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ABSTRACT

We consider, within the context of infinitesimal strain theory, the shears of pairs and triads
of material line elements emanating from a point P in a body. The set of elements along
the principal axes of strain at P is the only orthogonal set of unsheared elements. There is
an infinite set of other unsheared triads. In general, if an unsheared pair is known, a third
element completing an unsheared triad may be found.

1. Introduction

We consider the three-dimensional infinitesimal strain at a point P in a body. If the dis-
placement gradient at P is denoted byH, then the strain tensor e is defined by 2e=H+HT.
We assume that e has eigenvalues ea, the principal strains, ordered e3>e2>e1. In general
e is not positive definite, but a positive definite tensor E, defined by E=e+l1 (where l is
suitably large: l+e1>0), may be associated with e [7]. The associated quadric, x .Ex=1,
is an ellipsoid E (say), whose principal axes are the principal axes of strain. Because we
assume that e3>e2>e1, it follows that E has two planes of central circular section (see,
for instance, [2]). These planes are denoted by C+ and Cx.

Previously it was shown [4] that, apart from two exceptions, for any infinitesimal
material line element L lying in a plane P at the point P, there is just one other material
line element Lk in P such that the angle between the elements along L and Lk is
unchanged in the deformation, so that they are unsheared (in this case the element along
Lk is said to be conjugate to the element along L—they form a conjugate or unsheared
pair). The two exceptions to this general result are as follows. If the plane P coincides
with either C+ or Cx, then all pairs of infinitesimal material line elements in P are
unsheared [6], so that corresponding to any material line element in P there is an infinity
of conjugate line elements. Otherwise, if the plane P does not coincide with either C+ or
Cx, then there are two particular elements in P such that neither has a conjugate element
forming an unsheared pair with it. The directions of these particular material line elements
in P are called limiting directions [4].
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Here we consider the possibility of having unsheared triads, that is, three (non-coplanar)
material line elements at a point in the material such that they form three unsheared pairs.
The best-known such triad, indeed the only one we have come across in the literature, is
the triad of mutually orthogonal elements along the principal axes of the strain ellipsoid at
the point. It is seen that generally there is only one such orthogonal triad.

In considering unsheared triads, we adopt two different approaches. In the first (·3) we
introduce the new decomposition of the displacement gradientH, asH=P+VwhereV is
skew-symmetric, and show that unsheared triads exist—they are along the right eigen-
vectors of P. This approach is developed in ··4 and 5. It is shown (·4) how, if the displace-
ment gradient H is known at a point P, and if an unsheared triad of material line elements
along three linearly independent vectors at P is also known, then P and V are determined
explicitly at the point P. In the second approach (·6) we develop the result of the previous
paper [4], in which it was shown how to construct unsheared pairs of elements. Assuming
that we have an unsheared pair, we show how to determine a third element (not in the
plane of the unsheared pair) to form an unsheared triad. There is an infinity of such triads
(genuine unsheared triads) in any deformation. Because no pair of material line elements
lying entirely either in C+ or in Cx is sheared, it follows that any three infinitesimal
material line elements all of which lie entirely either in C+ or in Cx form an unsheared
triad. Such a triad is called an unsheared coplanar triad to distinguish it from a genuine
unsheared triad, in which the directions of the three line elements are linearly independent.

The method of determining the third element depends upon a vector product involving
two vectors that depend upon the directions of the elements of the unsheared pair. However,
this method fails in certain circumstances. These circumstances are explored completely
(··7–8). First, the method does not yield the unsheared triads consisting of three coplanar
line elements (coplanar unsheared triads). In ·7 it is shown that all coplanar unsheared
triads consist of three line elements in one of the planes C¡ of central circular section of
the ellipsoid E. Next (·8) it is seen that, for special choices of the unsheared pair, there is
no third element completing an unsheared triad. Such pairs are called singular pairs. Also,
in general (e3+e1l2e2), when one element of the unsheared pair is along the normal to
the plane C+ (or the plane Cx), then there is an infinity of genuine unsheared triads with a
common edge along this normal and the other two edges in the planeCx (or the planeC+).
It is also shown that to such an infinite family of unsheared triads corresponds a special case
of the decomposition H=P+V (·9) that we call a CCS (central circular section) de-
composition. Because there are two planes of central circular section of the ellipsoidE, there
are two such CCS decompositions. Also, decompositions H=P+V, in which P has three
zero off-diagonal elements, are considered. These are called triangular decompositions.

Finally (·10), after introducing the concept of areal shear [3], we consider unsheared
triads of material areal elements. It is seen that line elements along three directions form
an unsheared triad of material line elements if and only if areal elements normal to these
directions form an unsheared triad of material areal elements. This result is typical of the
infinitesimal theory and is not valid for finite strain [5].

Notation
The summation convention applies on repeated subscripts. For any set of three linearly
independent vectors {aa}, (a=1, 2, 3), its reciprocal set is denoted by {a*a} and defined by
aa �ab*=dab:
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2. Basic equations: unsheared pairs

Here we introduce the basic equations and definitions. We recall results [4] on unsheared
pairs of material line elements.

The displacement components ui with respect to a rectangular Cartesian coordinate
system Ox1x2x3 are given by

ui=xixXi, (2:1)

where xi are the current coordinates of a material point initially with coordinates Xi.
A material line element dX at X is assumed to be deformed into dx at x, where

dx=dX+HdX, dxi=dXi+HijdXj, Hij=
hui
hXj

: (2:2)

The components Hij of the displacement gradient tensor H are assumed to be sufficiently
small [10] that the classical infinitesimal strain theory is valid. The strain tensor e is given by

2e=H+HT , 2eij=
hui
hXj

+
huj
hXi

: (2:3)

The displacement gradient tensor H may be decomposed uniquely into the sum of the
symmetric strain tensor e and a skew-symmetric tensor v, the rotation tensor,

H=e+v, 2v=HxHT , 2vij=
hui
hXj

x
huj
hXi

: (2:4)

Thus, equation (2.2)2 may be written

dxi=dXi+eijdXj+vijdXj, (2:5)

from which it follows that any infinitesimal deformation may be regarded as the super-
position of a rigid-body translation upon a rigid-body rotation (due to v) followed by a
strain with stretches along three mutually orthogonal directions (the principal axes of e). It
will be seen (·3) that this classical result may be complemented by the result that any
infinitesimal deformation may be regarded as the superposition of a rigid-body translation
upon a rigid-body rotation followed by a strain with stretches along three oblique
directions.

If h (l0, p) is the angle between a pair of material line elements L and Lk along the
unit vectors s and t at a point P in an undeformed body, then D(s, t), the small decrease in
the angle between this pair of elements as a result of the infinitesimal deformation, is given
by (e.g. [8] ; [9])

D(s, t) sin h=2eijsitjx(e(s)+e(t)) cos h, (2:6)

where, for any unit vector q, e(q) is the strain along q defined by

e(q)=eijqiqj: (2:7)

In the special case when s and t are orthogonal, we retrieve the familiar expression for
orthogonal shear, D(s, t)=2eijsitj, s . t=0.

It follows from (2.6) that the condition for material line elements along s and t to be
unsheared is

2s �et=(e(s)+e(t))s � t: (2:8)
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We note in passing that if L0 is the length before deformation of a material line element
along the unit vector qq at P, then its length after deformation is L0(1+e(q)). In the
deformed state the element lies in the direction of the unit vector ~qq, where

~qqi=(1xe(q))qi+
hui
hXj

qj: (2:9)

If c and d are orthogonal unit vectors in the plane of s and t, along the internal and
external bisectors of the angle h between s and t—the order of the vectors being s, c, t, d—
so that

s=c cos
h

2
xd sin

h

2
, t=c cos

h

2
+d sin

h

2
, (2:10)

then [1]

D(s, t)={e(c)xe(d)} sin h: (2:11)

Let the eigenvalues of eij be denoted by ea, with e3>e2>e1. Let the corresponding
orthogonal unit eigenvectors be va. In general, the eigenvalues are not all positive.
However, a positive definite tensor E may be defined through [7] :

Eij=eij+ldij, E=e+l1, (2:12)

where l is chosen such that e1+l>0. Similarly to e(h), E(h) is defined by

E(h)=Eijhihj=e(h)+l, (2:13)

so that, by (2.11),

D(s, t)={e(c)xe(d)} sin h={E(c)xE(d)} sin h: (2:14)

The quadric surface xiEijxj=1 associated with the tensor E is an ellipsoid, which we
denote by E. Its principal axes are the principal axes of strain at the point P. Any plane P
through P will cut E in an ellipse, which we denote by S. In the special case when the
ellipse S is a circle we denote it by C. If all three principal strains ea are different from
each other, there are two such central circular sections the planes of which are C¡ (say). If
two and only two of the principal strains are equal, then E is a spheroid, and there is only
one plane of central circular section. Of course, if all three principal strains are equal, then
E is a sphere and every section by P is a circle.

