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ABSTRACT

We prove Malgrange-type existence and approximation theorems for partial dif-
ferential operators and spaces in the ring of formal power series A = [[ym C,

N®™) = @PFN, in an infinite number of variables. In particular we study spaces of
entire functions within this framework. With the infinite-dimensional Fourier—Borel
transform as a tool, we prove existence theorems for the spaces 2, B, A(X), Exp(Y)
and F. Here B = @ymC is the space of finitely supported polynomials, A(X) and
Exp(Y) are spaces of entire (respectively exponential-type) functions and F is the
Fischer—-Fock (Hilbert) space. These spaces are related as follows: B < Exp(Y) <
F < A(X) < U, and can, pairwise, be considered as dual to one another. The key re-
sult for the existence theorem on F is a division theorem for the spaces Exp(Y ), A(X)
and F. Furthermore, we show that homogeneous solutions can be approximated by
homogeneous solutions consisting of exponential finitely supported polynomials.

1. Introduction

We prove Malgrange-type existence and approximation theorems for partial differen-
tial operators (PDOs) and for spaces in the ring of formal power series A(= [[ym C,
N®™) = @¥N) in an infinite number of variables. The theory of infinite-dimensional
PDOs, and pseudo-differential operators, in infinite-dimensional domains has been
developed by Aron [1], Boland [2], Dineen [3], Dwyer [6; 7; 8], Gupta [9], Lascar
[13], Khrennikov [11; 12] and Smolyanov [18]. We prove the surjectivity of PDOs
on spaces of entire functions, defined on sequence spaces, in 2. Previous studies
have shown that, in order to study infinite-dimensional holomorphy in 2[, we should
work with nuclear (A-nuclear, fully nuclear) spaces with basis, because then we have
monomial expansions (see [4]). However, we show that it is not the nuclearity of the
domain space that is most important but rather the nuclearity (or semi-reflexivity)
of the corresponding space of entire functions. We obtain a rich theory without re-
quiring any topological structure on the domain space. We introduce a fundamental
notion, /j-closedness, which is a non-topological extension of A-nuclearity and full
nuclearity (see Section 2 and [5]). Every sequence space contains a largest /;-closed
sequence space—the /-closed core. We prove surjectivity of differential operators on
the Fischer—Fock space F = 2. F is a Hilbert space but not a subring of 2[. We show
that F is closely related to the rings of entire functions, which we study by the division
theorem (4.9). The Fischer—Fock space in n variables has been studied by Shapiro
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[16; 17] and in infinitely many variables by Dwyer [6]. The existence results in Theo-
rem 4.6 reduce, in some cases, to reformulations of known results obtained by Boland
[2]. However, we use different techniques, and our non-topological approach puts
the results in a different perspective. In [2] it is shown that homogeneous solutions
to PDOs can be approximated by homogeneous solutions consisting of exponential
polynomials (see also [7]). In Section 5 we show that the (coarser) family of exponen-
tial finitely supported polynomials are dense in the kernels of differential operators.
This article is based on parts of the author’s doctoral thesis [14].

2. Preliminaries

Given a countable index set A4, a sequence space is a subspace X < C4 such that
CW < X = C4, where C“, C4 denote the direct sum and product respectively of
the set C of complex numbers. Moreover, we tacitly assume that every sequence
space X is completely Reinhardt (CR), i.e. x5 = (d,x,) € X for all x = (x,) € X and
é = (8,) € CA with [5,] < 1, a € A.

The support of a € C* is the set suppa = {o € 4 : a, # 0}. Hence, CY can be
described as all sequences with finite support. A polydisc in a sequence space X is a
set of the form C, = {x = (x,) € X : |x,| <1y, Vr,} where r = (r,) € X*. Here X+
denotes the image of X by the map x+— x™ = (|x,]).

Let A(A) denote all sequences é = (5, > 1) € C* such that §~' = (5;!) € /1(A).
We write A = A(N) and /1 = /{(N), where N denotes the set of natural numbers.
A set X = C4 is /1-closed if for every x € X there is a sequence § € A(A) such that
xs € X. We say that X is uniformly /{-closed if we can take the same 6 € A(A4) for
all x € X.

Definition 2.1. Let P = C4. The sequence polar set of P is the vector space

PSE{GZ(CZ“)GCAZZ|p%||a1|<OO,Vp=(p1)€P}. (1)

a€A

The polydisc topology on P? is the topology generated by the seminorms |al|, =
Soarslayl, r € PT.

It is clear that P* = P*, where P is the set of all sequences x € C4 such that
xt <pf+...+py, for some p; € P.

A sequence space X and its sequence polar X* are naturally paired. The bilinear
form for this pairing is denoted by (-, ).

In the literature, P and its topology are also known as Kothe spaces (see, for
example, [4]). We tacitly assume that X = P* is endowed with the polydisc topology.
It is easily verified that X = P*® is complete. The notion of /-closedness is related
to nuclearity of Kothe spaces X = P* (see also [14]). It is known that X = P*
(P = f’) is nuclear if and only if P is /;-closed (Grothendieck—Pietsch criterion).
This property does not imply that X is /;-closed. However, X = P*® is A-nuclear
(see [5]) if and only if P is uniformly /;-closed, and in this case X is uniformly
/1-closed. On the other hand, if X is /;-closed (or uniformly /;-closed), it is not in
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general true that X = P° for some uniformly /;-closed set P. A similar discussion
concerning full nuclearity leads to: every fully nuclear space with basis is of the
form P* where P, PS5, P* are all /{-closed. To sum up, /;-closedness is some sort of
non-topological extension of both full and A-nuclearity.

Theorem 2.1. Let X = P* where P is an /-closed collection. Then X is semi-reflexive.

The linear hull of any union of CR /;-closed sequence spaces is again completely
Reinhardt and /;-closed. Consequently, every sequence space contains a largest CR
/1-closed sequence space—the /;-closed core (see [14] for details). If X is an /;-
closed sequence space, then, by definition, there is a sequence &/ € A(4) such that
x50 € X, j=1,...,where 6V = §16%...6/ = (6! ... 5]). In fact we have the following
explicit description of the /;-closed core.

Theorem 2.2. Let X be any sequence space. A sequence x € X belongs to the /1-closed
core X| of X if and only if there is a sequence 8/ € A(A) such that xz5 € X, for
all j.

PrOOF. Let X; denote the space of sequences with the property described in the
theorem. It is not difficult to prove that X} is a CR /;-closed vector space contained
in X. Hence X| < X.

