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Abstract

We prove Malgrange-type existence and approximation theorems for partial dif-
ferential operators and spaces in the ring of formal power series � ≡ ∏

N(N) C ,

N(N) ≡ ⊕∞
1 N, in an infinite number of variables. In particular we study spaces of

entire functions within this framework. With the infinite-dimensional Fourier–Borel
transform as a tool, we prove existence theorems for the spaces �,�, A(X),Exp(Y )
and F . Here � ≡ ⊕N(N)C is the space of finitely supported polynomials, A(X) and
Exp(Y ) are spaces of entire (respectively exponential-type) functions and F is the
Fischer–Fock (Hilbert) space. These spaces are related as follows: � ⊆ Exp(Y ) ⊆
F ⊆ A(X) ⊆ �, and can, pairwise, be considered as dual to one another. The key re-
sult for the existence theorem on F is a division theorem for the spaces Exp(Y ), A(X)
and F . Furthermore, we show that homogeneous solutions can be approximated by
homogeneous solutions consisting of exponential finitely supported polynomials.

1. Introduction

We prove Malgrange-type existence and approximation theorems for partial differen-
tial operators (PDOs) and for spaces in the ring of formal power series �(≡ ∏

N(N) C ,
N(N) ≡ ⊕∞

1 N) in an infinite number of variables. The theory of infinite-dimensional
PDOs, and pseudo-differential operators, in infinite-dimensional domains has been
developed by Aron [1], Boland [2], Dineen [3], Dwyer [6; 7; 8], Gupta [9], Lascar
[13], Khrennikov [11; 12] and Smolyanov [18]. We prove the surjectivity of PDOs
on spaces of entire functions, defined on sequence spaces, in �. Previous studies
have shown that, in order to study infinite-dimensional holomorphy in �, we should
work with nuclear (A-nuclear, fully nuclear) spaces with basis, because then we have
monomial expansions (see [4]). However, we show that it is not the nuclearity of the
domain space that is most important but rather the nuclearity (or semi-reflexivity)
of the corresponding space of entire functions. We obtain a rich theory without re-
quiring any topological structure on the domain space. We introduce a fundamental
notion, �1-closedness, which is a non-topological extension of A-nuclearity and full
nuclearity (see Section 2 and [5]). Every sequence space contains a largest �1-closed
sequence space—the �1-closed core. We prove surjectivity of differential operators on
the Fischer–Fock space F ⊆ �. F is a Hilbert space but not a subring of �. We show
that F is closely related to the rings of entire functions, which we study by the division
theorem (4.9). The Fischer–Fock space in n variables has been studied by Shapiro

∗E-mail: Henrik.Petersson@msi.vxu.se

Mathematical Proceedings of the Royal Irish Academy, 103A (1), 23–43 (2003) c© Royal Irish Academy



24 Mathematical Proceedings of the Royal Irish Academy

[16; 17] and in infinitely many variables by Dwyer [6]. The existence results in Theo-
rem 4.6 reduce, in some cases, to reformulations of known results obtained by Boland
[2]. However, we use different techniques, and our non-topological approach puts
the results in a different perspective. In [2] it is shown that homogeneous solutions
to PDOs can be approximated by homogeneous solutions consisting of exponential
polynomials (see also [7]). In Section 5 we show that the (coarser) family of exponen-
tial finitely supported polynomials are dense in the kernels of differential operators.

This article is based on parts of the author’s doctoral thesis [14].

2. Preliminaries

Given a countable index set A, a sequence space is a subspace X ⊆ CA such that
C (A) ⊆ X ⊆ CA, where C (A), CA denote the direct sum and product respectively of
the set C of complex numbers. Moreover, we tacitly assume that every sequence
space X is completely Reinhardt (CR), i.e. xδ ≡ (δαxα) ∈ X for all x = (xα) ∈ X and
δ = (δα) ∈ CA with |δα| ≤ 1, α ∈ A.

The support of a ∈ CA is the set supp a ≡ {α ∈ A : aα 	= 0}. Hence, C (A) can be
described as all sequences with finite support. A polydisc in a sequence space X is a
set of the form Cr = {x = (xα) ∈ X : |xα| ≤ rα, ∀rα} where r = (rα) ∈ X+. Here X+

denotes the image of X by the map x �→ x+ ≡ (|xα|).
Let ∆(A) denote all sequences δ = (δα > 1) ∈ CA such that δ−1 ≡ (δ−1

α ) ∈ �1(A).
We write ∆ ≡ ∆(N) and �1 ≡ �1(N), where N denotes the set of natural numbers.
A set X ⊆ CA is �1-closed if for every x ∈ X there is a sequence δ ∈ ∆(A) such that
xδ ∈ X. We say that X is uniformly �1-closed if we can take the same δ ∈ ∆(A) for
all x ∈ X.

Definition 2.1. Let P ⊆ CA. The sequence polar set of P is the vector space

P s ≡
{
a = (aα) ∈ CA :

∑
α∈A

|pα||aα| < ∞, ∀p = (pα) ∈ P

}
. (1)

The polydisc topology on P s is the topology generated by the seminorms ‖a‖r ≡∑
A rα|aα|, r ∈ P+.

It is clear that P s = P̂ s, where P̂ is the set of all sequences x ∈ CA such that
x+ ≤ p+

1 + . . .+ p+
n , for some pj ∈ P .

A sequence space X and its sequence polar Xs are naturally paired. The bilinear
form for this pairing is denoted by 〈·, ·〉.

