of a single element a β and the first part of the proof show that we can
find λβ such that {

(λω)ω≤β , µ
} ∈ σleft

(
(aω)ω≤β , b

)
.

By transfinite induction we can thus find λ := (λω)ω≤α such that (λ, µ) ∈ σleft (a, b).
Since πJ(λ, µ) = µ, this completes the proof.

Corollary 12. If (a i)i∈I is a commuting system of elements in a Banach algebra, then
for any J ⊂ I

πJ
(
σleft

(
(a i)i∈I

))
= σleft

((
a j
)
j∈J
)
.

Proposition 13. Let A and B be unital Banach algebras and suppose that γ is a
suitable crossnorm. If a := (a i)i∈I ⊂ A, b :=

(
b j
)
j∈J ⊂ B, a⊗1B := (a i ⊗ 1B)i∈I and

1A ⊗ b :=
(
1A ⊗ b j

)
j∈J then

σ
left

A ⊗̂γB
({a⊗ 1B, 1A ⊗ b}) = σ

left
A (a)× σleft

B (b) .

Proof. If λ /∈ σleft (a) or µ /∈ σleft (b) it is easily seen that (λ, µ) is not an element of
σleft
A ⊗̂γB

({a⊗ 1B, 1A ⊗ b}). Hence

σleft
A ⊗̂γB

({a⊗ 1B, 1A ⊗ b}) ⊆ σleftA (a)× σleftB (b) .

Suppose λ := (λi)i∈I ∈ σleftA (a) and µ :=
(
µj
)
j∈J ∈ σleftB (b). The closed left ideals M

and N in A and B generated by (a i − λi1A)i∈I and
(
b j − µj1B)j∈J respectively are

proper. By the Hahn–Banach Theorem there exist x′ ∈ A′ and y′ ∈ B′ such that
x′(1A) = y′(1B) = 1 and x′(M) = y′(N) = 0. Since γ is a uniform crossnorm, x′⊗y′ ∈(A ⊗̂γB)′. We have

[
x′ ⊗ y′] (1A ⊗ 1B) = 1 and

[
x′ ⊗ y′] (M ⊗B+A⊗N) = 0.

Hence M ⊗ B +A⊗ N generates a proper closed left ideal in A ⊗̂γB. Since this
ideal contains (a i − λi1A) ⊗ 1B for all i ∈ I and 1A ⊗ (b j − µj1B) for all j ∈ J it



Dineen, Harte and Taylor—Tensor spectra I: basic theory 189

follows that {
(λi)i∈I ,

(
µj
)
j∈J
}

= (λ, µ) ∈ σleft
A ⊗̂γB

({a⊗ 1B, 1A ⊗ b}) .
We will also require the following result.

Lemma 14. If A is a commutative unital Banach algebra, B is a unital Banach alge-
bra, γ is a suitable crossnorm for A⊗B, b ∈ A ⊗̂γB, µ ∈ C and h ∈ M (A), then
the closed ideals generated by

{[(a − h(a )1A)⊗ 1B]a∈A , b− µ (1A ⊗ 1B)}

and

{[(a − h(a )1A)⊗ 1B]a∈A , 1A ⊗ ([h⊗ IB] (b)− µ1B)}

coincide.

Proof. It suffices to show that

(b− µ (1A ⊗ 1B))− (1A ⊗ ([h⊗ IB] (b)− µ1B)) = b− 1A ⊗ ([h⊗ IB] (b))

belongs to the closed left ideal J generated by {(a − h(a )1A)⊗ 1B}a∈A. If c =∑n
i=1 a i ⊗ b i ∈ A⊗B then

c− 1A ⊗ ([h⊗ IB] (c)) =

n∑
i=1

a i ⊗ b i − 1A ⊗
n∑
i=1

h(a i)b i

=

n∑
i=1

a i ⊗ b i −
n∑
i=1

h(a i)1A ⊗ b i

=

n∑
i=1

(a i − h(a i)1A)⊗ b i.