Assume now that x € X;. As X is /;-closed, there is a sequence ' € A(4) such
that x5 € X; < X. But, again, since x5 € X, there is a sequence 6> € A(4) such
that (x51)52 = x50 € X1 € X. We conclude that x belongs to X and, since x was
arbitrary, X; € X;. ®

Example 2.1. The space S of complex-valued Schwarz functions on the real line is
isomorphic to the following Kothe space:

SP ={((1+k)"):m=1,...}° (={x:((14+k)"xx) €1 Ym})

in CV (see, for example, [15]). The collection P is uniformly /;-closed, and conse-
quently S is /;-closed.

Example 2.2. For r > 0 let O(C,) denote the space of all functions that are analytic
in some neighbourhood of the closed disc |z] < r. We identify functions in @(C,)
with sequences in CV through the Taylor expansion about the origin. Thus ¢(C,)
is the space of all sequences (fy,) such that > |f,|R" < co for some R > r. Clearly,
O(C,) is /1-closed, and if »r < 1 < R we have

AC)c O(Cr) =S =1 =y < OC,).

Here A(C) denotes the (/;-closed) space of entire functions.
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3. Formal power series spaces

This section is organised as follows. We introduce the spaces that we study, and show
how they are related by using the infinite-dimensional Fourier—Borel transform.

Definition 3.1. The ring of formal power series is the sequence space 2A = CV ™ where
NW™) = @¥N. The space of finitely supported polynomials is the subring B = CcN™),
We assume that 2 and B are endowed with the product and direct sum topologies
respectively.

We identify the elements e, = (5;), o € NW)| with the corresponding (formal)
power x”. Hence, every element (f,) € 2 may formally be written as ), f,x".

Definition 3.2. The Fischer—Fock space is the Hilbert space F consisting of all ¢ € U
such that - o![¢h,|* < o0, ! = ay,..., endowed with the inner product (i, ) =
> alpyd,. The norm on F is denoted by | - |.

Note that F is not a subring of 2L, i.e. the product of two Fischer—Fock functions
may not belong to F.
In the n-dimensional case, the space of entire functions can, by the map

fr (f2(0)/a), )

be considered a subspace and subring of the space of formal power series in n
variables 2,,. The space of entire functions endowed with the compact open topology
is the space P* = CN" where P consists of all powers (r*),enn, ¥ = (rx > 0) € R™.
We shall study entire functions on sequence spaces C™) = X < CN. Any space of
Gateaux holomorphic functions is embedded in 2 by (2), where f*(0) denotes the
directional derivative along the ‘unit basis’ vectors ¢ = (5’;), corresponding to the
multi-index « € N™), at the origin. We refer to this fundamental observation by
(FO). Note that the map defined by (FO) may not be one-to-one.

Let ® = O(X) denote the family of all polydiscs in X. The observation above
suggests the following definition.

Definition 3.3. Let X = CV be a sequence space. The space of entire functions on
X in U is the space Ag = P* = A, where P = Py = {(r"),enm ¥ € X1}

The topology on Ag is thus the topology generated by the seminorms

1fl- = 1fulr”, reXx™. (3)

Lemma 3.1. If 6 € A, then (67*) € /{(N™)). Moreover, if r € /7, then (r*/a!) €
(NN and Y, 1" ol = el
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Lemma 3.1 implies that if X is /q-closed then P, that defines Ag, is an /;-closed
collection. Hence, by Theorem 2.1 we obtain the following.

Theorem 3.2. Let X be an /1-closed sequence space. Then Ag is semi-reflexive.

Since every metric semi-reflexive space is reflexive, Ag is reflexive if X is /;-closed
and can be covered by a countable family of polydiscs.

Let X be a sequence space and ® = O(X). We denote by Ag(X) the space of all
Gateaux holomorphic functions f on X (ie. fy: = f(x + (-)¢) is entire Vx, & € X)
that are bounded on every polydisc C, € ® (polydisc-bounded entire functions).
We denote by Hg(X) the space of Gateaux holomorphic functions on a (complex)
vector space X, and the symbols D¢f(x) = d:f(x) = f1.:(0), f € Hs(X), shall be
used for the directional derivative. We endow Ag(X) with the topology generated
by the seminorms

Iflle, = suplf(x)l, CreO. (4)
xeC,
It is easily verified that Ag(X) is complete.

Now, every element (f,) in Ag defines a function in Ag(X) by f(x) = > fux*
where the series converges absolutely in Ag(X). On the other hand, every function
f € Ag(X) defines a sequence in 2 by virtue of (FO), i.e. by f— (f¥(0)/a!) € A.

Let X be a sequence space and let C, be a polydisc in X. Let X, denote the space
U nC, endowed with the topology generated by the Minkowski functional for C..
We denote by Xg the space X endowed with the finest topology (not necessarily
locally convex) such that the embeddings X, — X, C, € ®(X), are continuous.
Every function f € Ag(X) is continuous on Xg, i.e. continuous on every Xc, (see [5,
prop. 3.7] or [14, lemma 3.3]).

Theorem 3.3. Let X be an /-closed sequence space. Then the spaces Ag and Ae(X)
are (topologically) isomorphic by (FO);

Ao(X) £O 4.

Moreover, the power series Y, f,(-)* converges pointwise to f € Ae(X) for every x in
the £1-closed core of X and absolutely in Ae(X) if X is /1-closed.

PrOOF. Let r € X+ be arbitrary. For any given (f,) € Ae, we have f(x) = > f,x* €
Ap(X) and

Ifle, = sup| S LX< M = f I

This proves continuity of the embedding Ag — Ae(X).

Next, assume that X is /q-closed. Let f € Ag(X) be arbitrary and put f, =
f®(0)/a!. Let r € X* be arbitrary and choose § € A such that r; € X. By the
Cauchy formula we obtain the estimate |f,r*| < 67*|f||c, and hence (f,) € Ao by
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Lemma 3.1. In fact we have

1< 67" Iflle, = 167 £, -

This proves that the map defined by (FO) maps Ae(X) into Ae continuously. It
remains to prove that the map Ag(X) — Ae is one-to-one. This means that a
function f € Ae(X) is uniquely determined by its restriction to the direct sum C™).
We must prove that, if f € Ag(X) and f*(0) = 0 for all «, then f = 0. Hence, it
suffices to prove the last part of the theorem.

Let x € X be a sequence in the /;-closed core. Then there is a sequence 6 € A
such that x; € X. Let ry = |x¢| and r = (). As X is completely Reinhardt,
rs € X. From the first part of the proof, the power series for every f € Ag(X)
defines a function in Ag,(X;). Here X; and ®; denote the /;-closed core of X
and the collection of polydiscs in X respectively. Thus, f and its power series are
both continuous on Xp where B = C,,. By the assumption on ¢ it follows that
CW™) 5 xM =3 xper — x in Xp. This proves pointwise convergence as f and its
power series coincide on the direct sum.