In the literature, P s and its topology are also known as Köthe spaces (see, for
example, [4]). We tacitly assume that X = P s is endowed with the polydisc topology.
It is easily verified that X = P s is complete. The notion of �1-closedness is related
to nuclearity of Köthe spaces X = P s (see also [14]). It is known that X = P s

(P = P̂ ) is nuclear if and only if P is �1-closed (Grothendieck–Pietsch criterion).
This property does not imply that X is �1-closed. However, X = P s is A-nuclear
(see [5]) if and only if P is uniformly �1-closed, and in this case X is uniformly
�1-closed. On the other hand, if X is �1-closed (or uniformly �1-closed), it is not in
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general true that X = P s for some uniformly �1-closed set P . A similar discussion
concerning full nuclearity leads to: every fully nuclear space with basis is of the
form P s where P , P s, P ss are all �1-closed. To sum up, �1-closedness is some sort of
non-topological extension of both full and A-nuclearity.

Theorem 2.1. Let X = P s where P is an �1-closed collection. Then X is semi-reflexive.

The linear hull of any union of CR �1-closed sequence spaces is again completely
Reinhardt and �1-closed. Consequently, every sequence space contains a largest CR
�1-closed sequence space—the �1-closed core (see [14] for details). If X is an �1-
closed sequence space, then, by definition, there is a sequence δj ∈ ∆(A) such that
xδ(j) ∈ X, j = 1, . . . , where δ(j) ≡ δ1δ2 . . . δj ≡ (δ1

α . . . δ
j
α). In fact we have the following

explicit description of the �1-closed core.

Theorem 2.2. Let X be any sequence space. A sequence x ∈ X belongs to the �1-closed
core X1 of X if and only if there is a sequence δj ∈ ∆(A) such that xδ(j) ∈ X, for
all j.

Proof. Let X∗
1 denote the space of sequences with the property described in the

theorem. It is not difficult to prove that X∗
1 is a CR �1-closed vector space contained

in X. Hence X∗
1 ⊆ X1.

Assume now that x ∈ X1. As X1 is �1-closed, there is a sequence δ1 ∈ ∆(A) such
that xδ1 ∈ X1 ⊆ X. But, again, since xδ1 ∈ X1, there is a sequence δ2 ∈ ∆(A) such
that (xδ1 )δ2 = xδ(2) ∈ X1 ⊆ X. We conclude that x belongs to X∗

1 and, since x was
arbitrary, X1 ⊆ X∗

1 .

Example 2.1. The space S of complex-valued Schwarz functions on the real line is
isomorphic to the following Köthe space:

S � P s ≡ {((1 + k)m) :m = 1, . . .}s (= {x : ((1 + k)mxk) ∈ �1 ∀m})

in CN (see, for example, [15]). The collection P is uniformly �1-closed, and conse-
quently S is �1-closed.

Example 2.2. For r ≥ 0 let �(Cr) denote the space of all functions that are analytic
in some neighbourhood of the closed disc |z| ≤ r. We identify functions in �(Cr)
with sequences in CN through the Taylor expansion about the origin. Thus �(Cr)
is the space of all sequences (fn) such that

∑ |fn|Rn < ∞ for some R > r. Clearly,
�(Cr) is �1-closed, and if r < 1 ≤ R we have

A(C) ⊆ �(CR) ⊆ S ⊆ �1 ⊆ �∞ ⊆ �(Cr).

Here A(C) denotes the (�1-closed) space of entire functions.
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3. Formal power series spaces

This section is organised as follows. We introduce the spaces that we study, and show
how they are related by using the infinite-dimensional Fourier–Borel transform.

Definition 3.1. The ring of formal power series is the sequence space � = CN(N)

, where
N(N) ≡ ⊕∞

1 N. The space of finitely supported polynomials is the subring � ≡ C (N(N)).
We assume that � and � are endowed with the product and direct sum topologies
respectively.

We identify the elements eα = (δαβ), α ∈ N(N), with the corresponding (formal)
power xα. Hence, every element (fα) ∈ � may formally be written as

∑
α fαx

α.

Definition 3.2. The Fischer–Fock space is the Hilbert space F consisting of all φ ∈ �
such that

∑
α!|φα|2 < ∞, α! ≡ α1, . . . , endowed with the inner product (ψ, φ) ≡∑

α!ψαφα. The norm on F is denoted by ‖ · ‖.

Note that F is not a subring of �, i.e. the product of two Fischer–Fock functions
may not belong to F .

In the n-dimensional case, the space of entire functions can, by the map

f �→ (f(α)(0)/α!), (2)

be considered a subspace and subring of the space of formal power series in n

variables �n. The space of entire functions endowed with the compact open topology
is the space P s ⊆ CNn

where P consists of all powers (rα)α∈Nn , r = (rk ≥ 0) ∈ Rn.
We shall study entire functions on sequence spaces C (N) ⊆ X ⊆ CN . Any space of
Gâteaux holomorphic functions is embedded in � by (2), where f(α)(0) denotes the
directional derivative along the ‘unit basis’ vectors ek = (δkj ), corresponding to the

multi-index α ∈ N(N), at the origin. We refer to this fundamental observation by
(FO). Note that the map defined by (FO) may not be one-to-one.

Let Θ = Θ(X) denote the family of all polydiscs in X. The observation above
suggests the following definition.

Definition 3.3. Let X ⊆ CN be a sequence space. The space of entire functions on
X in � is the space AΘ ≡ P s ⊆ �, where P = PX ≡ {(rα)α∈N(N) : r ∈ X+}.

The topology on AΘ is thus the topology generated by the seminorms

‖f‖r ≡ ∑
α

|fα|rα, r ∈ X+. (3)

Lemma 3.1. If δ ∈ ∆, then (δ−α) ∈ �1(N
(N)). Moreover, if r ∈ �+

1 , then (rα/α!) ∈
�1(N

(N)) and
∑

α r
α/α! = e‖r‖1 .
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Lemma 3.1 implies that if X is �1-closed then P , that defines AΘ, is an �1-closed
collection. Hence, by Theorem 2.1 we obtain the following.