If we assume that e3>e2>e1, the unit normals h¡ (say) to the planes C¡ are given by
(e.g. [2, p. 90])

(e3xe1)
1=2ht=(e3xe2)

1=2v3t(e2xe1)
1=2v1, (2:15)

and the tensors e and E may be written (see, for instance, [2, p. 90])

e=e21+
1

2
(e3xe1)(h

+ � hx+hx� h+), (2:16a)

E=(l+e2)1+
1

2
(e3xe1)(h

+� hx+hx� h+): (2:16b)

(When e1=e2<e3 or e1<e2=e3, the unit normal to the plane of central circular section is
v3 or v1, respectively.) We note that

(e3xe1)h
+�hx=e1+e3x2e2, e(ht)=e1+e3xe2: (2:17)
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So h+.hx=0 if

2e2=e1+e3, (2:18)

in which case the normal to one plane C+ (Cx) lies in the plane of the other Cx (C+).
Also, if p is any unit vector lying in C+ (or Cx), so that p .h+=0 (or p .hx=0), then,
from (2.16a),

e(p)=e2, (2:19)

so that the strains of all material infinitesimal line elements in C+ (or Cx) are equal [6].
To be definite, we consider material elements lying in the plane P, with unit normal n,

at a point P. We suppose also that the ellipseS in whichP cuts the ellipsoid E has major
axis along the unit vector I and minor axis along the unit vector J :

I �EJ=I �eJ=0, e(J)>e(I): (2:20)

If P cuts the ellipsoid E in a circle C, then all pairs of material line elements in C are
unsheared [6].

If the planeP cuts E in an ellipse, then the unsheared pairs (s, t), subtending the angle h,
are given by [4] ffiffiffi

2
p

s=(IxJ) sin
h

2
+(I+J) cos

h

2
, (2:21a)

ffiffiffi
2

p
t=x(IxJ) sin

h

2
+(I+J) cos

h

2
, (2:21b)

so that

2e(s)=e(I)+e(J)+(e(I)xe(J)) sin h, (2:22a)

2e(t)=e(I)+e(J)x(e(I)xe(J)) sin h, (2:22b)

Further,

e(s)+e(t)=e(I)+e(J)=Ixe(n), (2:23)

where I=tr e=ekk. Thus, the sum of the stretches along the arms of any unsheared pair in
the plane P at P is invariant.

As h is varied, an infinite set of unsheared pairs inP is obtained from (2.21). However,
as pointed out previously [4], material elements along (I+J) or (IxJ) have no conjugate
elements in P. The corresponding directions, which are along the bisectors of the angle
between the principal axes of the ellipse E, are called limiting directions [4].

Expressions for unsheared pairs may also be given in terms of h+, hx and the unit
normal to the planeP [4]. If the normal n to the plane P is not coplanar with h+ and hx,
the normals to the planes of central circular section of E at P, i.e. n .h+rhxl0, then the
unsheared pairs subtending the angle h in P are along s and t, which are given by

sin n s= dnrh+nrh+ cos
p

4
+

hxn

2

� �
x dnrhxnrhx cos

p

4
+

h+n

2

� �
, (2:24a)

sin n t= dnrh+nrh+ sin
p

4
+

h+n

2

� �
x dnrhxnrhx sin

p

4
+

hxn

2

� �
, (2:24b)
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where

cos n=( dnrh+nrh+) � ( dnrhxnrhx): (2:25)

Here dnrhtnrht are unit vectors along nrh¡. As h is varied, (2.24) gives all the unsheared
pairs in the plane P whose normal n is not in the plane containing h+ and hx or,
equivalently, not in the principal plane containing v1 and v3.

However, if n is in the plane of h+ and hx, that is, in the principal v1xv3 plane, then
(assuming nrh+l0, nrhxl0) the unsheared pairs subtending the angle h in P are [4]

s= dnrh+nrh+ sin
p

4
+

h

2

� �
+nr( dnrh+nrh+) cos

p

4
+

h

2

� �
, (2:26a)

t= dnrh+nrh+ cos
p

4
+

h

2

� �
+nr( dnrh+nrh+) sin

p

4
+

h

2

� �
: (2:26b)

Alternatively, let P contain t and let n be normal to P. Then s, the direction conjugate
to t in P, is given by [4]

ss=[2(nret) � t]t+[e(t)xe(nrt)]nrt

=[2(nrEt) � t]t+[E(t)xE(nrt)]nrt, (2:27)

where s is a scalar such that s . s=1. This formula always gives a direction conjugate to
t in P, unless either (i) P is C+ or Cx or (ii) t is along a limiting direction in P [4].

2.1. Remark: unequal strains of arms of unsheared pairs
Let material elements along s, t be an unsheared pair, so that equation (2.8) holds. We
show that the strains e(s) and e(t) along the arms of the unsheared pair may not be equal,
e(s)le(t), unless the plane of s, t is a plane of central circular section of the ellipsoid E.

Suppose that p is any unit vector in the plane of (s, t). We show that, if (2.8) is valid
with e(s)=e(t), then e(p)=e(s) so that the plane of s, t must be a plane of central circular
section of E. Indeed, for any p in the plane of (s, t), we have p=as+bt, where a, b are
related through a2+b2+2abs . t=1, to ensure that p is a unit vector. Now, using (2.8)
and e(s)=e(t), we have

e(p)=a2e(s)+b2e(t)+2abs �et=e(s)(a
2+b2+2abs � t)=e(s): (2:28)

2.2. Remark: unsheared pairs with one arm along h+ or hx

Let s=h+ so that s is along the normal to the plane C+. Let an infinitesimal material line
element along t form an unsheared pair with an element along s. Then the unit normal n to
the plane containing s and t is along srt and lies in C+, and so e(n)=e2, by equation
(2.19). It follows from (2.17)2 and (2.23)2 that e(t)=Ixe(n)xe(s)=Ixe2x(e1+e3x
e2)=e2. Then, if we use (2.16) and (2.17), the condition (2.8) for an unsheared pair (s, t)
gives 2h+. et=(e1+e3)h

+. t, which reduces to hx . t=0, so that t is any vector in Cx.
Similarly, if s is along the normal to the plane Cx, then all material line elements forming
an unsheared pair with an element along s lie in C+.

In summary, the situation is that if a material line element L lies along the normal to
one plane of central circular section of E at a point P, then every material line element
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lying in the other plane of central circular section of E at the point P forms an unsheared
pair with L.

2.3. Remark: strains and shears of elements along coplanar directions reciprocal to
arms of unsheared pairs

Let material elements along s, t form an unsheared pair. Then, from the linearly inde-
pendent set s, t, IrJ, we may determine the reciprocal set s*, t*, IrJ. Thus, s*, t* is the
coplanar reciprocal set to s, t. Using (2.21), we haveffiffiffi

2
p

sin hs*=(IxJ) sin
h

2
+(I+J) cos

h

2
, (2:29a)

ffiffiffi
2

p
sin ht*=(IxJ) sin

h

2
x(I+J) cos

h

2
: (2:29b)

It is easily checked that pairs of material line elements along s*, t* are also unsheared. It
may also be seen directly by noticing that, if (I+J)=

ffiffiffi
2

p
bisects the angle h between s and

t, it also bisects the angle pxh between s* and t*.
Further, we may check that

e(s)=e(̂ss*), e(t)=e(̂tt*), (2:30)

where ŝs* is a unit vector in the direction of s*. This may also be seen from Fig. 1. Along a
line Ox, let OI represent e(I) and let OJ represent e(J), so that the midpoint C, between I and
J, is such that OC=(e(I)+e(J))/2. With C as centre draw a circle through I and J. Let ACB
be the diameter orthogonal to IJ. For pairs of unsheared material elements s, t subtending
an angle h, the corresponding strains e(s) and e(t) are given by OS and OT :

OS=OC+CS=(e(I)+e(J))=2+{(e(I)xe(J))=2} sin h=e(s), (2:31a)

OT=OCxCT=(e(I)+e(J))=2x{(e(I)xe(J))=2} sin h=e(t), (2:31b)

by (2.22). Also,

OS=(e(I)+e(J))=2+{(e(I)xe(J))=2} sin (pxh)=e(̂ss*), (2:32a)

OT=(e(I)+e(J))=2x{(e(I)xe(J))=2} sin (pxh)=e(̂tt*), (2:32b)

3. A new decomposition of the displacement gradient and its interpretation

Now we depart from the classical decomposition (2.4) of the displacement gradient tensor
into the sum of a symmetric tensor and a skew-symmetric tensor. We introduce a new
decomposition by writing H as H=P+V, where V is any skew-symmetric tensor such
that 2VlHxHT. We show that if P=HxV has three real linearly independent right
eigenvectors then the corresponding triad of material elements along these eigenvectors is
unsheared. T.J. Laffey (Appendix A) has shown that, provided that H is not a scalar
multiple of the unit tensor, it is always possible to choose a skew-symmetric tensor V,
2VlHxHT, such that P=HxV has three real linearly independent right eigenvectors.
If, for example, the deformation is a simple shear or a simple extension, it is seen that there
is an infinity of such triads. This means that a physical interpretation may be given to
the new decomposition H=P+V, where P has three real linearly independent right
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eigenvectors : the infinitesimal deformation at a point P may be regarded as a rigid-body
translation, followed by a rotation (V), followed by stretches without shear along the right
eigenvectors of P. In such a decomposition, we call the tensor P a modified strain tensor
and the tensor V a modified rotation tensor.