Finally, assume that X is /{-closed and f € Ae(X). By the first part of the proof,
the power series for f converges absolutely to some function in Ag(X), and, from
the above, it converges to f. W

As a common notation for the spaces Ag, Ae(X) we use A(X). If X is an
A-nuclear space (or fully nuclear), and thus /;-closed, then A(X) is the ‘usual’ space
of entire functions (compact open topology).

Definition 3.4. Let X be a sequence space. The space of exponential-type functions
with respect to X in U is the space Expg = U,cx+Exp, where Exp, is the space of
all formal power series (¢,) € U such that, for some M > 0, |p,| < Mr*/a!, Vo.
Each Exp, is endowed with the (Banach) norm topology generated by the norm

lol, = inf{M :|p,| < Mr*/al, Yo € NV, Q)
and Expg with the corresponding inductive locally convex topology.

Let X,Y be given sequence spaces such that Y = X*. We denote by Expg (Y)
the space of all ¢ € Hg (Y) such that

lole, = sup o () el < o0, (6)
ye

for some r € X*. We have Expg (Y) = U,cx+Exp, (Y), where Exp,(Y) is the space of
all functions ¢ € Hg (Y') that satisfies (6). We endow each Exp, (Y) with the (Banach)
norm topology generated by the norm (6) and Expg (Y ) with the corresponding
inductive locally convex topology.

The space Y (= X¥) endowed with the polydisc topology is denoted by Y.
Previous arguments show that every ¢ € Expg(Y') is continuous on Yg.
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Theorem 3.4. Let X,Y be sequence spaces such that Y < X°. Then Expg, Expg(Y)
are (topologically) isomorphic by (FO);

Expe(Y) £9 Expe.

Moreover, the power series Y @,(-)* converges pointwise to ¢ for every ¢ € Expg(Y ).
If X is ¢1-closed, the series converges absolutely in Expg(Y).

ProoF. We prove that the embedding (¢,) — > @,y* = ¢(y) between Expg and
Expg(Y) is continuous. We must prove that the restriction to every Exp, is continu-
ous. Let r € X be arbitrary. By Lemma 3.1 we have

oW <D leally” < ol > IF[1y*/a! = ]ellr. @)

Hence, Exp, is mapped into Exp,(Y ) continuously with |¢| ¢, < [[(¢.)ll,. This proves
the assertion.

Let ¢ € Exp,(Y) be arbitrary. Then |o(y)| < ||¢|c,el?le. The Cauchy formula
gives the estimate |¢®(0)| < |¢|c,(er)*. Indeed, we can assume that r, # O for
all k € suppa because otherwise ¢®(0) = 0. In view of this the Cauchy formula
gives the desired estimate by integrating on the polycircle |z;| = ox /i, k € suppo.
Hence, if ¢, = ¢¥(0)/a!, then (¢,) € Exp,, and [[(¢,)|ler < |@]c,. Hence, the map
induced by (FO) maps Exp,(Y) into Exp,, continuously, and Expg(Y) — Expg is
continuous.

From the first part of the proof, the power series for every function in Expg(Y)
defines a function in Expg(Y ). Moreover, every function ¢ € Expg(Y) coincides with
its power series on the direct sum C'V). Hence, pointwise convergence follows by the
continuity of ¢ on Ye, together with the observation that CV) 5 y™ =" yep — y
in Yg. Assume that X is /j-closed and ¢ € Exp.(Y). If 6 € A is chosen so that
rs € X, then

[0ay*| < llgllc,(er)1y*I/a! < lpllc,d*(ers)*|y*|/a! < lpllc,6 ",

Hence, ¢,(")* belongs to Exp,,,(Y) for all « with norm not greater than [¢|c, 67"
This shows absolute convergence and proves the thecorem. W

We use the symbol Exp(Y') for the spaces Expg(Y) and Expg.
In studying PDOs on spaces in 2, it is interesting to characterise the image of
the Fourier (Borel) transform & defined by & : 1+ ((F1),) € A, 1 € A*,

(F1)u = (A,x"/al) = (4, e,/al). ®)
Suppose that A = A and that B = 2 is the Fourier image of A’, where A4 is endowed

with a topology for which the elements e, form a (weak) basis. Then we may put A
and B into duality by the formula

(a,b) = ala,b, (=(la), Fi=Dh). 9)
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This is useful, as the transpose of differential operators becomes multiplication (in
A) by the corresponding symbol (see Section 3.1).

We now have the following Paley—Wiener—Schwartz-type theorem. In view of
Theorems 3.3 and 3.4 the proof is quite elementary and we omit it.

Theorem 3.5. Let X be an /1-closed sequence space. Then the Fourier transform F is
an isomorphism between Ag (strong topology) and Expg (~ Expe(Y), Y = X°). The
formula

(fro) =D olfapu [EAX), € Exp(Y), (=(4f), Fi=9¢), (10)

puts A(X) and Exp(Y) into duality such that A'(X) = Exp(Y) and Exp'(Y) = A(X).
Moreover, if ¢ € Exp,(Y), then

1ol < Iflerl@llc, < Dsliflec, ll@llc, Ds=»_ 077 (11)

where 6 € A and rs € X.

Remark 3.1. When we identify Expg with Expg(Y'), the Fourier transform is given
by 2+ (1,e,). Here e, € Ag(X) is the kernel defined by e,(x) = e*". We refer to
this map as the Fourier transform between A’(X) and Expg(Y) and denote it by
Z . The dual operator #' : Exp'(Y) — A"(X) = A(X) is given by Z ' u(x) = {(u, ex)
where e, = e € Expg(Y).

Consider the spaces A = CN" and B = V). As N®™ s countable, U is a
reflexive Fréchet space with respect to the product topology. Moreover, B endowed
with the direct sum topology is the strong dual of A with duality (9). Hence we may
put A and B into duality by the bracket (9), and we have

AW =9, B=9"=9 (12)

Remark 3.2. (12) is the analogue of Theorem 3.5 for the spaces 2 and B. Further,
FF = FF = F because this is precisely F = F’ in the Hilbert space sense.