Theorem 3.2. Let X be an �1-closed sequence space. Then AΘ is semi-reflexive.

Since every metric semi-reflexive space is reflexive, AΘ is reflexive if X is �1-closed
and can be covered by a countable family of polydiscs.

Let X be a sequence space and Θ = Θ(X). We denote by AΘ(X) the space of all
Gâteaux holomorphic functions f on X (i.e. fx;ξ ≡ f(x + (·)ξ) is entire ∀x, ξ ∈ X)
that are bounded on every polydisc Cr ∈ Θ (polydisc-bounded entire functions).
We denote by HG(X) the space of Gâteaux holomorphic functions on a (complex)
vector space X, and the symbols Dξf(x) = ∂ξf(x) ≡ f′

x;ξ(0), f ∈ HG(X), shall be
used for the directional derivative. We endow AΘ(X) with the topology generated
by the seminorms

‖f‖Cr ≡ sup
x∈Cr

|f(x)|, Cr ∈ Θ. (4)

It is easily verified that AΘ(X) is complete.
Now, every element (fα) in AΘ defines a function in AΘ(X) by f(x) ≡ ∑

fαx
α

where the series converges absolutely in AΘ(X). On the other hand, every function
f ∈ AΘ(X) defines a sequence in � by virtue of (FO), i.e. by f �→ (f(α)(0)/α!) ∈ �.

Let X be a sequence space and let Cr be a polydisc in X. Let XCr denote the space
�∞
n=1nCr endowed with the topology generated by the Minkowski functional for Cr .

We denote by XΘ the space X endowed with the finest topology (not necessarily
locally convex) such that the embeddings XCr → X, Cr ∈ Θ(X), are continuous.
Every function f ∈ AΘ(X) is continuous on XΘ, i.e. continuous on every XCr (see [5,
prop. 3.7] or [14, lemma 3.3]).

Theorem 3.3. Let X be an �1-closed sequence space. Then the spaces AΘ and AΘ(X)
are (topologically) isomorphic by (FO);

AΘ(X) FO� AΘ.

Moreover, the power series
∑

α fα(·)α converges pointwise to f ∈ AΘ(X) for every x in
the �1-closed core of X and absolutely in AΘ(X) if X is �1-closed.

Proof. Let r ∈ X+ be arbitrary. For any given (fα) ∈ AΘ, we have f(x) ≡ ∑
fαx

α ∈
AΘ(X) and

‖f‖Cr = sup
x∈Cr

|∑ fαx
α| ≤ ∑ |fαrα| = ‖f‖r.

This proves continuity of the embedding AΘ → AΘ(X).
Next, assume that X is �1-closed. Let f ∈ AΘ(X) be arbitrary and put fα ≡

f(α)(0)/α!. Let r ∈ X+ be arbitrary and choose δ ∈ ∆ such that rδ ∈ X. By the
Cauchy formula we obtain the estimate |fαrα| ≤ δ−α‖f‖Crδ and hence (fα) ∈ AΘ by
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Lemma 3.1. In fact we have

‖f‖r ≤ ∑
δ−α‖f‖Crδ = ‖δ−1‖1‖f‖Crδ .

This proves that the map defined by (FO) maps AΘ(X) into AΘ continuously. It
remains to prove that the map AΘ(X) → AΘ is one-to-one. This means that a
function f ∈ AΘ(X) is uniquely determined by its restriction to the direct sum C (N).
We must prove that, if f ∈ AΘ(X) and f(α)(0) = 0 for all α, then f = 0. Hence, it
suffices to prove the last part of the theorem.

Let x ∈ X be a sequence in the �1-closed core. Then there is a sequence δ ∈ ∆
such that xδ ∈ X. Let rk ≡ |xk| and r = (rk). As X is completely Reinhardt,
rδ ∈ X. From the first part of the proof, the power series for every f ∈ AΘ(X)
defines a function in AΘ1

(X1). Here X1 and Θ1 denote the �1-closed core of X
and the collection of polydiscs in X1 respectively. Thus, f and its power series are
both continuous on XB where B = Crδ . By the assumption on δ it follows that
C (N) � x(n) ≡ ∑n

k=1 xkek → x in XB . This proves pointwise convergence as f and its
power series coincide on the direct sum.

Finally, assume that X is �1-closed and f ∈ AΘ(X). By the first part of the proof,
the power series for f converges absolutely to some function in AΘ(X), and, from
the above, it converges to f.

As a common notation for the spaces AΘ, AΘ(X) we use A(X). If X is an
A-nuclear space (or fully nuclear), and thus �1-closed, then A(X) is the ‘usual’ space
of entire functions (compact open topology).

Definition 3.4. Let X be a sequence space. The space of exponential-type functions
with respect to X in � is the space ExpΘ ≡ �r∈X+Expr where Expr is the space of
all formal power series (ϕα) ∈ � such that, for some M > 0, |ϕα| ≤ Mrα/α!, ∀α.
Each Expr is endowed with the (Banach) norm topology generated by the norm

‖ϕ‖r ≡ inf{M : |ϕα| ≤ Mrα/α!, ∀α ∈ N(N)}, (5)

and ExpΘ with the corresponding inductive locally convex topology.

Let X,Y be given sequence spaces such that Y ⊆ Xs. We denote by ExpΘ (Y )
the space of all ϕ ∈ HG (Y ) such that

‖ϕ‖Cr ≡ sup
y∈Y

|ϕ (y) |e−‖y‖r < ∞, (6)

for some r ∈ X+. We have ExpΘ (Y ) = �r∈X+Expr (Y ), where Expr(Y ) is the space of
all functions ϕ ∈ HG (Y ) that satisfies (6). We endow each Expr (Y ) with the (Banach)
norm topology generated by the norm (6) and ExpΘ (Y ) with the corresponding
inductive locally convex topology.