First of all we show that in general there is only one unsheared orthogonal triad. Then
we proceed to introduce the new decomposition.

Clearly if the triad m, s, t is orthonormal, and such that the pairs of material elements
along (m, s), (s, t) and (t, m) are unsheared, then, from (2.8), we have

m �es=s �et=t �em=0, m � s=s � t=t �m=0, (3:1)

or, equivalently,

m �Es=s �Et=t �Em=0, m � s=s � t=t �m=0: (3:2)

Thus (m, s) are orthogonal and conjugate with respect to E. So are (s, t) and (t, m). It
follows that m, s, t are eigenvectors of E, that is, along the principal axes of strain. Thus,
there is just one unsheared orthogonal triad.

We recall the classical decomposition (2.4) of H, the displacement gradient, into
the sum of a strain tensor e and a rotation tensor v : H=e+v. Departing from that

FIG. 1—Geometrical construction of the strains along the arms of the unsheared pairs (s,t) and
(s*, t*). Corresponding to the pair (s,t) subtending the angle h, draw CK and CL, making
the angle h with CA, and, corresponding to the pair (s*, t*) subtending the angle pxh, draw
CK* and CL*, making the angle pxh with CA. The common projection S of K and K* and
the common projection T of L and L* onto the axisOx give the strains along the arms of both
unsheared pairs : e(s)=e(̂ss*)=OS, e(t)=e(̂tt*)=OT .
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decomposition, we write instead

Hij=
hui
hXj

=Pij+Vij, Vij=xVji, (3:3)

where, for the moment, V is any skew-symmetric tensor and P=HxV. We note that
equation (2.6) may be written

D(s, t) sin h=si{Hijtjxe(t)ti}+ti{Hijsjxe(s)si}: (3:4)

Now

Hijsjxe(s)si=Vijsj+Pijsjxe(s)si=Vijsj+(Pijxe(s)dij)sj, (3:5)

so that

D(s, t) sin h=si(Pijxe(t)dij)tj+ti(Pijxe(s)dij)sj: (3:6)

Let r be a real unit right eigenvector of P. Then the corresponding eigenvalue l is equal
to the strain e(r) along the direction of this eigenvector :

Pijrj=lri, with l=riPijrj=riHijrjxriVijrj=e(r): (3:7)

Thus, we note that if s and t are right eigenvectors of P then

Pijsj=e(s)si, Pijtj=e(t)ti, (3:8)

and so

D(s, t)=0: (3:9)

Thus, the shear of a pair of material elements along the right eigenvectors of P is zero.
Hence, if V can be chosen such that P has three real linearly independent right eigen-
vectors, then material elements along these eigenvectors form an unsheared triad.

(We note that this decomposition (3.3) means that any infinitesimal deformation may be
regarded locally as the superposition of a rigid-body translation upon a rigid-body rotation
(due toV ) followed by stretches without rotation along three oblique directions—the real
right eigenvectors of P.)

Now we present the examples of simple shear and simple extension and show the
specific existence of unsheared triads of material elements.

Example 1: simple shear
Let

H=
0 k 0
0 0 0
0 0 0

0
@

1
A, (3:10)

which corresponds to a shear of amount k. Then we may write H=P+V, where

V=
0 l 0

xl 0 0
0 0 0

0
@

1
A, P=

0 kxl 0
l 0 0
0 0 0

0
@

1
A, (3:11)

and l(l0) is arbitrary. The eigenvalues of P are ¡p and 0, where

p=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l(kxl)

p
, (3:12)
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with corresponding right eigenvectors

p1=( p, l, 0), p2=( p, xl, 0), p3=(0, 0, 1), (3:13)

which are linearly independent. Thus, the triad of material elements along p1, p2 and p3 is
unsheared.

In writing (3.12), we assume that l has been chosen so that l(kxl)>0. If we assume
without loss of generality that k>0, then l has to be chosen such that k>l>0. For any
given k>0, there is an infinity of choices of l satisfying k>l>0 and hence there is an
infinity of unsheared triads.

Example 2: simple extension
As another example, we consider simple extension. Let

H=
e1 0 0
0 e 0
0 0 e

0
@

1
A, e1le: (3:14)

Then we may write H=P+V, where

V=
0 xk 0
k 0 0
0 0 0

0
@

1
A, P=

e1 k 0
xk e 0
0 0 e

0
@

1
A, (3:15)

and k is arbitrary.
Now P has eigenvalues e, mt=1

2{e1+et{(e1xe)2x4k2}1=2} and corresponding right
eigenvectors

p1=(0, 0, 1), p2=(exm+, k, 0), p3=(exmx, k, 0): (3:16)

Again, material elements along p1, p2 and p3 form an unsheared triad. Of course, kmust be
chosen sufficiently small so that (e1xe2)

2>4k2. Thus, for e1le, there is an infinity of
possible choices of k and therefore also an infinity of unsheared triads.

4. Construction of the decomposition H=P+V from a given unsheared triad

Here we assume that the displacement gradient H is given at a point P. We also assume
that a known triad of linearly independent unit vectors s, t, m forms the edges of an
unsheared triad. We show how the modified strain tensor P may be constructed and prove
that HxP is skew-symmetric.

Firstly, using the given H, we construct the infinitesimal strain tensor e=(H+HT)/2
and then determine e(s), e(t), e(m). Let s*, t*, m* be the set of vectors reciprocal to s, t, m.
Then P, with right eigenvectors s, t, m and corresponding eigenvalues e(s), e(t), e(m), is
given by

P=e(s)s� s*+e(t)t� t*+e(m)m�m*: (4:1)

WriteV=HxP. We show thatV+VT=0, and thusV is skew-symmetric. Recalling the
condition (2.8) for unsheared pairs, we have here

2s �et=(e(s)+e(t))s � t, 2t �em=(e(t)+e(m))t �m, 2m �es=(e(m)+e(s))m � s: (4:2)
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Now,

2s �et=s � (H+HT )t=s � (P+PT+V+VT )t: (4:3)

But, by (4.1),

s � (P+PT )t=(e(s)+e(t))s � t, (4:4)

and so s . (V+VT)t=0. Thus, we have

s � (V+VT )t=0, t � (V+VT )m=0, m � (V+VT )s=0: (4:5)

Also,

e(s)=s �es=s � (P+PT+V+VT )s=e(s)+s � (V+VT )s, (4:6)

by (4.1). Thus, we have

s � (V+VT )s=0, t � (V+VT )t=0, m � (V+VT )m=0: (4:7)

Because s, t, m is a linearly independent set, it follows thatV+VT=0, and soV=HxP
is skew-symmetric. Hence, with P defined by (4.1), we may write

H=P+V, (4:8)

where the tensor V, the modified rotation tensor, is skew-symmetric. We also note that,
because V is skew-symmetric, we have

2e=P+PT=e(s)(s� s*+s*� s)+e(t)(t� t*+t*� t)+e(m)(m�m*+m*�m):

(4:9)

4.1. Remark: connection between unsheared triads corresponding to P and PT

Suppose that a definite choice of V and P has been made such that

H=V+P, V=xVT : (4:10)

Equally well, we may write

H= ~VV+PT , ~VV=x ~VVT , (4:11)

where ~VV=V+PxPT . We know that if P has three linearly independent right eigen-
vectors s, t, m then these form the edges of an unsheared triad. If we assume this to be so,
the reciprocal set s*, t*, m* consists of three linearly independent right eigenvectors of
PT (or, equivalently, three linearly independent left eigenvectors of P), and thus, from
(4.11) and ·3, the vectors s*, t*, m* are also along the edges of an unsheared triad of
material line elements. Moreover, recalling (3.7), we note that, because P and PT have the
same eigenvalues with corresponding right eigenvectors forming reciprocal sets, we have

e(s)=e(̂ss*), e(t)=e(̂tt*), e(m)=e(m̂m*), (4:12)

where ŝs*, t̂t*, m̂m* are unit vectors along s*, t*, m*. Thus, for any unsheared triad of
material line elements, the corresponding triad of material line elements along its re-
ciprocal set is also unsheared, and the stretches along the corresponding edges are the
same. This may also be proved by direct computation, as shown in the next section. Hence
we have the result : corresponding to one oblique unsheared triad with edges along s, t, m
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(say), there is always another oblique unsheared triad with edges along s*, t*, m*, the
reciprocal set.

Also, recalling (2.4), the definition of the rotation tensor v , and using (4.10) and (4.11),
we have 2v=HxHT=(P+V)x(PT+ ~VV)T , so that

2v=V+ ~VV: (4:13)

Thus we have the result that the rotation tensor v is the mean of the modified rotation
tensors V and ~VV corresponding to an unsheared triad s, t, m and to its reciprocal set
s*, t*, m*.