If X < /,, we have a natural continuous embedding i : Exp(Y) — F, > @, y* —
(¢,) with dense image (in some literature such a continuously and densely embedded
space is called a rigged Hilbert space). Thus Exp(Y) is a subring of U densely
embedded in F. The transpose j = i : F — A(X) is the injection j¢ = > ¢,x* In
the present situation, we are dealing with the following sequence of injections

B->Exp(Y) > F - AX)->UA X /s (13)

3.1. Differential operators

We introduce differential operators on the spaces 2, B, A(X), Exp(Y) and F. A more
general discussion, concerning differential operators on spaces in the ring 2, can be
found in [14].
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Assume that A < U is a subring endowed with a topology for which the elements
e, = x% o € N, form a weak basis (6(4’,4)) and for which the multiplication
operator ¢ — ac, ¢ € A is continuous for every a € 4. As (e,), is a basis, the Fourier
transform on A’ is one-to-one. Assume that B = % A’ is the Fourier image and put
A and B into duality by (9). Let a € 4 and define a(D) by #d' 7!, ie. a(D) = 4,
where @’ and ‘a denote the adjoint and the transpose (duality between A and B)
respectively of the multiplication operator a. Hence a(D) is, by definition, continuous
for the topology (B, A) with ‘a(D) = a. It is also easy to prove that a(D) is given by
a(D)b =", a,D*b where the series converges with respect to o(B, A). Here D* = ¢,
o € N, denotes the operator on 2, corresponding to the directional derivative
along the vectors e. In the other direction, we can define differential operators on
A with symbols in B. The set (e,), is a basis for (B,d(B, A)). Moreover, the Fourier
transform image of B’ = A4 for this topology is A. Hence, if B is endowed with any
dual topology (i.e. a topology for which the dual is A) and B is continuously closed
under multiplication, we can define b(D) : A — A, b € B, in the same way.

Multiplication b — ab, a,b € U, is easily seen to be continuous in the ring 2,
and thus the operator a(D) : B — B, defined by a(D) = ‘a = Fd' F !, is given by

a(D)b = " a,D’b (14)
with weak convergence. Moreover, it is weakly continuous for the pairing (9) with
transpose ‘a(D) = a. In the same way, B = # U is a subring of A and continuously
closed under multiplication. Thus, if b € B, we may define h(D) = b : A — A so

that ‘b(D) = b and b(D)a is given by (14) with the roles of a and b interchanged. To
sum up, we have defined

aD)=a:B—-B, bD)="Db:A—->A, acA becB.
Next, assume that X is /{-closed and that Y < X°. It is easily checked that both

A(X) and Exp(Y) are continuously closed under multiplication by functions in the
respective space. If f € A(X) and ¢ € Exp(Y), we define

f(D)= 'f :Exp(Y) = Exp(Y), ¢(D)= ‘o : AX)— A(X).

From the discussion above, f(D)p = >_ f,D*@ and ¢(D)f = >_ ¢,D*f with weak
convergence. In particular this means pointwise convergence for

f(D)p(y) = (e, f(D)p) = fule,. Do) = > f.D"o(y)
and similarly for ¢(D)f. This can be strengthened as follows.

Theorem 3.6. Let X,Y be sequence spaces where X is £1-closed and Y < X5. If f =
S fu() € AX) and ¢ = @,()* € Exp(Y) then

D)p =Y f.D*, ¢(D)f = ¢.D*f,
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with absolute convergence in Exp(Y) and A(X) respectively. Moreover, the operators
f(D) and ¢(D) are both continuous.

Proor. That the series converges pointwise is already established. Next assume that
¢ € Exp,(Y), lp(y)] < ll@lc,e”. Then

ID*p(y)| < |l (er)e!r

(see the proof of Theorem 3.4). Hence f,D*p € Exp,(Y) for all « with norm not
greater than |¢|c,|f.|(er)*. This gives absolute convergence and continuity of the
map f(D) on Exp(Y).

Next assume that ¢ € Exp,(Y), r € XT and hence that |p,| < |¢llc,(er)*/o!
(Theorem 3.4). Let R € X* and choose é € A so that r5 € X. If R = ers + R, the
Cauchy estimates imply that

(ery D% () < &

for all x € Cg. Hence, [¢.D*f|c, < [@llc, 0 *[Iflc, for all . By Lemma 3.1 this

shows that the series for ¢(D)f converges absolutely and the map ¢(D) is continuous
on A(X). =

(nairem

Next we consider operators on F. Let ¢ € Exp(Y) be any symbol and assume
that X < /5. Then f — ¢f, f € D, where D = {f :¢of € F} is a densely defined
operator on F. We define

oD)= 9 :F29—F, ¢¢cExpY),

where ‘o is the transpose of ¢ for the duality between F and itself with respect to
the bilinear form (9).

Theorem 3.7. Let X,Y be sequence spaces where X < /5 is /1-closed and Y < X°.
Let ¢ € Exp(Y) be any symbol. Then ¢ :F =2 D — F is a densely defined closed
operator on F. Thus @(D) is a densely defined closed operator on F with adjoint
@(D)" = @* where @" is obtained from ¢ by conjugating its coefficients. Further,
@(D) = (D) = (D) where (D) denotes the closure in F of ¢(D):8B — B, and
®(D):Fo2D—>F, D= {f € F:p(D)f € F}, thus defined, is closed.

PrOOF. We prove that ¢ is weakly closed. Assume that D > f’ — f and that
of" =g’ — g in (F,o(F,F)). Since g’ — g weakly, g — g, for every a. By the
(2, B) duality we obtain that

al(of)s = (@f,()) = (f, o(D)(")")
= lim(f”, o(D)(")*) = lim(ef", (")) = lima!g] = o!g,.
Thus ¢f = g, which proves the assertion.

As ¢ is closed, we conclude that ‘p(D) = ¢, which gives the statement concerning
the adjoint.
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Next we prove that @(D) = ‘¢ is an extension of @(D) (it is easily checked
that ¢(D) : B — B is closable). Assume that f € D where D is the domain of
definition of (D). This means that there is a net f’ € B such that f — f and
@(D)f" - @(D)f = g in F for the weak topology o(F, F). Hence, the duality between
A and B gives

(@h, f) = lim(ph, ") = lim(h, o(D)f”) = (h,g)

for all h € D. This proves the statement.

We prove that ‘p = @(D) or, equivalently, that ¢ is an extension of '@(D) (since
@(D) is weakly closed). Assume that f belongs to the domain of definition of ‘@(D).
This means that there is a g = ‘@(D)f such that (f,»(D)h) = (g, h) for all h € D.
Since the monomials belong to B < D, the duality between 2 and B implies that

algy = (g.()) = (£ (D)()) = (@f, ()) = a!(@f)s

Thus ¢@f = g. Hence f € D and ¢ is an extension of ‘p(D).

From the proof that ¢ is closed we deduce that (D) is weakly closed.