The space Y (⊆ Xs) endowed with the polydisc topology is denoted by YΘ.
Previous arguments show that every ϕ ∈ ExpΘ(Y ) is continuous on YΘ.
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Theorem 3.4. Let X,Y be sequence spaces such that Y ⊆ Xs. Then ExpΘ, ExpΘ(Y )
are (topologically) isomorphic by (FO);

ExpΘ(Y ) FO� ExpΘ.

Moreover, the power series
∑
ϕα(·)α converges pointwise to ϕ for every ϕ ∈ ExpΘ(Y ).

If X is �1-closed, the series converges absolutely in ExpΘ(Y ).

Proof. We prove that the embedding (ϕα) �→ ∑
ϕαy

α ≡ ϕ(y) between ExpΘ and
ExpΘ(Y ) is continuous. We must prove that the restriction to every Expr is continu-
ous. Let r ∈ X+ be arbitrary. By Lemma 3.1 we have

|ϕ(y)| ≤ ∑ |ϕα||yα| ≤ ‖ϕ‖r
∑ |rα||yα|/α! = ‖ϕ‖re‖y‖r . (7)

Hence, Expr is mapped into Expr(Y ) continuously with ‖ϕ‖Cr ≤ ‖(ϕα)‖r . This proves
the assertion.

Let ϕ ∈ Expr(Y ) be arbitrary. Then |ϕ(y)| ≤ ‖ϕ‖Cre‖y‖Cr . The Cauchy formula
gives the estimate |ϕ(α)(0)| ≤ ‖ϕ‖Cr (er)α. Indeed, we can assume that rk 	= 0 for
all k ∈ supp α because otherwise ϕ(α)(0) = 0. In view of this the Cauchy formula
gives the desired estimate by integrating on the polycircle |zk| = αk/rk , k ∈ supp α.
Hence, if ϕα ≡ ϕ(α)(0)/α!, then (ϕα) ∈ Exper and ‖(ϕα)‖er ≤ ‖ϕ‖Cr . Hence, the map
induced by (FO) maps Expr(Y ) into Exper continuously, and ExpΘ(Y ) → ExpΘ is
continuous.

From the first part of the proof, the power series for every function in ExpΘ(Y )
defines a function in ExpΘ(Y ). Moreover, every function ϕ ∈ ExpΘ(Y ) coincides with
its power series on the direct sum C (N). Hence, pointwise convergence follows by the
continuity of ϕ on YΘ, together with the observation that C (N) � y(n) ≡ ∑n

k ykek → y

in YΘ. Assume that X is �1-closed and ϕ ∈ Expr(Y ). If δ ∈ ∆ is chosen so that
rδ ∈ X, then

|ϕαyα| ≤ ‖ϕ‖Cr (er)α|yα|/α! ≤ ‖ϕ‖Crδ−α(erδ)α|yα|/α! ≤ ‖ϕ‖Crδ−αe‖y‖erδ .

Hence, ϕα(·)α belongs to Experδ (Y ) for all α with norm not greater than ‖ϕ‖Crδ−α.
This shows absolute convergence and proves the theorem.

We use the symbol Exp(Y ) for the spaces ExpΘ(Y ) and ExpΘ.
In studying PDOs on spaces in �, it is interesting to characterise the image of

the Fourier (Borel) transform � defined by � : λ �→ ((�λ)α) ∈ �, λ ∈ �∗,

(�λ)α ≡ 〈λ, xα/α!〉 = 〈λ, eα/α!〉. (8)

Suppose that A ⊆ � and that B ⊆ � is the Fourier image of A′, where A is endowed
with a topology for which the elements eα form a (weak) basis. Then we may put A
and B into duality by the formula

〈a, b〉 =
∑

α!aαbα (= 〈λ, a〉, �λ = b). (9)
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This is useful, as the transpose of differential operators becomes multiplication (in
�) by the corresponding symbol (see Section 3.1).

We now have the following Paley–Wiener–Schwartz-type theorem. In view of
Theorems 3.3 and 3.4 the proof is quite elementary and we omit it.

Theorem 3.5. Let X be an �1-closed sequence space. Then the Fourier transform � is
an isomorphism between A′

Θ (strong topology) and ExpΘ (� ExpΘ(Y ), Y ⊆ Xs). The
formula

〈f, ϕ〉 =
∑

α!fαϕα, f ∈ A(X), ϕ ∈ Exp(Y ), (= 〈λ, f〉, �λ = ϕ), (10)

puts A(X) and Exp(Y ) into duality such that A′(X) = Exp(Y ) and Exp′(Y ) = A(X).
Moreover, if ϕ ∈ Expr(Y ), then

|〈f, ϕ〉| ≤ ‖f‖er‖ϕ‖Cr ≤ Dδ‖f‖eCrδ ‖ϕ‖Cr , Dδ ≡ ∑
δ−α, (11)

where δ ∈ ∆ and rδ ∈ X.

Remark 3.1. When we identify ExpΘ with ExpΘ(Y ), the Fourier transform is given
by λ �→ 〈λ, ey〉. Here ey ∈ AΘ(X) is the kernel defined by ey(x) ≡ e〈x,y〉. We refer to
this map as the Fourier transform between A′(X) and ExpΘ(Y ) and denote it by
�. The dual operator �′ : Exp′(Y ) → A′′(X) = A(X) is given by �′µ(x) = 〈µ, ex〉
where ex = e〈x,·〉 ∈ ExpΘ(Y ).