5. Unsheared triad and reciprocal triad

Here we consider, for given strain tensor e, an unsheared triad of material line elements
along the three linearly independent unit vectors s, t, m. First we show that the dilatation
I=tr e is given by

I=e(s)+e(t)+e(m), (5:1)

or, equivalently, if s . tl0, t .ml0, m . sl0, by

I=
m �es
m � s +

s �et
s � t +

t �em
t �m : (5:2)

Next it is shown by direct computation that if s*, t*, m* is the set of vectors reciprocal
to s, t, m then the stretches along s*, t*, m* are equal to the stretches along s, t, m,
respectively, and the triad of material elements along s*, t*, m* is unsheared.

The set of vectors s*, t*, m* reciprocal to s, t, m is given by

Vs*=trm, Vt*=mrs, Vm*=srt, with V=srt �m: (5:3)

Because s, t, m are along the edges of an unsheared triad, we have, recalling (2.8),

2s �et=(e(s)+e(t))s � t,
2t �em=(e(t)+e(m))t �m,

2m �es=(e(m)+e(s))m � s: (5:4)

Now, using these, we have

I=tr e=s �es*+t �et*+m �em*

=e(s)s* � s*+e(t)t* � t*+e(m)m* �m*

+2(s �et)s* � t*+2(t �em)t* �m*+2(m �es)m* � s*
=e(s)s* � s*+e(t)t* � t*+e(m)m* �m*+(e(s)+e(t))(s � t)s* � t*
+(e(t)+e(m))(t �m)t* �m*+(e(m)+e(s))(m � s)m* � s*

=e(s)s* � s+e(t)t* � t+e(m)m* �m=e(s)+e(t)+e(m), (5:5)

on noting the fact that

s*=(s* � s*)s+(s* � t*)t+(s* �m*)m etc: (5:6)

Thus, we have shown that (5.1) and then (5.2) follow directly from (5.4). The sum of the
stretches along the edges of an unsheared triad is invariant. It is equal to the dilatation.
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5.1. Remark: unequal strains of arms of unsheared triads
It has been shown in Remark 2.1 that the strains e(s) and e(t) are unequal for any unsheared
pair along s and t, both of which do not lie in the plane C+ or the plane Cx. Thus, for an
unsheared triad along s, t, m we have e(s)le(t)le(m)le(s), unless two arms of the triad
both lie in the plane C+ or in the plane Cx (triads with two edges in the same plane of
central circular section of E are considered in ·7).

Now we consider the strains along the unsheared triad s, t, m and the reciprocal triad
s*, t*, m*. If ŝs* is a unit vector along s*, then, from the respective definitions,

V2s* � s*e(̂ss*)=(trm) �e(trm): (5:7)

Using now the identity

(arb �c)tr e=a �e(brc)+b �e(cra)+c �e(arb), (5:8)

which is valid for any three vectors, we take a=t, b=m, c=trm and obtain

V2s* � s*e(̂ss*)=(trm) � (trm)tr exe(t)m �mxe(m)t � t+2(t �em)t �m
=V2s* � s*tr ex{1x(t �m)2}(e(t)+e(m))

=V2s* � s*(tr exe(t)xe(m))

=V2s* � s*e(s), (5:9)

where (5.3), (5.4) and (5.1) have been used. Thus, e(̂ss*)=e(s), and, proceeding similarly for
t̂t* and m̂m* (unit vectors along t* and m*), we have

e(̂ss*)=e(s), e(̂tt*)=e(t), e(m̂m*)=e(m): (5:10)

We have thus shown by explicit calculation that the stretches along the three edges s, t, m
of an unsheared triad are equal, in turn, to the stretches along their reciprocal directions
s*, t*, m*.

Next we consider the shear of a pair of material line elements along s*, t*. Again using
(5.4) and the identity (5.8), we take a=m, b=s, c=trm to obtain

2(mrs) � (trm)tr ex2(mrs) �e(trm)

=2m[e �{sr(trm)}]+2s[e �{(trm)rm}]

=2(m �et)s �mx2e(m)s � t+2(s �em)t �mx2s �et
={e(s)+e(t)}(m � t)(s �m)+{e(s)+e(m)}(s �m)(t �m)x{e(s)+e(t)+2e(m)}s � t
={e(s)+e(t)+2e(m)}(mrs) � (trm): (5:11)

Hence,

(mrs) � (trm){e(s)+e(t)}=2(mrs) �e(trm), (5:12)

or

s* � t*{e(s)+e(t)}=2s* �et*, (5:13)

or, using (5.10),

2s* �et*={e(̂ss*)+e(̂tt*)}s* � t*: (5:14)

Thus, the pair of material elements along s*, t* is unsheared. Similarly, the pairs of
material elements along t*, m* and m*, s* are also unsheared. Thus, we have shown by
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explicit calculation that if we have one triad of unsheared material elements, along s, t, m,
another triad of unsheared material line elements is along s*, t*, m*.

We conclude this section with some numerical examples.

Example 3 : decompositions of H
At the point P in the body let H be given by

H=e
x16 16 8
x28 52 4

28 x22 12

0
@

1
A, (5:15)

where e is a small quantity, e2 � |e|, so that the linearised strain theory is appropriate.
Then

e=e
x16 x6 18
x6 52 x9
18 x9 12

0
@

1
A: (5:16)

First we write H=P+V, where

V=e
0 x12 0

12 0 x4
0 4 0

0
@

1
A, P=e

x16 28 8
x40 52 8

28 x26 12

0
@

1
A: (5:17)

Then it is easily checked that the right unit eigenvectors of P are s, t,m given by

s=(2, 2, x1)=3, t=(2, 2, 1)=3, m=(x1, x2, 2)=3, (5:18)

with corresponding eigenvalues 8e, 16e, 24e, respectively. Also, the set s*, t*, m*, re-
ciprocal to s, t, m, is given by

s*=(18, x15, x6)=4, t*=(x6, 9, 6)=4, m*=(3, x3, 0): (5:19)

We have e(̂ss*)=e(s)=8e, e(̂tt*)=e(t)=16e, e(m̂m*)=e(m)=24e. It may be checked that the
pairs of material line elements along (s, t), (t, m), (m, s) and along (s*, t*), (t*,m*),
(m*, s*) are all unsheared.

A second choice is to take

V=e
0 16 8

x16 0 4
x8 x4 0

0
@

1
A, P=e

x16 0 0
x12 52 0

36 x18 12

0
@

1
A: (5:20)

Then, for the right eigenvectors s, t, m of P, we have

sy(1, 3=17, x279=238), ty(0, 1, x9=20), my(0, 0, 1), (5:21)

where we use the symbol y to indicate that two vectors have the same direction. The
corresponding eigenvalues are x16e, 52e, 12e, respectively. For the reciprocal set
s*, t*, m* we have

s*y(1, 0, 0), t*y(x3=17, 1, 0), m*y(153=140, 9=20, 1): (5:22)

Material line elements along s, t, m form an unsheared triad, as do material line elements
along s*, t*, m*.
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Yet again, we may take PT instead of P given by (5.20) and write H= ~VV+PT, with

~VV=e
0 28 x28

x28 0 22
28 x22 0

0
@

1
A, PT=e

x16 x12 36
0 52 x18
0 0 12

0
@

1
A: (5:23)

The right eigenvectors of PT are s*, t*, m* given by (5.22), and the reciprocal set is s, t, m
given by (5.21).

6. Explicit determination of unsheared triads

Suppose that the pair of material elements along s and t at P is unsheared. Here it is shown
how to determine m, explicitly, so that the material elements along m, s and t form an
unsheared triad.

First we note that, if a, b, c are the lengths of the infinitesimal material elements at P
along m, s, t, respectively, before the deformation, then the volume of the tetrahedral
material element with edges am, bs, ct is V0 (say), given by

V0=
1

6
abcmrs � t: (6:1)

After the deformation the edges are approximately of lengths a(1+e(m)), b(1+e(s)),
c(1+e(t)), so that the volume after deformation is V1 (say), given by

V1=
1

6
a(1+e(m))b(1+e(s))c(1+e(t))mrs � t (6:2)

because the angles between the edges in the tetrahedron do not change. Thus, within the
approximation of the infinitesimal strain theory,

V1=V0(1+e(m)+e(s)+e(t)): (6:3)

But, from the general theory of infinitesimal strain, corresponding material volume
elements V0 and V1 before and after deformation are related through [8]

V1=V0(1+I), I=tr e: (6:4)

So, for an unsheared triad along material elements along s, t, m, assumed to be linearly
independent, we recover (5.1)

e(m)+e(s)+e(t)=I : (6:5)

The condition (6.5) on the sum of the elongations along the edges of any unsheared triad is
valid only for triads consisting of three linearly independent vectors. Such triads will be
said to be genuine, whilst triads consisting of three linearly dependent vectors will be said
to be coplanar.