Hence c−(1A ⊗ ([h⊗ IB] (c))) ∈ J for all c ∈ A⊗B. Since γ is a uniform crossnorm
and A⊗B is dense in A ⊗̂γB a standard density argument completes the proof.

Proposition 15. If A is a commutative unital Banach algebra, B is a unital Banach
algebra, γ is a suitable crossnorm for A⊗B and a ∈ A ⊗̂γB, then

σleft
A ⊗̂γB (a) =

⋃
h∈M(A)

{
σleftB ([h⊗ IB] (a))

}
.
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Proof. Since h ⊗ IB is an algebra homomorphism and [h⊗ IB] (1A ⊗ 1B) = 1B,
h⊗ IB maps left invertible elements to left invertibles. Hence

σleftB ([h⊗ IB] (a)) ⊂ σleft
A ⊗̂γB (a)

for all h ∈ M (A).
Suppose µ ∈ σleft

A ⊗̂γB (a). Since the system {(a ⊗ 1B)a∈A , a} is commutative,

Lemma 3 and Proposition 11 show that there exists h ∈ M (A) such that(
(h(a ))a∈A , µ

) ∈ σleft
A ⊗̂γB

(
(a ⊗ 1B)a∈A , a

)
.

By Lemma 14

{[(a − h(a )1A)⊗ 1B]a∈A , a− µ (1A ⊗ 1B)}
and

{[(a − h(a )1A)⊗ 1B]a∈A , 1A ⊗ ([h⊗ IB] (a)− µ1B)}
generate the same proper left ideal in A ⊗̂γB. Hence(

(h(a ))a∈A , µ
) ∈ σleft

A ⊗̂γB
(
(a ⊗ 1B)a∈A , 1A ⊗ ([h⊗ IB] (a))

)
.

By Proposition 13 this coincides with

σA
(
(a )a∈A

)× σleftB ([h⊗ IB] (a)) .

Hence µ ∈ σleftB ([h⊗ IB] (a)). This completes the proof.

The above methods lead to an alternative proof of a result of G.R. Allan [1,
theorem 1]. In passing we note that the conditions imposed to obtain this result
appear very natural when described in a tensor product setting.

Proposition 16. Let Z1 and A denote closed unital subalgebras of the unital Banach
algebra B. We suppose that

(i) Z1 is contained in the centre of B,
(ii) Z1 and A generate a dense subalgebra of B,
(iii) for each ϕ ∈ M(Z1) there exists Mϕ > 0 such that∥∥∥∥∥∑

i

ϕ(z i)a i

∥∥∥∥∥ ≤Mϕ

∥∥∥∥∥∑
i

z ia i

∥∥∥∥∥ (3.3)

for all finite sums
∑

i z ia i, z i ∈ Z1 and a i ∈ A;
then

σleftB (b ) =
⋃

ϕ∈M(Z1)

σleftA (ϕ̃(b )) (3.4)
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for all b ∈ B where, for ϕ ∈ M(Z1), we denote by ϕ̃ the unique extension of ϕ to an
A-valued homomorphism on B satisfying ϕ̃|A = IA.

Remark 17. To see the relationships between this result and our approach note that
conditions (i) and (ii) together are our hypothesis in Proposition 11 if we identify
(a i)i∈I with Z1 and

(
b j
)
j∈J with A. Since Z1 and A are subalgebras of B and Z1

commutes with all elements of A, the subalgebra generated by Z1 and A consists
of all finite sums

∑
i z ia i, z i ∈ Z1, a i ∈ A. Condition (iii) implies that for each

ϕ ∈ M(Z1), ϕ ⊗ IA is well defined on the tensor product Z1 ⊗A and continuous
when the tensor product has the topology induced by B. Moreover, condition (3.3)
implies that for each ϕ ∈ M(Z1) the mappings ϕ̃ in (3.4) are well defined, continuous,
and uniquely determined by ϕ. Hence this condition is analogous to our condition
that the tensor crossnorm is uniform.