Consider the spaces � ≡ CN(N)

and � ≡ C (N(N)). As N(N) is countable, � is a
reflexive Fréchet space with respect to the product topology. Moreover, � endowed
with the direct sum topology is the strong dual of � with duality (9). Hence we may
put � and � into duality by the bracket (9), and we have

�′ = �, �′ = �∗ = �. (12)

Remark 3.2. (12) is the analogue of Theorem 3.5 for the spaces � and �. Further,
�F = �F ′ = F because this is precisely F = F ′ in the Hilbert space sense.

If X ⊆ �2, we have a natural continuous embedding i : Exp(Y ) → F ,
∑
ϕαy

α �→
(ϕα) with dense image (in some literature such a continuously and densely embedded
space is called a rigged Hilbert space). Thus Exp(Y ) is a subring of � densely
embedded in F . The transpose j = ti : F → A(X) is the injection jφ =

∑
φαx

α. In
the present situation, we are dealing with the following sequence of injections

� → Exp(Y ) → F → A(X) → �, X ⊆ �2. (13)

3.1. Differential operators
We introduce differential operators on the spaces �,�, A(X),Exp(Y ) and F . A more
general discussion, concerning differential operators on spaces in the ring �, can be
found in [14].
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Assume that A ⊆ � is a subring endowed with a topology for which the elements
eα = xα, α ∈ N(N), form a weak basis (σ(A′, A)) and for which the multiplication
operator c �→ ac, c ∈ A is continuous for every a ∈ A. As (eα)α is a basis, the Fourier
transform on A′ is one-to-one. Assume that B ≡ �A′ is the Fourier image and put
A and B into duality by (9). Let a ∈ A and define a(D) by �a′�−1, i.e. a(D) = ta,
where a′ and ta denote the adjoint and the transpose (duality between A and B)
respectively of the multiplication operator a. Hence a(D) is, by definition, continuous
for the topology σ(B,A) with ta(D) = a. It is also easy to prove that a(D) is given by
a(D)b =

∑
α aαD

αb where the series converges with respect to σ(B,A). Here Dα = ∂α,
α ∈ N(N), denotes the operator on �, corresponding to the directional derivative
along the vectors ek . In the other direction, we can define differential operators on
A with symbols in B. The set (eα)α is a basis for (B, σ(B,A)). Moreover, the Fourier
transform image of B′ = A for this topology is A. Hence, if B is endowed with any
dual topology (i.e. a topology for which the dual is A) and B is continuously closed
under multiplication, we can define b(D) : A → A, b ∈ B, in the same way.

Multiplication b �→ ab, a, b ∈ �, is easily seen to be continuous in the ring �,
and thus the operator a(D) : � → �, defined by a(D) ≡ ta = �a′�−1, is given by

a(D)b =
∑

aαD
αb (14)

with weak convergence. Moreover, it is weakly continuous for the pairing (9) with
transpose ta(D) = a. In the same way, � = ��′ is a subring of � and continuously
closed under multiplication. Thus, if b ∈ �, we may define b(D) ≡ tb : � → � so
that tb(D) = b and b(D)a is given by (14) with the roles of a and b interchanged. To
sum up, we have defined

a(D) ≡ ta : � → �, b(D) ≡ tb : � → �, a ∈ �, b ∈ �.

Next, assume that X is �1-closed and that Y ⊆ Xs. It is easily checked that both
A(X) and Exp(Y ) are continuously closed under multiplication by functions in the
respective space. If f ∈ A(X) and ϕ ∈ Exp(Y ), we define

f(D) ≡ tf : Exp(Y ) → Exp(Y ), ϕ(D) ≡ tϕ : A(X) → A(X).

From the discussion above, f(D)ϕ =
∑
fαD

αϕ and ϕ(D)f =
∑
ϕαD

αf with weak
convergence. In particular this means pointwise convergence for

f(D)ϕ(y) = 〈ey, f(D)ϕ〉 =
∑

fα〈ey, Dαϕ〉 =
∑

fαD
αϕ(y)

and similarly for ϕ(D)f. This can be strengthened as follows.

Theorem 3.6. Let X,Y be sequence spaces where X is �1-closed and Y ⊆ Xs. If f =∑
fα(·)α ∈ A(X) and ϕ =

∑
ϕα(·)α ∈ Exp(Y ) then

f(D)ϕ =
∑

fαD
αϕ, ϕ(D)f =

∑
ϕαD

αf,
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with absolute convergence in Exp(Y ) and A(X) respectively. Moreover, the operators
f(D) and ϕ(D) are both continuous.

Proof. That the series converges pointwise is already established. Next assume that
ϕ ∈ Expr(Y ), |ϕ(y)| ≤ ‖ϕ‖Cre‖y‖r . Then

|Dαϕ(y)| ≤ ‖ϕ‖Cr (er)αe‖y‖r

(see the proof of Theorem 3.4). Hence fαD
αϕ ∈ Expr(Y ) for all α with norm not

greater than ‖ϕ‖Cr |fα|(er)α. This gives absolute convergence and continuity of the
map f(D) on Exp(Y ).

Next assume that ϕ ∈ Expr(Y ), r ∈ X+ and hence that |ϕα| ≤ ‖ϕ‖Cr (er)α/α!
(Theorem 3.4). Let R ∈ X+ and choose δ ∈ ∆ so that rδ ∈ X. If R′ = erδ + R, the
Cauchy estimates imply that

(er)α|Dαf(x)| ≤ α!

δα
‖f‖CR′

for all x ∈ CR . Hence, ‖ϕαDαf‖CR ≤ ‖ϕ‖Crδ−α‖f‖CR′ for all α. By Lemma 3.1 this
shows that the series for ϕ(D)f converges absolutely and the map ϕ(D) is continuous
on A(X).