From (2.6), for the unsheared pair (m, s) we have

m �{[e(m)+e(s)]sx2es}=0 (6:6)

or, equivalently,

m �{(Ixe(t))sx2es}=0: (6:7)
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Similarly, for the unsheared pair (m,t),

m �{(Ixe(s))tx2et}=0: (6:8)

Hence,

mm={[Ixe(t)]sx2es}r{[Ixe(s)]tx2et}, (6:9)

where m is a scalar factor such that m .m=1.
Thus, in general, for a given strain tensor e, if s, t are known to be an unsheared pair,

then there is a unique third direction m, given explicitly by (6.9), such that (s, t, m) is an
unsheared triad. However, special cases may occur. These are discussed in the next
sections (··7 and 8).

Also, to make the connection with the decompositionH=P+V, we note that, if s and t
are right eigenvectors of P forming an unsheared pair, then m, given by equation (6.9), is
also a right eigenvector of P, provided, of course, that P has three linearly independent
right eigenvectors. This is proved in Appendix B.

Finally, examples of constructions of unsheared triads are now presented.

Example 4: construction of unsheared triads
We take e, given by (5.16), from Example 3, pick an unsheared pair, and construct the
corresponding unsheared triad and its reciprocal unsheared triad.
(i) Let

s=(1, 0, 0), t=(3, x17, 0)=
ffiffiffiffiffiffiffiffi
298

p
: (6:10)

Using (5.16), we have

e(s)=x16e, e(t)=52e, I=48e, s � t=3=
ffiffiffiffiffiffiffiffi
298

p
, 2s �et=108e=

ffiffiffiffiffiffiffiffi
298

p
, (6:11)

and (2.8) holds, so that s, t form an unsheared pair. Now, we construct m, using equation
(6.9). We obtain (the symbol y indicates that two vectors have the same direction)

{(Ixe(t))sx2es}y(7, 3, x9), (6:12a)

{(Ixe(s))tx2et}y(54, x902, 207), (6:12b)

so that

my(153, 63, 140), (6:13)

and e(m)=12e. The linearly independent vectors s, t, m are along the edges of an un-
sheared triad for the strain field given by (5.16).

The directions of the vectors s*, t*, m* of the reciprocal set are given by

s*y(238, 42, 279), t*y(0, 20, x9), m*y(0, 0, 1): (6:14)

It may be checked that e(̂ss*)=x16e, e(̂tt*)=52e, e(m̂m*)=12e. It may also be checked that the
vectors s*, t*, m* are along the edges of an unsheared triad for the strain field given by
(5.16).
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We now proceed to determine another pair of unsheared triads for the same strain field.
(ii) Let

s=(0, 1, 0), t=(0, 9, 20)=
ffiffiffiffiffiffiffiffi
481

p
: (6:15)

Using (5.16), we have

e(s)=52e, e(t)=12e, I=48e, s � t=9=
ffiffiffiffiffiffiffiffi
481

p
, 2s �et=576e=

ffiffiffiffiffiffiffiffi
481

p
, (6:16)

so that (2.8) holds. Thus s, t form an unsheared pair. Also,

{(Ixe(t))sx2es}y(6, x34, 9), (6:17a)

{(Ixe(s))tx2et}y(306, 306, 199): (6:17b)

Hence, using (6.9), we obtain m. We get

my(x238, 39, 306) (6:18)

and obtain e(m)=x16e. The linearly independent vectors s, t, m are along the edges of an
unsheared triad for the strain field given by (5.16).

The directions of the vectors s*, t*, m* of the reciprocal set are given by

s*y(x141, 340, x153), t*y(9, 0, 7), m*y(x1, 0, 0): (6:19)

It may be checked that the vectors s*, t*, m* are along the edges of an unsheared triad for
the strain field given by (5.16).

7. Special cases: coplanar triads

Here we consider the possibility of coplanar unsheared triads. We first show that all
coplanar unsheared triads consist of three material line elements all of which lie either in
the plane C+ or in the plane Cx. We then determine all unsheared triads (coplanar or
genuine) with two edges in either the plane C+ or the plane Cx.

Assume that a coplanar triad (s, t, m) is unsheared. Then, in the plane of this triad, the
unit vector s has at least two companions t and m such that (s, t) and (s, m) are unsheared
pairs. It follows that the plane of the triad must be either the plane C+ or the plane Cx,
because in any other plane each direction has just one companion to form an unsheared
pair (except for the limiting directions, which have no companions). Hence, all coplanar
unsheared triads consist of three arbitrary line elements lying either in the plane C+ or in
the plane Cx.

Consider now any pair (s, t) lying in the plane Cx, for instance. It is an unsheared pair
[6]. Then all unit vectors m in this plane complete with s and t coplanar unsheared triads.
However, in general, (6.9) also yields a unique m completing with s and t a genuine
unsheared triad (s, t, m). Indeed, because s and t lie in the plane Cx, we now have,
recalling (2.16a),

[Ixe(t)]sx2es=(e1+e3x2e2)sx(e3xe1)(h
+ � s)hx, (7:1a)

[Ixe(s)]tx2et=(e1+e3x2e2)tx(e3xe1)(h
+ � t)hx: (7:1b)
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Hence, in this case, equation (6.9) yields

mm=(e1+e3x2e2)
2srtx(e1+e3x2e2)(e3xe1)h

xr{(srt)rh+}: (7:2)

But srt =sin h hx, where h is the angle between s and t. Hence, if we recall (2.17),
equation (7.2) may be written as

mm=(e1+e3x2e2)(e3xe1)h
+: (7:3)

For general deformations, that is, for deformations such that e1+e3l2e2, h
+ does not

lie in the plane Cx. Hence, provided that e1+e3l2e2, the unit vector m=h+, normal to
the plane C+, completes with (s, t) in the plane Cx a genuine unsheared triad.

For special deformations such that e1+e3=2e2, as is the case, for instance, in simple
shear (for simple shear we have e2=0 and e3=xe1), h

+ lies in the plane C x, and (7.3)
reduces to mm=0. Then, the only possible unsheared triads with s and t in the plane Cx

are the coplanar triads (s, t, m) with m arbitrary in this plane.
Here we summarise the results for the unsheared triads with two arms s, t in a plane of

central circular section of the ellipsoid E (plane C+ or Cx).

Summary
(a) General deformations : e1+e3l2e2
When s and t both lie in the same plane of central circular section of the ellipsoid E, the
corresponding unsheared triads (s, t, m) are : a unique genuine triad with m along the
normal to the other plane of central circular section of the ellipsoid E, and an infinity of
coplanar triads with m arbitrary in the plane of s and t.

(b) Special deformations: e1+e3=2e2
When s and t both lie in the same plane of central circular section of the ellipsoid E, the
corresponding unsheared triads (s, t, m) are : an infinity of coplanar triads withm arbitrary
in the plane of s and t.

8. Special cases: no triad, undetermined triads

Here we consider the special choices of the unsheared pairs (s, t) for which mm given by
(6.9) is such that srt .mm=0. For these unsheared pairs, (6.9) does not provide a genuine
triad, and it is seen that, in general, there is no m completing with s and t an unsheared
triad. These unsheared pairs are said to be singular. However, for some particular choices
of s and t there is an infinity of genuine unsheared triads (s, t, m).

Using the condition (2.8) for an unsheared pair, and taking the dot product of (6.9) with
srt, we note that srt .mm=0 occurs when

{1x(s � t)2}(Ix2e(s)xe(t))(Ix2e(t)xe(s))=0: (8:1)

Because s . t l¡1, srt .mm = 0 occurs when the pair (s, t) is such that 2e(s)+e(t) =
I, or 2e(t) + e(s) = I. The second possibility may be obtained from the first by permuting
the roles of s and t, so that, without loss of generality, we may discuss only the possibility

2e(s)+e(t)=I : (8:2)

As was done in ·7, it will prove useful to distinguish between general deformations, for
which e1+e3l2e2, and special deformations, for which e1+e3=2e2.
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(a) General deformations: e1+e3l2e2
The assumption that e1+e3l2e2, together with (8.2), excludes the possibility that e(s)=
e(t)=e2 and thus the possibility that s and t lie in the planeC

+, or the planeCx, and hence
also excludes coplanar unsheared triads (see ·7).We now consider the possibility of genuine
unsheared triads (s, t,m) for which s and t satisfy (8.2). For such triads the condition (6.5)
on the sum of the extensions e(s), e(t), e(m) holds, so that (8.2) yields e(s)= e(m). It follows
that s, m must both lie in a plane of central circular section of the ellipsoid E and hence

e(s)=e(m)=e2, e(t)=e1+e3xe2: (8:3)

Hence, recalling that for a genuine unsheared triad with two edges in the plane Cx the
third edge is necessarily along h+ (·7), we conclude that genuine unsheared triads with s
and t satisfying (8.2) are possible only when t=h+ and s, m lie in the plane Cx, or when
t=hx and s, m lie in the plane C+.

Thus we conclude that, if 2e(s)+e(t)=I with tlh+ and tlhx, then there is no
unsheared triad (s, t, m) corresponding to the unsheared pair (s, t). Such unsheared pairs
will be called singular pairs.