Proof of Proposition 16. Since ϕ̃ : B −→A is an algebra homomorphism⋃
ϕ∈M(Z1)

σleftA (ϕ̃(b )) ⊂ σleftB (b ).

Let µ ∈ σleftB (b ). By (i) and Proposition 11 there exists (λz )z∈Z1
∈ σ ((z )z∈Z1

)
such

that
(
(λz )z∈Z1

, µ
) ∈ σleft

(
(z )z∈Z1

, b
)
. By Lemma 3(b) there exists ϕ ∈ M(Z1) such

that λz = ϕ(z ) for all z ∈ Z1. If c :=
∑n

i=1 z ia i then, by (iii),

ϕ̃

(
n∑
i=1

z ia i

)
=

n∑
i=1

ϕ(z i)a i.

By (i)

c − ϕ(c ) =

n∑
i=1

(z i − ϕ(z i)1B) a i =

n∑
i=1

a i (z i − ϕ(z i)1B) . (3.5)

Since (b − µ1B) − (ϕ̃(b ) − µ1B) = b − ϕ̃(b ) it follows by a density argument and
(3.5) (see Lemma 14) that the closed left ideals in B generated by(

(z − ϕ(z )1B)z∈Z1
, ϕ̃(b )− µ1B

)
and (

(z − ϕ(z )1B)z∈Z1
, b − µ1B

)
coincide. Since

(
(ϕ(z ))z∈Z1

, µ
) ∈ σleft

(
(ϕ(z ))z∈Z1

, b
)

both of these ideals are proper
and (

(ϕ(z ))z∈Z1
, µ
) ∈ σleftB

(
(z )z∈Z1

, ϕ̃(b )
)
.
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A further application of Proposition 11 implies that µ ∈ σleftB (ϕ̃(b )) and sinceA ⊂ B
we have µ ∈ σleftA (ϕ̃(b )). Hence

σleftB (b ) =
⋃

ϕ∈M(Z1)

σleftA (ϕ̃(b ))

and this completes the proof.

Remark 18. A similar argument leads to the analogous result for the right spectrum
and combining the two cases we obtain a result for the (two-sided) spectrum.

Allan gave a number of refinements and applications in [2] and [3] and, in
particular, noted that his extension property is satisfied by the projective tensor
product of a commutative unital Banach algebra and a Banach algebra. The C∗-
algebra version of Allan’s Theorem was rediscovered by Douglas [9, theorem 7.47]
(see also [25] and [7]).

4. Examples

Example 19. Varopoulos [28; 29] defined injective algebras (condition (1) below)
and obtained the following characterisation.

The following are equivalent conditions on the commutative Banach algebra A:
(1) A ⊗̂εA is a Banach algebra,
(2) A is a complemented subalgebra of a uniform algebra (see below),
(3) A ⊗̂εB is a Banach algebra for every (commutative) Banach algebra B.

In a further paper [27] he provided a number of non-trivial examples of injective
non-uniform Banach algebras. For instance, if Aα, α ≥ 0, is the algebra of functions
f on the unit circle T,

f(eiθ) =

∞∑
n=−∞

f̂ne
inθ

normed by

‖f‖α :=

∞∑
n=−∞

∣∣∣f̂n∣∣∣ (1 + |n|α)

then Aα is injective if and only if α > 1/2. Note that Aα ∼= `1 as a Banach space
for any α and that A0 is the classical Wiener space of absolutely convergent Fourier
series (see Example 22).