Next we consider operators on F . Let ϕ ∈ Exp(Y ) be any symbol and assume
that X ⊆ �2. Then f �→ ϕf, f ∈ D, where D ≡ {f :ϕf ∈ F} is a densely defined
operator on F . We define

ϕ(D) ≡ tϕ : F ⊇ � → F, ϕ ∈ Exp(Y ),

where tϕ is the transpose of ϕ for the duality between F and itself with respect to
the bilinear form (9).

Theorem 3.7. Let X,Y be sequence spaces where X ⊆ �2 is �1-closed and Y ⊆ Xs.
Let ϕ ∈ Exp(Y ) be any symbol. Then ϕ :F ⊇ D → F is a densely defined closed
operator on F . Thus ϕ(D) is a densely defined closed operator on F with adjoint
ϕ(D)∗ = ϕ∗ where ϕ∗ is obtained from ϕ by conjugating its coefficients. Further,
ϕ(D) = ϕ̄(D) ⊆ ϕ̂(D) where ϕ̄(D) denotes the closure in F of ϕ(D) : � → �, and
ϕ̂(D) :F ⊇ D̂ → F , D̂ ≡ {f ∈ F :ϕ(D)f ∈ F}, thus defined, is closed.

Proof. We prove that ϕ is weakly closed. Assume that D � fγ → f and that
ϕfγ ≡ gγ → g in (F, σ(F, F)). Since gγ → g weakly, gγα → gα for every α. By the
(�,�) duality we obtain that

α!(ϕf)α = 〈ϕf, (·)α〉 = 〈f, ϕ(D)(·)α〉
= lim〈fγ, ϕ(D)(·)α〉 = lim〈ϕfγ, (·)α〉 = lim α!gγα = α!gα.

Thus ϕf = g, which proves the assertion.
As ϕ is closed, we conclude that tϕ(D) = ϕ, which gives the statement concerning

the adjoint.
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Next we prove that ϕ(D) = tϕ is an extension of ϕ̄(D) (it is easily checked
that ϕ(D) : � → � is closable). Assume that f ∈ D̄ where D̄ is the domain of
definition of ϕ̄(D). This means that there is a net fγ ∈ � such that fγ → f and
ϕ(D)fγ → ϕ̄(D)f = g in F for the weak topology σ(F, F). Hence, the duality between
� and � gives

〈ϕh, f〉 = lim〈ϕh, fγ〉 = lim〈h, ϕ(D)fγ〉 = 〈h, g〉
for all h ∈ D. This proves the statement.

We prove that tϕ ⊆ ϕ̄(D) or, equivalently, that ϕ is an extension of tϕ̄(D) (since
ϕ̄(D) is weakly closed). Assume that f belongs to the domain of definition of tϕ̄(D).
This means that there is a g = tϕ̄(D)f such that 〈f, ϕ̄(D)h〉 = 〈g, h〉 for all h ∈ D̄.
Since the monomials belong to � ⊆ D̄, the duality between � and � implies that

α!gα = 〈g, (·)α〉 = 〈f, ϕ(D)(·)α〉 = 〈ϕf, (·)α〉 = α!(ϕf)α.

Thus ϕf = g. Hence f ∈ D and ϕ is an extension of tϕ̄(D).
From the proof that ϕ is closed we deduce that ϕ̂(D) is weakly closed.
Finally we prove that ϕ̂(D) is an extension of ϕ(D) = tϕ. Assume that f belongs

to the domain of tϕ. This means that there is a g = tϕf such that 〈f, ϕh〉 = 〈g, h〉
for all h ∈ D. Since the monomials belong to D, we obtain, by the duality between
A(X) and Exp(Y ), that

a!gα = 〈g, (·)α〉 = 〈f, ϕ(·)α〉 = 〈ϕ(D)f, (·)α〉 = α!(ϕ(D)f)α.

Hence f ∈ D̂ and g = ϕ̂(D)f.

4. Existence theorems

The ‘finite-dimensional’ version of the following theorem is proved by Treves in [20,
p. 29] (see also [19, p. 96]).

Theorem 4.1. a(D)� = � and b(D)� = � for every non-zero a ∈ � and b ∈ �.

Proof. A linear operator is surjective if and only if its algebraic transpose is injective.
Hence, to prove that a(D)� = � we show that a(D)∗ is one-to-one. Since ta(D) = a

and �∗ = �, we have a(D)∗ = a. The multiplication operator a is obviously injective.
This establishes the first part of the theorem.

Next we prove that b(D) is surjective. � is a Fréchet space with strong dual �.
Hence, it suffices to prove that the transpose b is one-to-one and has closed image.
The one-to-one property is clear. By (12), �∗ = � = �′ (� � C (N)), and hence every
linear form on � is continuous. This implies that every subspace of � is closed. In
particular, the image of b is closed.

Surjectivity on A(X) and Exp(Y )
For S ⊆ N and α ∈ N(N) let |α|S ≡ ∑

k∈S αk and |α|N = |α|. A polynomial in �
is an element a ∈ � such that supaα 	=0 |α| < ∞ (the degree of a). Similarly, a is a



34 Mathematical Proceedings of the Royal Irish Academy

polynomial with respect to S ⊆ N when supaα 	=0 |α|S < ∞ (the degree of a with
respect to S).

For a sequence space X and S ⊆ N, let XS ≡ {x ∈ X : supp x ⊆ S} and
NS ≡ {α ∈ N(N) : supp α ⊆ S}. We have a natural decomposition X = XS ⊕XS ′ and
(projection) map X � x �→ xS ∈ XS , where S ′ ⊆ N is the complement of S . We write
(xS , xS ′ ) ≡ xS + xS ′ .