Finally we prove that (D) is an extension of ¢(D) = 'p. Assume that f belongs
to the domain of ‘p. This means that there is a ¢ = ‘of such that (f, ph) = (g, h)
for all h € D. Since the monomials belong to D, we obtain, by the duality between
A(X) and Exp(Y), that

alg, = (g, (")) = (£, (")) = (@(D)f,(-)") = el (@(D)f )s-
Hence f € D and g=oD)f. N

4. Existence theorems

The “finite-dimensional’ version of the following theorem is proved by Treves in [20,
p. 29] (see also [19, p. 96]).

Theorem 4.1. a(D)B = B and b(D)A = W for every non-zero a € W and b € B.

PRrROOF. A linear operator is surjective if and only if its algebraic transpose is injective.
Hence, to prove that a(D)B = B we show that a(D)" is one-to-one. Since ‘a(D) = a
and B* = A, we have a(D)" = a. The multiplication operator a is obviously injective.
This establishes the first part of the theorem.

Next we prove that b(D) is surjective. 2 is a Fréchet space with strong dual B.
Hence, it suffices to prove that the transpose b is one-to-one and has closed image.
The one-to-one property is clear. By (12), B* = A = B’ (B ~ C™)), and hence every
linear form on B is continuous. This implies that every subspace of B is closed. In
particular, the image of b is closed. M

Surjectivity on A(X) and Exp(Y)
For S = N and « € NV let |ofs = Y, s and |¢|y = |¢|. A polynomial in A
is an element a € A such that sup, . |x| < oo (the degree of a). Similarly, a is a
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polynomial with respect to S = N when sup, ., |x[s < oo (the degree of a with
respect to S).

For a sequence space X and SN, let Xg = {x € X :suppx = S} and
Ns = {x € N™ :suppa = S}. We have a natural decomposition X = X5 @ Xg and
(projection) map X 3 x+— x5 € X5, where S’ = N is the complement of S. We write
(x5, Xs7) = X5 + Xs.

If X is /;-closed, then P € Ag(X) (and similarly for functions in Expg(Y)) can
be written uniquely in the form

P(x) =) up(x)xk, (15)

BENs

where each ug € Ag(X) does not depend on the variables xi, k € S. It is clear that P
is a polynomial with respect to S if and only if SUP,, 40 | Bl = SUP,, 40 | Bls < oo, and
this finite integer gives the degree. The principal part (with respect to §) is defined
by

Ps(x)= Y up(x)xd,

|Bl=m

BENs
where m is the degree of P with respect to S. We say that P is a proper polynomial
with respect to S when the functions ug, || = m are constants, that is, the principal
part depends only on the variables xi, k € S.

In the finite-dimensional case we have the following (compare with [20, lemma

8.1]).

Lemma 4.2. Let P € A(C"), P(z) = )_,cnn 22", be a polynomial of degree m with
respect to S < {1,...,n}. For arbitrary ¢ > 0 and ¢ € C{ we have

|Ps(c,zs)h(z)| <™ sup [P({c+z)h(lc+z), (16)

(eC, [(l=e

for all z € C" and every entire function h € A(C").

PrROOF. Assume first that P is a polynomial in one complex variable, P(z) =
Az™ 4 P(z), where P is of degree less than m and A # 0. Consider the polynomial
Q(z) = z"P*(1/z), where P* is obtained from P by conjugating its coefficients. If
lz| = r, we have that Q(z) = z"P*(z/|z|*) = z"P,(z) where P,(z) = P(z/r?). By the
maximum modulus theorem, we obtain for any entire function h that

|4h(0)] = [Q(0)h,(0)]
< sup [Q(2)h(2)] = r" sup [P (z)he(2)] = ™ sup [P(2)h(z).  (17)

zl=r |z]=r |z|=1/r
Here h,(z) = h(z/r?).
Now assume that P € A(C") is an entire function of the form P(zi,...,z,) =
A(z,...,2,)z{" + P(z1,...,2,) where P is of degree less than m in the variable z; and

A #+ 0 is an entire function. Let zj,...,z, be fixed complex numbers. Consider the
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polynomial in one variable defined by le,_",zn (z) = P(z+z1,22,...,2,). It follows that

P,, .. is of the form Az + P; where P; is of degree less than m in z. By (17)
|Ah(z1,...,24)| = |Ah,..,(0)]
<1 sup |P, ., (2, 2, (2)]
l2'[=1/r
<r" sup |P(zy +z,...,z0)h(z1 + 21, ..., Z)]- (18)
|zj|=1/r
Here h;, ., is defined in the same way as P,

Finally, let P be an arbitrary polynomial with respect to S. We may suppose
that S = {1,...,k} for some k < n. Moreover, we can assume that (C§ 3) ¢ =
(¢1,--,Ck>0,...,0) % 0 and, for simplicity, that ¢; # 0. Consider the change of
variables { = Lz, described by {; = ciz1, {j = ¢jz1 —zj,j = 2,...,k, {j = zj,j =
k+1,...,n Since ¢; # 0, the transformation L is bijective and the composition
P;, = PL has the form P;(z) = Ps(c, zs')z{" + P(z), where P is of degree less than m
in the variable z;. Moreover, (L™'z)g = zg. Hence by (18) we obtain that

|Ps(c,zs')h(z)| = |Ps(c, (L' z)s)h (L' 2))|
<e™ sup |PL({+L7'2)h (4 L7'2)|

I{'|<e
(=({"0....,0)

<e&™ sup |P(L{+2)h(LL + z)
"’”lﬁs
C:(Z’,O,...,O)

<& ™sup |P(lc+2)h(lc+ z)|. ]
[C]<e
tec

Our next objective is to generalise Lemma 4.2 to functions in 4g(X). If Y < X°,
a (Y-) cylinder function is a function h € Ag(X) of the form h = uonp, F =
(V1,--->¥n) € Y" where u € A(C") and nf is the projector np : X — C" defined
by nr(x) = ((x, ). If X is /{-closed, Theorem 3.3 shows that the space of (Y -)
cylinder functions Ay (X) is a dense subspace of Ae(X). If f € Hg(X), fI is the
entire function in n complex variables defined by f(z) = f(3_] zkex). Moreover, we
write x" = (x1,...,x,) € C" and x" = 3] xxe, € C™) for x = (x;) € X. Lemma 4.2
can be generalised in the following way.

Lemma 4.3. Let X be an /1-closed sequence space. Let P € Ag(X), P(x) = Z/}eNS

uﬂ(x)xg, be a polynomial of degree m with respect to S. For arbitrary ¢ > 0 and ¢ € Xg
we have that

|Ps(c,xs)f(x)] <& sup [P(x+e)f(x+ e, (19)

[¢l<e, ¢eC

for all x € X and every entire function f € Ag(X).