If t=h+, then s forming an unsheared pair with h+ necessarily lies in the planeCx (see
Remark 2.2), and we have e(t)=e1+e3xe2, e(s)=e2, and 2e(s)+e(t)=I. Then, all unit
vectors m in the plane Cx complete with s and t genuine unsheared triads. Similarly, if
t=hx, then s forming an unsheared pair with hx necessarily lies in the plane C+, and all
unit vectors m in the plane C+ complete with s and t genuine unsheared triads.

Thus, all triads consisting of t=h+ (or hx), the unit normal to a plane of central
circular section of the ellipsoid E, and of any two vectors in the plane Cx (or C+), the
other plane of central circular section of this ellipsoid, are unsheared. They form an
infinite family of genuine unsheared triads with a common edge along the normal to a plane
of central circular section of the ellipsoid E. There are two such families : one with the
common edge along t=h+, and the other with the common edge along t=hx.

In Appendix C, it is shown that, when t=h+ (or hx), (6.9) yields mm=0, whilst, when
2e(s) + e(t) = I with tlh+ and tlhx, (6.9) yields mm along s. Thus mm=0 corresponds
to the case of an infinity of triads, whilst mm along s corresponds to singular pairs, for
which there is no unsheared triad.

(b) Special deformations : e1+e3=2e2
When e1+e3=2e2, we note that I=3e2. Then (8.2) becomes

2e(s)+e(t)=3e2: (8:4)

When (8.4) is satisfied with e(s)=e(t)=e2, then s and t both lie in a plane of central
circular section of the ellipsoid E, and we retrieve a case discussed in ·7. The corre-
sponding unsheared triads are all coplanar. They consist of any three unit vectors in a
plane of central circular section of the ellipsoid E. In this case (6.9) yields mm=0 (see ·7
or Appendix C).

When (8.4) is satisfied with e(s)le(t), then there is no coplanar unsheared triad (s, t, m).
Moreover, it may be seen that there is also no genuine unsheared triad. Indeed, assume that
(s, t, m) is an unsheared triad. Then the condition (6.5) on the sum of the extensions e(s),
e(t), e(m), where now e(s)+e(t)+e(m)=3e2, yields e(s)=e(m) and hence (see Remark 2.1)
e(s)=e(t)=e(m)=e2, which contradicts the assumption.
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Thus, if 2e(s)+e(t)=I=3e2 with e(s)le(t), then there is no unsheared triad (s, t, m)
corresponding to the unsheared pair (s, t). This unsheared pair is singular. In Appendix C,
it is shown that in this case (6.9) yields mm along t.

The results presented in this section are summarised below. For the sake of com-
pleteness, the results corresponding to 2e(t)+e(s)=I, which may be read off from the
above results by permuting the roles of s and t, are also stated. Moreover, all the results of
··6–8 are summarised in Tables 1 and 2.

Summary
(a) General deformations : e1+e3l2e2
When s and t forming an unsheared pair satisfy 2e(s)+e(t)=I, and t is not normal to a
plane of central circular section of the ellipsoid E (tlh+ and tlhx), then the pair (s, t) is
singular and there is no unsheared triad (s, t, m).

When s and t forming an unsheared pair satisfy 2e(t)+e(s)=I, and s is not normal to a
plane of central circular section of the ellipsoid E (slh+ and slhx), then the pair (s, t)
is singular and there is no unsheared triad (s, t, m).

When t in the unsheared pair (s, t) is normal to a plane of central circular section of the
ellipsoid E, t=h+ (or hx), so that s lies in the planeCx (orC+) and 2e(s)+e(t)=I, there is
an infinity of genuine unsheared triads (s, t,m) with m arbitrary in the plane Cx (or C+).

When s in the unsheared pair (s, t) is normal to a plane of central circular section of the
ellipsoidE, s=h+ (or hx), so that t lies in the planeCx (orC+) and 2e(t)+e(s)=I, there is
an infinity of genuine unsheared triads (s, t,m) with m arbitrary in the plane Cx (or C+).

(b) Special deformations: e1+e3=2e2
When s and t forming an unsheared pair satisfy either 2e(s)+e(t)=3e2 or 2e(t)+e(s)=3e2,
with e(s)le(t), then the pair (s, t) is singular and there is no unsheared triad (s, t, m).

TABLE 1—General deformations : e1+e3l2e2. For each type of unsheared pair (s, t), the
result of (6.9) for mm, and all vectors m completing corresponding genuine or
coplanar unsheared triads (s, t, m), are presented.

Unsheared pair (s, t) mm given by (6.9) Unsheared triads (s, t,m) Type

2e(s)+e(t)lI
2e(t)+e(s)lI mml0 unique m genuine
s, t not both in Ct

s, t both in Ct : mm along h+ m=h+ and genuine
e(s)=e(t)=e2 m arbitrary in Ct coplanar

2e(s)+e(t)=I with mm along s no triad —
tlh+ and tlhx

2e(t)+e(s)=I with mm along t no triad —
slh+ and slhx

t=ht () s in C+) mm=0 m arbitrary in C+ genuine

t=ht () t in C+) mm=0 m arbitrary in C+ genuine
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When s and t both lie in a plane of central circular section of the ellipsoid E, so that
2e(s)+e(t)=2e(t)+e(s)=3e2, we retrieve a conclusion of ·7: there is an infinity of coplanar
unsheared triads (s, t, m) with m arbitrary in the plane of s and t.

8.1. Remark: determination of unsheared pairs (s, t) such that 2e(s)+e(t)=I
Unsheared pairs (s, t) for which (8.2) holds play a crucial role in the discussion of the
special cases presented here. Now, we show how to determine, in any given plane P with
unit normal n, all unsheared pairs (s, t) satisfying (8.2).

Recalling (2.23), we note that (8.2) also reads

e(s)=e(n): (8:5)

The pair (s, t), being unsheared, is given by (2.21), and thus it follows from (2.22) that
(8.5) also reads

e(I)+e(J)x(e(J)xe(I)) sin h=2e(n): (8:6)

If the unit normal n is such that e(I)<e(n)<e(J), then (8.6) yields two values of h : an
angle h(n) and its supplement pxh(n). Provided that h(n)l0 or p, equation (2.21) gives two
corresponding unsheared pairs in the planeP : one pair (s, t) corresponding to h(n) and the
other ( ŝs*, t̂t*), along its coplanar reciprocal pair, corresponding to pxh(n). For these two
unsheared pairs, (8.2) is satisfied.

If the unit normal n is such that e(n)<e(I) or e(n)>e(J), then (8.6) may not be satisfied
and there is no unsheared pair (s, t) satisfying (8.2) in the plane P.

Finally, if e(n)=e(I) (or e(n)=e(J)), then (8.6) yields h=p/2 (or h=xp/2) and (2.21)
gives only one pair satisfying (8.2) in the plane P : the orthogonal pair (I, J).

Thus, in a given planeP with unit normal n, (8.6) with (2.21) yields the unsheared pairs
(s, t), which are such that 2e(s)+e(t)=I. For general deformations (e1+e3l2e2), these
are singular pairs except if t is normal to a plane of central circular section of the ellipsoid
E. For special deformations (e1+e3=2e2), these are singular pairs except if P is a plane
of central circular section of the ellipsoid E, in which case s and t are arbitrary in this plane.

TABLE 2—Special deformations : e1+e3=2e2. For each type of unsheared pair (s, t), the
result of (6.9) for mm, and all vectors m completing corresponding genuine or
coplanar unsheared triads (s, t, m), are presented. For special deformations,
h+�hx=0, and I=3e2.

Unsheared pair (s, t) mm given by (6.9) Unsheared triads (s, t,m) Type

2e(s)+e(t)l3e2 and mml0 unique m genuine
2e(t)+e(s)l3e2

s, t both in Ct : mm=0 m arbitrary in Ct coplanar
e(s)=e(t)=e2

2e(s)+e(t)=3e2 mm along s no triad —
with e(s)le(t)

2e(t)+e(s)=3e2 mm along t no triad —
with e(s)le(t)
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Example 5: no triad, infinity of triads
Here we consider a particular strain. We present two examples of unsheared pairs for
which (8.2) holds. It is seen that one pair (s, t) is singular so that there is no m forming an
unsheared triad with s and t. However, the other pair (s*, t*) are the common edges of an
infinity of triads.

At the point P in the body let the infinitesimal strain tensor e be given by

e=e

1 1=2 0

1=2 3 3=2

0 3=2 1

0
B@

1
CA, (8:7)

where e is a small quantity, e2�|e|, so that the linearised strain theory is appropriate. Then,
I=5e,

e1=e(2x
ffiffiffiffiffi
14

p
=2), e2=e, e3=e(2+

ffiffiffiffiffi
14

p
=2), (8:8)

and hence e1+e3 l2e2. The normals h¡ to the planes of central circular section of the
ellipsoid E are

h+=(0, 1, 0), hx=(1, 2, 3)=
ffiffiffiffiffi
14

p
: (8:9)

Consider first the pair

s=(1, 0, 0), t=(1, 2, 0)=
ffiffiffiffi
5:

p
(8:10)

Because s � t=1=
ffiffiffi
5

p
, s �et=2e=

ffiffiffi
5

p
, e(s)=e, e(t)=3e, the condition (2.8) is satisfied and

(s, t) is an unsheared pair. But, because 2e(s)+e(t)=5e=I with tlh¡, this pair is
singular : there is no m forming with s and t an unsheared triad.