If X is �1-closed, then P ∈ AΘ(X) (and similarly for functions in ExpΘ(Y )) can
be written uniquely in the form

P (x) =
∑
β∈NS

uβ(x)x
β
S , (15)

where each uβ ∈ AΘ(X) does not depend on the variables xk , k ∈ S . It is clear that P
is a polynomial with respect to S if and only if supuβ 	=0 |β| = supuβ 	=0 |β|S < ∞, and
this finite integer gives the degree. The principal part (with respect to S) is defined
by

PS (x) ≡ ∑
|β|=m
β∈NS

uβ(x)x
β
S ,

where m is the degree of P with respect to S . We say that P is a proper polynomial
with respect to S when the functions uβ , |β| = m are constants, that is, the principal
part depends only on the variables xk , k ∈ S .

In the finite-dimensional case we have the following (compare with [20, lemma
8.1]).

Lemma 4.2. Let P ∈ A(Cn), P (z) =
∑

α∈Nn aαz
α, be a polynomial of degree m with

respect to S ⊆ {1, . . . , n}. For arbitrary ε > 0 and c ∈ Cn
S we have

|PS (c, zS ′ )h(z)| ≤ ε−m sup
ζ∈C, |ζ|≤ε

|P (ζc+ z)h(ζc+ z)|, (16)

for all z ∈ Cn and every entire function h ∈ A(Cn).

Proof. Assume first that P is a polynomial in one complex variable, P (z) =
Azm + P̃ (z), where P̃ is of degree less than m and A 	= 0. Consider the polynomial
Q(z) ≡ zmP ∗(1/z), where P ∗ is obtained from P by conjugating its coefficients. If
|z| = r, we have that Q(z) = zmP ∗(z̄/|z|2) = zmPr(z) where Pr(z) ≡ P (z/r2). By the
maximum modulus theorem, we obtain for any entire function h that

|Ah(0)| = |Q(0)hr(0)|
≤ sup

|z|=r
|Q(z)hr(z)| = rm sup

|z|=r
|Pr(z)hr(z)| = rm sup

|z|=1/r

|P (z)h(z)|. (17)

Here hr(z) ≡ h(z/r2).
Now assume that P ∈ A(Cn) is an entire function of the form P (z1, . . . , zn) =

A(z2, . . . , zn)z
m
1 + P̃ (z1, . . . , zn) where P̃ is of degree less than m in the variable z1 and

A 	= 0 is an entire function. Let z1, . . . , zn be fixed complex numbers. Consider the
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polynomial in one variable defined by Pz1 ,...,zn(z) ≡ P (z+ z1, z2, . . . , zn). It follows that
Pz1 ,...,zn is of the form Azm + P̃1 where P̃1 is of degree less than m in z. By (17)

|Ah(z1, . . . , zn)| = |Ahz1 ,...,zn(0)|
≤ rm sup

|z′ |=1/r

|Pz1 ,...,zn(z′)hz1 ,...,zn(z′)|
≤ rm sup

|z′
1|=1/r

|P (z1 + z′
1, . . . , zn)h(z1 + z′

1, . . . , zn)|. (18)

Here hz1 ,...,zn is defined in the same way as Pz1 ,...,zn .
Finally, let P be an arbitrary polynomial with respect to S . We may suppose

that S = {1, . . . , k} for some k ≤ n. Moreover, we can assume that (Cn
S �) c =

(c1, . . . , ck, 0, . . . , 0) 	= 0 and, for simplicity, that c1 	= 0. Consider the change of
variables ζ = Lz, described by ζ1 = c1z1, ζj = cjz1 − zj , j = 2, . . . , k, ζj = zj , j =
k + 1, . . . , n. Since c1 	= 0, the transformation L is bijective and the composition
PL ≡ PL has the form PL(z) = PS (c, zS ′ )zm1 + P̃ (z), where P̃ is of degree less than m
in the variable z1. Moreover, (L−1z)S ′ = zS ′ . Hence by (18) we obtain that

|PS (c, zS ′ )h(z)| = |PS (c, (L−1z)S ′ )hL(L
−1z)|

≤ ε−m sup
|ζ ′ |≤ε

ζ=(ζ ′ ,0,...,0)

|PL(ζ + L−1z)hL(ζ + L−1z)|

≤ ε−m sup
|ζ ′ |≤ε

ζ=(ζ ′ ,0,...,0)

|P (Lζ + z)h(Lζ + z)|

≤ ε−m sup
|ζ|≤ε
ζ∈C

|P (ζc+ z)h(ζc+ z)|.

Our next objective is to generalise Lemma 4.2 to functions in AΘ(X). If Y ⊆ Xs,
a (Y -) cylinder function is a function h ∈ AΘ(X) of the form h = u ◦ πF , F =
(y1, . . . , yn) ∈ Y n, where u ∈ A(Cn) and πF is the projector πF : X → Cn defined
by πF (x) ≡ (〈x, yk〉). If X is �1-closed, Theorem 3.3 shows that the space of (Y -)
cylinder functions AY (X) is a dense subspace of AΘ(X). If f ∈ HG(X), f[n] is the
entire function in n complex variables defined by f(z) ≡ f(

∑n
1 zkek). Moreover, we

write x[n] = (x1, . . . , xn) ∈ Cn and x(n) =
∑n

1 xkek ∈ C (N) for x = (xk) ∈ X. Lemma 4.2
can be generalised in the following way.

Lemma 4.3. Let X be an �1-closed sequence space. Let P ∈ AΘ(X), P (x) =
∑

β∈NS

uβ(x)x
β
S , be a polynomial of degree m with respect to S . For arbitrary ε > 0 and c ∈ XS

we have that

|PS (c, xS ′ )f(x)| ≤ ε−m sup
|ξ|≤ε, ξ∈C

|P (x+ ξc)f(x+ ξc)|, (19)

for all x ∈ X and every entire function f ∈ AΘ(X).