We illustrate some properties of the ε-norm by showing that uniform algebras
are injective. Let A denote a uniform algebra; that is, A is a Banach algebra
satisfying

∥∥x2
∥∥ = ‖x‖2 for all x ∈ A. Uniform algebras have been characterised

as the closed subalgebras of C(K) for K compact Hausdorff and in particular
are always commutative. Let B denote a Banach algebra. Using the fact that the
ε-tensor product respects subspaces it is possible to show that A ⊗̂εB is a Banach
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subalgebra of C(K;B), but we prefer to prove this directly. If a :=
∑k

i=1 a i⊗ b i and
b :=

∑n
j=1 a

′
j ⊗ b ′j belong to A⊗B then

‖ab‖ε =

∥∥∥∥∥∥
k,n∑
i,j=1

a ia
′
j ⊗ b ib

′
j

∥∥∥∥∥∥
ε

= sup
ψ∈A′
ϕ∈B′

‖ψ‖≤1,‖ϕ‖≤1

∣∣∣∣∣∣
k,n∑
i,j=1

ψ
(
a ia

′
j

)
ϕ
(
b ib

′
j

)∣∣∣∣∣∣
= sup

ϕ∈B′ ,‖ϕ‖≤1

∥∥∥∥∥∥
k,n∑
i,j=1

ϕ
(
b ib

′
j

)
a ia

′
j

∥∥∥∥∥∥A
= sup

ϕ∈B′ ,‖ϕ‖≤1

sup
h∈M(A)

∣∣∣∣∣∣
k,n∑
i,j=1

ϕ
(
b ib

′
j

)
h(a i)h(a

′
j)

∣∣∣∣∣∣
(since A is a uniform algebra the classical Gelfand transform is an isometry)

= sup
h∈M(A)

∥∥∥∥∥∥
k,n∑
i,j=1

h(a i)h(a
′
j)b ib

′
j

∥∥∥∥∥∥B
= sup

h∈M(A)

∥∥∥∥∥∥
(

k∑
i=1

h(a i)b i

)
.

 n∑
j=1

h
(
a ′j
)
b ′j

∥∥∥∥∥∥B
≤ sup

h∈M(A)

∥∥∥∥∥
k∑
i=1

h(a i)b i

∥∥∥∥∥
B
. sup
h∈M(A)

∥∥∥∥∥∥
n∑
j=1

h
(
a ′j
)
b ′j

∥∥∥∥∥∥B
= sup

h∈M(A)
‖[h⊗ IB] (a)‖B . sup

h∈M(A)
‖[h⊗ IB] (b)‖B

=
∥∥∥â∥∥∥ .∥∥∥b̂∥∥∥

≤ ‖a‖ε . ‖b‖ε
since ε is a uniform crossnorm. A density argument shows that the result holds for
all a and b in A ⊗̂εB. Hence the ε-norm is a suitable tensor norm on A⊗B.

The following result is given for the projective tensor product of Banach algebras
by R.A. Bonic [6] and appears in [4, p. 132].

Proposition 20. If A is a commutative unital Banach algebra, B is a unital Banach
algebra and γ is a suitable tensor norm on A⊗B then the following are equivalent
for a ∈ A ⊗̂γB:
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(a) a is left invertible in A ⊗̂γB,

(b) â is left invertible in C (M (A);B),
(c) â(h) is left invertible in B for all h ∈ M (A).

Proof. Since a −→ â is a non-zero algebra homomorphism, (a) ⇒ (b) and clearly
(b) ⇒ (c). By Proposition 15, (a) ⇒ (c).

Proposition 21. If A is a commutative unital Banach algebra, B is a unital Banach
algebra and γ is a suitable tensor norm on A⊗B, then a ∈ A ⊗̂γB is invertible if

and only if â is invertible in C (M (A);B).

Proof. Since the Gelfand transform is a non-zero algebra homomorphism from
A ⊗̂γB into C (M (A);B) it follows that â is invertible if a is invertible.

Conversely suppose that â is invertible. Clearly γ is a suitable tensor norm on
A⊗Bop and

(A ⊗̂γB)op
= A ⊗̂γBop. Moreover, A ⊗̂γB and A ⊗̂γBop coincide

as sets and â(h) has the same value when a is considered in A ⊗̂γB or A ⊗̂γBop.