Consider now the pair

ŝs*=(2, x1 , 0)=
ffiffiffi
5

p
, t̂t*=(0, 1, 0), (8:11)

which is along the coplanar reciprocal of the pair (s, t) given by (8.10). It is also an
unsheared pair (see Remark 2.3), and, because e(̂ss*)=e(s), e(̂tt*)=e(t), we have
2e(̂ss*)+e(̂tt*)=5e=I . However, t̂t*=h+. Hence, there is an infinity of m̂m* forming with
ŝs* and t̂t* unsheared triads. Indeed, all triads (ŝs*, t̂t*, m̂m*) with m̂m* arbitrary in the central
plane with normal hx are unsheared.

9. Special decompositions of the displacement gradient

Here, we introduce special decompositionsH=P+V of the displacement gradientH into
the sum of a skew-symmetric tensor V and a tensor P that has three linearly independent
real right eigenvectors.

In ·9.1 we assume that e1+e3l2e2 and consider the two infinite families of genuine
unsheared triads with a common edge along h+, or hx, a normal to a plane of central
circular section of the ellipsoid E. We determine the decompositions corresponding to
these unsheared triads. It is shown that a decomposition is obtained for each of these
families. We call these two decompositions the CCS-decompositions of H on account of
the essential role played by the central circular sections (CCS) of the ellipsoid E.

In ·9.2 we consider special decompositions H=P+V for which, in a given rectangu-
lar coordinate system, P has three zero off-diagonal components. There are six such
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decompositions, and, for two of them, the components of P form a triangular matrix
(lower or upper triangular matrix). For this reason we call these triangular decompositions
of H.

9.1. CCS-decompositions
Here, for general deformations (e1+e3l2e2), we consider the infinite family of un-
sheared triads (s, t, m) with a common edge t=h+ and the two other edges along s, m
arbitrary in the plane Cx. Thus, e(s)=e(m)=e2 and e(t)=e3+e1xe2. For the corre-
sponding reciprocal triads (s*, t*, m*), which are also unsheared, we have (e3+e1x
2e2)t*=(e3xe1)h

x, and s*, m* lie in the plane C+. Hence, because m�m*+
s� s*=1xt� t*, the corresponding expression (4.1) for P becomes P=P� (say), with

P�=e21+(e3xe1)h
+� hx: (9:1)

Similarly, considering the infinite family of unsheared triads with a common edge
t=hx and the two other edges along s,m arbitrary in the plane C+, we obtain from (4.1)
P=PT

�. Hence, because the triads of the two families are unsheared, the displacement
gradient may be decomposed as

H=P�+V�=PT
�+ ~VV�, (9:2)

where both V� and ~VV�=V�+P�xPT
� are skew-symmetric. This may be checked

explicitly, because, recalling (2.16a), we note that P�+PT
�=2e, so that H+HT=

2e+V�+VT
�, and hence V�+VT

�=0. The decompositions (9.2) of H will be called
CCS-decompositions of the displacement gradient.

The tensor P�, defined by (9.1), has the simple eigenvalue e3+e1xe2 with corre-
sponding right eigenvector h+, and the double eigenvalue e2 with corresponding right
eigenvectors arbitrary in the plane Cx. In components, in the orthonormal basis v1, v2, v3
along the principal axes of strain, we have

P�=
e1 0 e
0 e2 0

xe 0 e3

0
@

1
A, V�=v+

0 0 xe
0 0 0
e 0 0

0
@

1
A, (9:3)

where

e={(e3xe2)(e2xe1)}
1=2: (9:4)

The decomposition (9.2) means that the deformation may be regarded locally as the
superposition of a rigid-body translation upon a rigid-body rotation (due to V� or ~VV�)
followed by stretches of the same amount e2 of all elements in a plane of central circular
section of E and a stretch of amount e3+e1xe2 along the normal to the other plane of
central circular section of E.

Finally, we note that P� given by (9.1) remains defined even for special deformations
with e3+e1=2e2, so that the two CCS-decompositions (9.2) remain valid in this case.
Then, e=(e3xe1)/2, and P� has the triple eigenvalue e2. Corresponding to this triple
eigenvalue there is a double infinity of right eigenvectors consisting of all vectors in the
plane Cx.
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9.2. Triangular decompositions
Let ui, j=hui=hXj denote the components of the displacement gradient H in a fixed
rectangular Cartesian coordinate system Ox1x2x3. Special decompositions H=P+V for
which P has, in this coordinate system, three zero off-diagonal components are introduced
here. We require, for example, P12=P13=P23=0. Because V must be skew-symmetric,
these conditions determine uniquely V and P. Indeed, we have u1,2=V12, u1,3=V13,
u2,3=V23, so that V is uniquely determined, and the decomposition is

H=P+V ; P=
e11 0 0
2e12 e22 0
2e13 2e23 e33

0
@

1
A, V=

0 u1,2 u1,3
xu1,2 0 u2,3
xu1,3 xu2,3 0

0
@

1
A: (9:5)

Because the components of P form a lower triangular matrix, this decomposition will be
called a triangular decomposition of the displacement gradient H. The eigenvalues of P
are e11, e22, e33, and we assume that e11le22le33le11 so that the corresponding right
eigenvectors are necessarily linearly independent. These are eigenvectors along

p1=((e33xe11)(e11xe22), 2e12(e33xe11), x2e13(e11xe22)x4e12e23),

p2=(0, e22xe33, 2e23),

p3=(0, 0, 1): (9:6)

These three linearly independent vectors are along the edges of an unsheared triad.
Clearly, the decomposition

H=PT+ ~VV ; PT=
e11 2e12 2e13
0 e22 2e23
0 0 0

0
@

1
A, ~VV=

0 xu2,1 xu3,1
u2,1 0 xu3,2
u3,1 u3,2 0

0
@

1
A; (9:7)

is also possible. The right eigenvectors of PT (or, equivalently, the left eigenvectors of P)
are p*1, p*2, p*3 given, up to scalar factors, by

p1*=(1, 0, 0),

p2*=(2e12, e11xe22, 0),

p3*=(2e13(e33xe22)x4e12e23, 2e23(e33xe11), (e33xe11)(e33xe22)): (9:8)

These three linearly independent eigenvectors are also along the edges of an unsheared
triad.

Finally, we note that, instead of requiring P12=P13=P23=0, we might require
P23=P21=P31=0, which again leads to two decompositions H=PT+V=PT+ ~VV that
we also call triangular, or require P31=P32=P12=0, which again leads to two triangular
decompositions. There are thus six possible triangular decompositions of the displacement
gradient H, in which P has three zero off-diagonal components.

10. Unsheared areal triads

As a body is deformed, material planar elements at P are stretched and rotated. In the
context of the classical infinitesimal strain theory, a material planar areal element dA at X
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is infinitesimally deformed into da at x, where

da=(1+I)dAxHTdA, dai=(1+I)dAixHjidAj: (10:1)

It follows that, if A0 is the area before deformation of an infinitesimal material planar areal
element with unit normal S at P, then its area after deformation is A0(1+Ixe(S)). In the
deformed state the planar element has unit normal ~SS, where

~SSi=(1+e(S))Six
huj
hXi

Sj: (10:2)

Consider now a pair of material areal elements at P with unit normal vectors S and T in
the undeformed state, and corresponding unit normal vectors ~SS, ~TT in the deformed state.
Let y(l0, p) be the angle between S and T, and let yxd(s, t) be the angle between ~SS and
T̃, so that d(s, t) is the areal shear [3], the decrease in the angle between the pair of
normals as a result of the deformation. Then,

cos(yxd(s, t))=~SS � ~TT=(1+e(S)+e(T))S �Tx2S �eT, (10:3)

and hence

d(s, t) siny=x2eijSiTj+(e(S)+e(T)) cosy, (10:4)

within the context of the infinitesimal theory.
We note that, apart from the sign, this equation for the areal shear is precisely of the

same form as equation (2.6) for the shear of a pair of material line elements. The theory of
the shear of planar material elements runs parallel to the theory of the shear of material
line elements.

The areal shear d(s, t) is zero if

2S �eT=(e(S)+e(T))S �T, (10:5)

which is precisely of the same form as (2.8).
For an unsheared triad of material line elements along s, t, m, we may consider the pair

(t, m) as lying in a material planar element with normal along s*. Similarly the normal to
the material planar element containing (m, s) is along t*. The condition (10.5), that a pair of
material planar elements is unsheared, is satisfied with S=s* and T=t* because of
(5.14). Thus, it follows that, if s, t, m form the edges of an unsheared triad of material line
elements, then s*, t*, m* (along the reciprocal set) are normals to an unsheared triad of
material areal elements. Also, it has been seen (·5) that, corresponding to the unsheared
triad of material line elements along s, t, m, there is also an unsheared triad of material
line elements along the reciprocal set s*, t*, m*. It follows, therefore, that the triad of
planar elements with normals s, t, m is also unsheared (provided that the triad of material
line elements along s, t, m is unsheared). Conversely, if the triad ofmaterial planar elements
with unit normals s, t, m is unsheared, then so is the triad of planar elements with normals
s*, t*, m* and also the two triads of material line elements along s, t,m and s*, t*, m*.