PrOOF. By our assumption, P € A(C") is a polynomial with respect to S =
SN{1,...,n} for every n. We first prove that the degree of P with respect to S i

w2
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([1ual to the degree of Pl with respect to S for n sufficiently large. It follows that
ug", I(B) < n, are the ‘coefficient functions’ for P! in the expansion (15). Hence
the degree of P is less than or equal to the degree of P. If ug,(xo) # O, then, by
continuity of the functions in Ag(X) on Xe, uﬁ (x0 ) # 0 for all n sufficiently large.
It follows that the degree of P is less than or equal to the degree of P for all large
n. We also have (Pg)" = (P")gu for the principal parts. For arbitrary & > 0 and
¢ € X5, Lemma 4.2 shows that for all n sufficiently large and x € C,

|(Ps)M (], XN £ ()| < (PP g0 (e, () gy ) 1 (1)
<e —m sup ‘P ”](ﬁc[”]+x[”])f[”](§c[”]—}—x[”])|
|¢|<eteC

<& sup [P(E™ +xM)f(Ec™ + x)). (20)

[¢|<egeC

Since Ps,f € Ae(X), and functions in Ag(X) are continuous on Xg, the left-hand
side of (20) tends to Ps(c, xs/)f(x) as n tends to infinity. Thus we are finished if we
can prove that for every g € Ag(X) and 6 > 0 there exists n; € N such that

sup [g(x" + &c™)| < 0 + sup|g(x + Eo)l, (21)

[¢l<e [¢l<e

for all n > ns (put g = Pf). Note that for any h € Ay(X), Y = C™), there is an
integer n; € N such that sup; ., [h(x + E¢) — h(x" + Ec)| < 6 for n > n;. Indeed,
h is of the form h = u o mp where u is entire and np : X — C™ is a projector.
Put 1, = |xx| + ¢lei| and r = (1) € XT. Then the set np(C,) is contained in some
compact set in C™. As u is uniformly continuous on compact sets, the assertion now
follows from the fact that my is weakly continuous and x™ — x,c™ — ¢ weakly
(6(X,Y)). Next, as Ay(X) is dense in Ag(X), we can find g5 € Ay(X) such that
Igs—gllc, < &/3. Choose ns € N such that sup ., |gs(x+Ec)—gs(x" +Ec)| < 6/3
for all n > ns. If n > ng and |¢] < ¢, we obtain that

lg(x™ + e < [g(x™ + &) — go(x + £ + |go (x™ + Ec)
—gs(x + o)l + [gs(x + ) — g(x + Co)| + [g(x + <o)l
<o+ g(x+ &)

Taking the supremum over ¢ < ¢ yields (21). W

Theorem 4.4. Let X,Y be sequence spaces where X is /1-closed and Y < X°. Let
P(D):Exp(Y) — Exp(Y) be a differential operator with symbol P € A(X) where P
is a proper polynomial with respect to some S = N. Then P(D):Exp(Y) — Exp(Y)
is a surjection.

Proor. Let 99 = F o € Expe(Y), 4o € Ag(X) be arbitrary. By (19) and the
assumption that P is a proper polynomial with respect to S, it follows that
P :Ae(X) — Ag(X) is one-to-one with continuous inverse P! :ImP — Ag(X).
Indeed, by an appropriate choice of ¢, Ps(c) # 0, and (19) gives, for any r € X,
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IPsfllc, < e ™IPflc,,,. for all f € Ae(X) where ¢ >0 is arbitrary. Conse-
quently, ip = A9 o P~! € (ImP)". By the Hahn-Banach theorem, /Ap has a continu-
ous extension 1 € Ag(X). With ¢ = # 1 € Expg(Y), we obtain that P(D)e(y) =
(4, Pey) = @o(y). This proves that P(D) is a surjection. M

The following fundamental theorem is proved in [20, theorem B, p. 22].

Theorem 4.5. Let E,F be locally convex Hausdorff spaces, with topological duals
E'.F', and let (Eo, E|), (Fo, F}) be any (non-degenerate) paired spaces. Assume that
u:E—F,uy:Ey— Fy,a:Ey— E, b:Fy— F are weakly continuous, that a,b
have dense images and that b o ug = u o a. If the following hold true:

1. tug(yo) €' a(E’), yo € Fy = yo €'b(F"), that is, 'uy~'(a(E")) <'b(F'),

2. ker'ug = {0} and 'uo(F}) is weakly closed,
then a(ker ug) is dense in keru, and if, in addition, E and F are Fréchet spaces, u is a
surjection.

If the sequence space X can be covered by a countable family of polydiscs, A4(X) is
Fréchet. For such spaces we have the following.

Theorem 4.6. Let X,Y be sequence spaces where X is /1-closed and Y <= X*. Assume
that X can be covered by a countable family of polydiscs. Let P(D) : A(X) — A(X)
be a differential operator with symbol P € Exp(Y ), where P is a proper polynomial
with respect to some S = N. Then P(D) is a surjection.

PrOOF. We can assume that Y = CV). By hypothesis, 4g(X) is a reflexive Fréchet
space. We apply Theorem 4.5, with

w=P(D) : E = Ao(X) — F = Ag(X),
ug = Py(D) : Eg = Exps(X) — Fo = Exps(X),

and pairings (Ae(X), Expe(Y)) and (4s(Y ), Exps(X)) where X = ®(Y') denotes the
set of polydiscs in Y, P, € Ax(Y) the image of P under the natural embedding
Expe(Y) —» Ax(Y), and a = b : Exps(X) — Ae(X) the continuous embeddings with
dense images. It is clear that the embedding Expg(Y ) — Ax(Y) is the transpose of
a and that P(D)oa = ao P,(D).

Property 1 of Theorem 4.5 follows from Lemma 4.3 and estimate (19). Indeed,
‘a is the embedding Expg(Y) — Ax(Y) and P,(D) = P, : Asx(Y) — Ax(Y). Thus
we must prove that, if f € Ax(Y) and P,f = ¢ for some ¢ € Expg(Y), then
f € Expg(Y). It is clear that P, is a proper polynomial with respect to S with
principal part a(Ps). Choose ¢ such that Ps(c) # 0 and let A,(c) = ¢ ™|Ps(c)|~,
where m is the degree of P (P,) with respect to S. By Lemma 4.3, if ¢ € Exp,(Y)
andr € X,