Since â is invertible in C (M (A);B) it is right invertible in C (M (A);B) and hence
left invertible in C (M (A);Bop). By Proposition 20, a is left invertible in A ⊗̂γBop

and hence right invertible in A ⊗̂γB. Hence a has a left and a right inverse in
A ⊗̂γB and thus is invertible.

Example 22 (a non-commutative Wiener Lemma). One of the early successes of
Gelfand’s theory was a proof of Wiener’s Lemma on absolutely convergent Fourier
series. Shortly afterwards S. Bochner and R.S. Phillips [5] obtained a vector-valued
generalisation both by adapting Wiener’s original proof [33] and by using Gelfand’s
methods [13]. More recently Matos [22] obtained a further generalisation by using
the Waelbroeck spectrum and the functional calculus. Here we present another
extension which, on replacing T∞ by T, gives another proof of the result in [5].

If m :=
(
mj
)
j
∈ Z(N), the set of integer-valued sequences which are eventually

zero, and θ :=
(
θj
)
j
∈ RN let m · θ =

∑
j mjθj . Let

AC (T∞;A) =

{
(am)m∈Z(N) : am ∈ A,

∑
m∈Z(N)

‖am‖ < ∞
}

where A is a unital Banach algebra and T is the unit circle in C. We identify
AC (T∞;A) with the set of functions f : T∞ −→ A with absolutely convergent
Fourier series by letting f(θ) =

(∑
m∈Z(N) ame

im·θ) for θ ∈ RN. Under pointwise
multiplication AC (T∞;A) becomes a unital Banach algebra. The space AC (T∞) :=
AC (T∞;C) is a commutative unital Banach algebra with maximal ideal space
T∞ where the multiplicative linear functionals are the point evaluations at points
of T∞. In addition, we have AC (T∞;A) = AC (T∞) ⊗̂πA. An application of
Proposition 21 yields the following result: if (am)m∈Z(N) ⊂ A,

∑
m∈Z(N) ‖am‖ < ∞ and∑

m∈Z(N) ame
im·θ is left invertible inA for all θ ∈ T∞, then there exists (bm)m∈Z(N) ⊂ A,
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m∈Z(N) ‖bm‖ < ∞ such that( ∑

m∈Z(N)

bme
im·θ
)
·
( ∑
m∈Z(N)

ame
im·θ
)

= 1A

for all θ ∈ RN. Similar results hold for invertibility and right invertibility.

Corollary 23. Let A denote a commutative Banach algebra with identity, let B denote
a Banach algebra with identity and suppose that either A or B has the approximation
property and that γ1 and γ2 are two suitable tensor norms on A⊗B. If γ1 ≤ γ2 and
a ∈ A⊗̂γ2

B then a ∈ A⊗̂γ1
B and a is invertible in A⊗̂γ2

B if and only if a is
invertible in A⊗̂γ1

B.

Remark 24. If A and B are both commutative Banach algebras with identity and
γ is a suitable tensor norm on A ⊗̂γB, then M(A ⊗̂γB) = M (A) ×M(B) and
from the classical Gelfand result we see that a ∈ A ⊗̂γB is invertible if and only if
[h⊗ k] (a) 6= 0 for all h ∈ M (A) and k ∈ M(B).

Acknowledgement

Ciaran Taylor acknowledges partial support from an Enterprise Ireland basic
research scholarship.

References

[1] G.R. Allan, On one-sided inverses in Banach algebras of holomorphic vector-valued functions,

Journal of the London Mathematical Society 42 (1967), 463–70.

[2] G.R. Allan, Holomorphic vector-valued functions on a domain of holomorphy, Journal of the

London Mathematical Society 42 (1967), 509–13.

[3] G.R. Allan, Ideals of vector-valued functions, Proceedings of the London Mathematical Society 18

(1968), 193–216.
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