11. Concluding remarks

Here we summarise the main developments presented in the paper.
The idea of unsheared triads of infinitesimal material line elements has been introduced.

For a given deformation, it has been seen that, at a point P, there is only one orthogonal

BOULANGER AND HAYES—Decompositions for infinitesimal strain 137



triad of unsheared line elements. However, there is an infinity of oblique unsheared triads.
If an oblique triad with line elements along s, t, m is known to be unsheared, then the triad
with line elements along the reciprocal set s*, t*, m* is also unsheared. Moreover, the
extensions along the directions s, t, m are the same as the extensions along the directions
s*, t*, m*, respectively.

New decompositions H=P+V of the displacement gradient H have been introduced,
where V is skew-symmetric and P is non-symmetric but has three linearly independent
real right eigenvectors. There is an infinity of such decompositions. A link between these
decompositions and unsheared triads has been exhibited. Indeed, the three linearly in-
dependent real right eigenvectors s, t, m of P are along the edges of an unsheared triad.
Then, the basic deformation may be regarded as being made up of a rigid-body translation,
followed by a rigid-body rotation associated withV, followed by three (generally unequal)
extensions without rotation along s, t, m. Conversely, to a given unsheared triad with line
elements along s, t,m corresponds a decomposition H=P+V, where s, t,m are the right
eigenvectors of P and V is skew-symmetric.

Given an unsheared pair of material line elements, a constructive way has been pres-
ented of determining the direction of a third line element to form an unsheared triad. This
direction is in general unique. The circumstances under which there is no unsheared triad,
or an infinity of unsheared triads corresponding to a given unsheared pair, have been
examined in detail.

Finally, after recalling the concept of areal shear, we also considered unsheared triads
of material areal elements. It has been seen that line elements along three directions
s, t, m form an unsheared triad of material line elements (and thus also line elements along
s*, t*, m*) if and only if areal elements normal to s, t,m form an unsheared triad of
material areal elements (and also areal elements normal to s*, t*, m*).
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APPENDIX A

Possibility of the decomposition H=P+V

It is shown here that, provided that e is not a scalar multiple of the unit tensor, there is an
infinity of decompositionsH=P+V, whereV is skew-symmetric and P is not symmetric
but has three linearly independent real right eigenvectors. The proof is due to T.J. Laffey
(pers. comm.).

Any second-order tensor H may be written as H=e+v, where e and v are its
symmetric and skew-symmetric parts, respectively.

If e=e1, then writing H=P+V yields P=e1+vxV, and this tensor has the
eigenvalue e and two complex conjugate eigenvalues, unless v=V, which is excluded
because we are looking for non-symmetric tensors P.

If e is not spherical, then, without loss of generality, we may assume that its eigenvalues
ea, (a=1, 2, 3), are such that e1 le2. We then write H=P+V, thus P=e+vxV, and
we may choose V so that, in components in the principal axes of e,

vxV=
0 a 0

xa 0 0
0 0 0

0
@

1
A, P=

e1 a 0
xa e2 0

0 0 e3

0
@

1
A: (A1)

Clearly, one of the eigenvalues of P is e3, and the corresponding right eigenvector is
(0, 0, 1). The other two eigenvalues are the solutions for l of the quadratic

l2x(e1+e2)l+(e1e2+a2)=0: (A2)

For

|a|<|e1xe2|=2 (A3)

the discriminant of the quadratic (A2) is positive, and hence, besides the eigenvalue e3, the
tensor P has two other real eigenvalues with corresponding linearly independent real right
eigenvectors. There is an infinity of choices of a satisfying (A3), and thus an infinity of
decompositions H=P+V, where V is skew-symmetric.

APPENDIX B

Determination of the third right eigenvector of P

Let P be a non-symmetric tensor with three linearly independent right eigenvectors s, t, m.
Let e=(P+PT)/2 be the symmetric part of P, so that the real eigenvalues of P corre-
sponding to s, t, m are e(s), e(t), e(m), respectively. Here, it is shown that, if we know P and
the eigenvectors s and t, the third right eigenvector m may, in general, be obtained from
(6.9), viz. is along the vector product arb, where

a=(Ixe(t))sx2es, b=(Ixe(s))tx2et: (B1)

Let s*, t*, m* be the set of vectors reciprocal to s, t, m, so that P is given by (4.1). Then

a=e(m)sxPT s=(e(m)xe(s))(s � s)s*+(e(m)xe(t))(s � t)t*, (B2)
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b=e(m)txPT t=(e(m)xe(s))(t � s)s*+(e(m)xe(t))(t � t)t*, (B3)

where e(m) is given by e(m)=Ixe(s)xe(t). Hence, recalling that srt=Vm* and
Vs*rt*=m, with V=srt .m, we have that

arb=V(e(m)xe(s))(e(m)xe(t))(m* �m*)m: (B4)

Hence, provided that e(m) is different from e(s) and e(t), the vector product arb yields the
direction of m, the third right eigenvector of the tensor P.

APPENDIX C

Result for mm when 2e(s)+e(t)=I

When the unsheared pair (s, t) is such that 2e(s)+e(t)=I, we have shown in ·8 that mm
given by the vector product (6.9) satisfies srt .mm=0. Here we show that either mm is
along s or mm=0. The result that mm is along s occurs when (s, t) is a singular pair, in
which case there is no unsheared triad (s, t, m). For general deformations (e1+e3l2e2),
the result mm=0 occurs when t=h+ (or hx), in which case there is an infinity of genuine
unsheared triads (s, t, m). For special deformations (e1+e3=2e2), the result mm=0
occurs when e(s)=e(t), in which case there is an infinity of unsheared triads, all coplanar.

Let (s, t) be an unsheared pair such that

2e(s)+e(t)=I : (C1)

Then (6.9) reduces to

mm=2{e(s)sxes}r{[e(s)+e(t)]tx2et}: (C2)

But, recalling the condition (2.8) for unsheared pairs, we can easily see that both factors
e(s)sxes and [e(s)+e(t)]tx2et of the vector product are orthogonal to s. Hence, mm given
by (C2) is along s, unless mm=0.

We now seek to determine when mm=0. Let n be the unit normal to the plane P of s
and t, so that srt=sin h n. Because both factors of the vector product are in the plane
orthogonal to s, they may be written in the orthonormal basis n, nrs of this plane. We so
obtain

e(s)sxes=
1

2 sin h
[e(s)xe(t)](s � t)nrsx(n �es)n, (C3)

[e(s)+e(t)]tx2et=
1

sin h
[e(s)xe(t)]nrsx2(n �et)n, (C4)

on using sin h nrs=tx(s . t)s and recalling (2.8). Introducing (C3) and (C4) into (C2),
we obtain

sin hmm=2[e(s)xe(t)]{(s � t)(n �et)xn �es}s (C5)

or, equivalently,

mm=2[e(s)xe(t)]{(nrt) �en}s: (C6)
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We now consider separately the case of general deformations (e1+e3l2e2) and of special
deformations (e1+e3=2e2).

(a) General deformations: e1+e3l2e2
For general deformations, the assumption that e1+e3l2e2, together with (8.2), excludes
the possibility that e(s)=e(t). Thus, e(s)le(t), and the condition for mm to be zero is

(nrt) �en=0: (C7)
Also, recalling (2.23), and noting that e(n)+e(t)+e(trn)=I, we have

n �en=(trn) �e(trn)=e(s): (C8)

Because (C7) means that the orthogonal unit vectors n and trn are conjugate with respect
to the ellipsoid E, these must be along the principal axes of an elliptical section of E by
a central plane. Moreover, (C8) means that these principal axes have the same length.
Hence, the condition for mm to be zero is that n and trn lie in a plane of central circular
section of the ellipsoid E, thus that t=h+ or hx.

Thus, for general deformations, mm=0 occurs when t=h+ or hx. Otherwise mm is
along s.

(b) Special deformations : e1+e3=2e2
For these deformations (C1) becomes 2e(s)+e(t)=3e2. When e(s)=e(t)=e2, thus when s
and t are in the same plane of central circular section of the ellipsoid E, (C6) yields
mm=0. Also, when (nrt) . en=0, we conclude, as in the case of general deformations,
that t=h+ or hx. But now, h+, or hx, lies in the plane Cx, or C+, respectively, so that
e(t)=e2 and e(n)=e(trn)=e(s)=e2. Hence, we retrieve e(s)=e(t)=e2.

Thus, for special deformations, we conclude that mm=0 occurs when e(s)=e(t). Other-
wise mm is along s.
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