FWI < As(c) sup [Paf(y + Co)| < Ag(c)ll@llc, expsup ||y + ell,

[Sl<e [¢]<e

< Ae(c)H(pHcreHJ’HreSHCHr — Ag(C)Bg(C, r)HQDHCreHyHr,

where B,(c,r) = ¢°l¢l. Hence f € Expg(Y) and property 1 holds.
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Since Y is /q-closed and X < X*° < Y, ug is a surjection by Theorem 4.4. Hence
the transpose ‘up = P, is a weak injective strict morphism, that is, P, : Ax(Y) —
ImP, = Ax(Y) is an isomorphism for the weak topologies a(Ax(Y ), Exps(X)) and
o(ImP,, Exps(X)). Since Exps(X) is the dual of the Fréchet space Ax(Y), P, :
As(Y) — ImP, is an isomorphism for the initial metric topologies [10, p. 265].
Hence ImP, is complete and hence closed in As(Y). Thus ImP, is closed for
the weak topology ¢(Ax(Y),Exps(X)) = o(4x(Y),A5(Y)). Hence property 2 of
Theorem 4.5 holds, and thus the thecorem. W

With X = Exp(C),S’,C™), ¢(C,), r > 0, and the notation used in Section 2 and
Example 2.2, Theorem 4.6 can be applied. Theorem 4.4 can be applied to these
spaces and to X = A(C),S,CN.

Surjectivity on F
Our next objective is to prove that P(D) is a surjection on F for a large class of
symbols P € Exp(Y).

Let X be an /;-closed sequence space and let Y = X°. Denote by B the bilinear
form B : A(X)x Exp(Y) — Hg(X x Y) defined by B(f, p)(x, y) = e~ (fey, pex). We
note that B maps A(X)xExp(Y) into the space S(X x Y') of all Giteaux holomorphic
functions y € Hg(X x Y) with the following property: for every r € X there are
R. € X and M, > 0 such that

sup [p(x,y)| = Iy, y)lc, < Mye?®, yeY.

xeC,

By Theorems 3.3 and 3.4 and fixing one variable at a time, we have the following.

Theorem 4.7. Let X be an /1-closed sequence space and let Y < X*. Let f € A(X)
and @ € Exp(Y). If f, = 0*f and @i = 0P ¢, then

B(f. @)(x.) Zfa(m(p x* fo! (22)
= Z op(D)f (x)y" /B! (23)
-5 Lt &

where all series converge pointwise to B(f,p) and (22) and (24) converge absolutely
in A(X) for fixed y € Y while (23) and (24) converge absolutely in Exp(Y') for fixed
x e X.

Shapiro and Newman [17] show that, in n dimensions, if fo € F, (¢ € Exp, f €
A), then B,(f,¢) € F? and ||fo|l, = || Bu(f,®)|,. Here F, and F? denote the Fock
spaces for C" resp. C" x C", || - ||, the corresponding norms and B, the n-dimensional
analogue of B. The next theorem generalises this result to F and F?. Here F?
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is the subset of A2 = CN"*N™ consisting of all sequences ¢ = (¢,5) such that

I = 5 218 upl? < 0.

Theorem 4.8. Let X be an /-closed sequence space and let Y < X°. If (f,p) €
A(X) x Exp(Y) and fo € F, then B(f, ) € F? and |fo| = |B(f, @)|, with equality
if either @ or f depends only on a finite number of variables.

ProOF. Note that ¢ € U belongs to F if and only if the restriction ¢ of ¢ to the
first n variables belongs to F, for all n and lim [|¢™ |, = sup | ¢ ||, < co. Assume
that fo € F. By the (n-dimensional) analogue of this theorem in [17], we obtain
that

Ifol =lim [(fo)" [, = lim | f" ! |, = lim | B,(f*, o), = N.

If ¢ or f depends only on a finite number of variables, we have by inspection
that B,(f™, ¢!") = B(f, )1 for large n. This proves the second part. To complete
the proof we must prove that N > |B(f,¢)|. By (24), B(f,¢)(x,y) = Zu“ﬁx“yﬂ,
Uyp = (fa p)/a!p. Since

) = ((F") (")) /Bt = ((f)™ (@p)!™) /!B, (@) 1(B) < n.  (25)

we also have that B,(f", !)(x,y) = 37, 1p)2n g X* ", Where I(2) = max, k.
Let v,p = o!B!uyp|> and v”) oc'ﬁ'|u")|2 if I(),I(B) < n, and vi';;) = 0 otherwise.
Then lim Z“ﬂ v;';} = N2 By (25), lim vaﬁ = v,p for all o, B. Fatou’s lemma implies
that Y v, <limY ol = N2 m

Corollary 4.9. Let X be an /i-closed sequence space and let Y < X°. Let (f,p) €

A(X) x Exp(Y) and let f, = 0*f, o5 = 3P ¢. If fo € F, then f,(D)p, ¢4(D)f € F
for all o, B and

Ifel” = IB(f, @) = > [ fD)p]? /ot = Zuq)ﬁ fI7/B. (26)

o

In particular, if 0% ¢ = @g is a non-zero constant for some B, then f € F and |fol|| >
| B(f,®)| = Colf| for some Cy > 0, and analogously if 0*f = f, is a constant different
from zero for some o.

Proor. We know that B(f,¢) € F* and ||fol = |IB(f,@)ll. If uyy = (fu 0p) /2B,
then, by Theorem 4.7 and (24),

If@l* = IB(f. @) = alBluggl* =Y B> oluggl. (27)
off B o

By Theorem 4.7 we have that @g(D)f(x)/p! = >, u,px”*. Hence, (27) shows that
@p(D)f € F for all B, and |B|? coincides with the expression on the right in (26).
The other equality follows similarly. ®
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The hypothesis that 0*P is a non-zero constant for some o is weaker than that
P is a proper polynomial with respect to some subset.

Theorem 4.10. Let X be an /1-closed sequence space contained in /> and let Y < X°.
Let P € Exp(Y) and assume that 0P P is a non-zero constant for some f. Then P(D)
is a surjection on F. In particular P (D) is surjective if P is a proper polynomial with
respect to some S = N.

ProoF. We must prove that the adjoint P(D)" is one-to-one and has a closed image.
Since P(D)* = P*, P(D)" is one-to-one. Moreover, by the assumption on P, 3*P*
is a non-zero constant for some f§. Corollary 4.9 implies that |P*f| > Cyl|/f], for
some Cy > 0 and for all f in the domain of definition of P*. This shows that P*
has a closed image and hence that P(D) is a surjection. W

5. Approximation

We have studied the equations f(D)p = y and ¢(D)f = g in Exp(Y) and A(X)
respectively. The purpose of this section is to show that every homogeneous solution
is the limit of homogeneous solutions consisting of so-called exponential (finitely
supported) polynomials (Theorem 5.4) (see also [2; 7]). To prove this analogue of
Malgrange’s result, we apply Theorem 4.5 and a technique of Treves.

In this section, Z denotes the direct sum C™). Consider the spaces B%) = @.,B
and A% =[], A, endowed with the direct sum and product topologies respectively.
The pairing (9) between A and B puts BZ) and A? in duality in a natural way.
Moreover,

(BE) = (B =u?, (A?) =B?).

Let X,Y be sequence spaces such that Y < X*. Consider the map i : B?) —
Ae(X) defined by i((b.)) = > _,., b-e.. The image is the space of exponential (finitely
supported) polynomials, EB(X). The map j : B?%) — Expg(Y) and the space
E®B(Y) are defined in the same way. For any vector space E, Gateaux holomorphic
function g € Hg(E) and z € E, we put M,f = fg, ©.f = f(- — z), f € Hg(E).

Lemma 5.1. The transposes i : Expg(Y) — A%, : Ae(X) — W? of the maps i and
Jj are given by

ZiQD = (T—z¢)z627 t]f = (T—zf)zEZ'

PrOOF. For y € Y we have ‘M, = t_, on Expg(Y) where the transpose is the
transpose for the duality between Ae(X) and Expg(Y). Since Z = Y

<ib’ @> = Z<bzeZa QD> = Z(bZa T*Z@> = <b, (sz(P)>~

z z

This proves the assertion for i. As 'M, = 1_y, x € X, on Ae(X) and Z < X, the
expression for j follows. W
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Translation by Vectors in Z is well defined in 2 for vectors a € B. Indeed, let
T.a=) ax+z)*=3 ¢,x where

o! .
¢y =¢y(z) = z:ao(iz‘x 7.
= Ip!

However, if a € U, the sum for ¢, may not now be convergent. The set of elements
a € A such that ¢,(z) is convergent for every z € Z and y is denoted by 7;!2 In
particular we have that Ae(X),Expg(Y) < 1! For a € ;'A we define a(D) :
BZ) - B by a(D)(h.) = (1_.a(D)b.). In view of Theorem 4.1, a(D)B%) = BZ)
for every (non-zero) a € ;' (see also [14, lemma 6.4]).

Lemma 5.2. Let a € 1;'. Then ‘a(D) : N? — A% has weakly closed range.

ProOOF. Theorem 4.1 implies that a(D), a # 0, is surjective. Hence the transpose
is a weak injective strict morphism. This means that ‘a(D) : A% — Im'a(D) is an
isomorphism for the weak topologies a(2A%,B%)) and o(Im'a(D),B?)). For any
vector space E, the algebraic dual E* is complete for the weak topology o(E*, E).
Since A% = (BX))*, AZ is complete with respect to the topology o (A%, BZ)). This
implies that Im'a(D) is complete and therefore weakly closed. H

Lemma 5.3. If ¢ € Expg(Y), then i o ¢(D) = @(D) o i where i is the embedding
BZ) - Ae(X). In the same way, jo f(D) = f(D)o j if f € Ae(X) for the embedding
j B - Expg(Y).

Proor. We first prove that @(D)(fe,) = e,(1—,@)(D)f if ¢ € Expe(Y) and f €
Ae(X). Since M, =1,y €Y,
@(D)(eyf)(x) = (fey, pex) = (f,1-y(pex))
= "{f ety ) = M (e, 9)(D)f ().

Hence, if b = (b.) € B?), we obtain that

i(p(D)b) = i[((z—-)(D)b.)] Zez 7_¢)(D)b.
—Z(p(D)bez = Zbez— D)(ib).

This completes the first part of the proof, and the second part follows in the same
way since ‘M, = 1_, on Ap(X). W

We are now ready to prove the main result in this section. One of the keys to the
proof is the following (‘division’) result in Treves [20, p. 36]. Let P be a polynomial
in n variables, and assume that g, € 2, for all z € C" and that there is an entire
function h € A(C") such that (t_,P)g, = t_.h in 2, for all z € C". Then there is an
entire function f € A(C") such that g, =7_.f for all z € C", and hence Pf = h.
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Theorem 5.4. Let X,Y be sequence spaces where X is /1-closed and Y < X°.

Let f € A(X) and let P € Exp(Y) be a polynomial. If P(D)f = 0, then f is the
limit (in A(X)) of homogeneous solutions in EB(X).

Similarly, if P(D)p = 0, ¢ € Exp(Y), for some polynomial P € A(X), then ¢ is
the limit (in Exp(Y)) of homogeneous solutions in EB(Y).

Proor. We apply Theorem 4.5 with

u=P(D):E = Ae(X) = F = Ao(X),
ug = P(D) :Eg = B%) - Fy = B9,

and the pairings (4e(X), Expg(Y)) and (B%), A#). With the notation of Theorem 4.5,
leta=b=i:B% — 4g(X). By Lemmas 5.2 and 5.3 it suffices to establish property
2 in Theorem 4.5. In view of Lemma 5.1 we must prove that, if

(t_.P)b.=1_.0, inA VzeZ=CW, (28)

for some ¢ € Expg(Y) and family b, € U, z € Z, then there is a v € Expg(Y)
such that b, = 7_,y for all z € Z. If (28) holds, it holds for all indexes o such that
ll@)<nandallze ZM ={z€Z : 2 =0,Yk > n} ~ C" Thus

(P =7l in A, Vzezl, (29)

for all n, where P! is the function in n variables obtained by restricting P to
ZW =yl and ¢! and b are defined analogously. By the result in [20, p. 36],
there exists for each n an entire function vy, € A(C") such that

b =1y, zezW~(Cr, (30)

z

Py, = ol (31)

By (30), v, = yu|zm when m > n. Hence the system (y,) defines a function y on
Z = C™N). We prove that i extends by its Taylor expansion about the origin to
define a function in Expg(Y). Let P, denote the principal part for P. Choose ¢ € Y
such that C = P,(c) # 0. As P, € Expg(Y), P, is continuous on Y, and hence
there exists a 6 > 0 such that 0 < C —§ < |PII(c!)| for all n sufficiently large
(n = ns). (Recall that ¢l = > cper € Z) If |p(y)| < Mel¥!r, we have, by (31) and
Lemma 4.2, for arbitrary ¢ > 0

pu(2)] < A(S, ¢,8) sup [Pz + Eclypl(z + &)

[¢l=<e

< Asup [P (z + Ec)) < AMe Il ellr — Bell 2 € ZUI(32)

[¢]<e

where A = A(J,c,e) = ¢ ™/(C—35) and B = AMe*/¢I-, This shows that v € Expg(Z),
and hence y extends to Expg(Y) (Theorem 3.4). By (30) we conclude that b, = 7_, .
This completes the first part of the proof, and the second part follows in the same
way by using the embedding j : B%) — Expg(Y). ®H
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