Proof. By our assumption, P [n] ∈ A(Cn) is a polynomial with respect to S [n] ≡
S � {1, . . . , n} for every n. We first prove that the degree of P with respect to S is



36 Mathematical Proceedings of the Royal Irish Academy

equal to the degree of P [n] with respect to S [n] for n sufficiently large. It follows that
u

[n]
β , l(β) ≤ n, are the ‘coefficient functions’ for P [n] in the expansion (15). Hence

the degree of P [n] is less than or equal to the degree of P . If uβ0
(x0) 	= 0, then, by

continuity of the functions in AΘ(X) on XΘ, u[n]
β0

(x[n]
0 ) 	= 0 for all n sufficiently large.

It follows that the degree of P is less than or equal to the degree of P [n] for all large
n. We also have (PS )

[n] = (P [n])S [n] for the principal parts. For arbitrary ε > 0 and
c ∈ XS , Lemma 4.2 shows that for all n sufficiently large and x ∈ Cr

|(PS )[n](c[n], x[n]
S ′ )f

[n](x[n])| ≤ |(P [n])S [n] (c[n], (x[n])S [n]′ )f
[n](x[n])|

≤ ε−m sup
|ξ|≤ε,ξ∈C

|P [n](ξc[n] + x[n])f[n](ξc[n] + x[n])|

≤ ε−m sup
|ξ|≤ε,ξ∈C

|P (ξc(n) + x(n))f(ξc(n) + x(n))|. (20)

Since PS , f ∈ AΘ(X), and functions in AΘ(X) are continuous on XΘ, the left-hand
side of (20) tends to PS (c, xS ′ )f(x) as n tends to infinity. Thus we are finished if we
can prove that for every g ∈ AΘ(X) and δ > 0 there exists nδ ∈ N such that

sup
|ξ|≤ε

|g(x(n) + ξc(n))| ≤ δ + sup
|ξ|≤ε

|g(x+ ξc)|, (21)

for all n ≥ nδ (put g = Pf). Note that for any h ∈ AY (X), Y = C (N), there is an
integer nδ ∈ N such that sup|ξ|≤ε |h(x+ ξc) − h(x(n) + ξc(n))| ≤ δ for n ≥ nδ . Indeed,
h is of the form h = u ◦ πF where u is entire and πF : X → Cm is a projector.
Put rk ≡ |xk| + ε|ck| and r = (rk) ∈ X+. Then the set πF (Cr) is contained in some
compact set in Cm. As u is uniformly continuous on compact sets, the assertion now
follows from the fact that πF is weakly continuous and x(n) → x, c(n) → c weakly
(σ(X,Y )). Next, as AY (X) is dense in AΘ(X), we can find gδ ∈ AY (X) such that
‖gδ−g‖Cr ≤ δ/3. Choose nδ ∈ N such that sup|ξ|≤ε |gδ(x+ξc)−gδ(x(n)+ξc(n))| ≤ δ/3
for all n ≥ nδ . If n ≥ nδ and |ξ| ≤ ε, we obtain that

|g(x(n) + ξc(n))| ≤ |g(x(n) + ξc(n)) − gδ(x
(n) + ξc(n))| + |gδ(x(n) + ξc(n))

−gδ(x+ ξc)| + |gδ(x+ ξc) − g(x+ ξc)| + |g(x+ ξc)|
≤ δ + |g(x+ ξc)|.

Taking the supremum over ξ ≤ ε yields (21).

Theorem 4.4. Let X,Y be sequence spaces where X is �1-closed and Y ⊆ Xs. Let
P (D) : Exp(Y ) → Exp(Y ) be a differential operator with symbol P ∈ A(X) where P
is a proper polynomial with respect to some S ⊆ N. Then P (D) : Exp(Y ) → Exp(Y )
is a surjection.

Proof. Let ϕ0 = �λ0 ∈ ExpΘ(Y ), λ0 ∈ A′
Θ(X) be arbitrary. By (19) and the

assumption that P is a proper polynomial with respect to S , it follows that
P :AΘ(X) → AΘ(X) is one-to-one with continuous inverse P−1 : ImP → AΘ(X).
Indeed, by an appropriate choice of c, PS (c) 	= 0, and (19) gives, for any r ∈ X+,
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|PS (c)|‖f‖Cr ≤ ε−m‖Pf‖Cr+εc+ for all f ∈ AΘ(X) where ε > 0 is arbitrary. Conse-

quently, λP ≡ λ0 ◦ P−1 ∈ (ImP )′. By the Hahn–Banach theorem, λP has a continu-
ous extension λ ∈ A′

Θ(X). With ϕ ≡ �λ ∈ ExpΘ(Y ), we obtain that P (D)ϕ(y) =
〈λ, Pey〉 = ϕ0(y). This proves that P (D) is a surjection.

The following fundamental theorem is proved in [20, theorem B, p. 22].

Theorem 4.5. Let E, F be locally convex Hausdorff spaces, with topological duals
E ′, F ′, and let (E0, E

′
0), (F0, F

′
0) be any (non-degenerate) paired spaces. Assume that

u : E → F , u0 : E0 → F0, a : E0 → E, b : F0 → F are weakly continuous, that a, b
have dense images and that b ◦ u0 = u ◦ a. If the following hold true:

1. tu0(y0) ∈t a(E ′), y0 ∈ F ′
0 ⇒ y0 ∈t b(F ′), that is, tu0

−1(ta(E ′)) ⊆t b(F ′),
2. kert u0 = {0} and tu0(F

′
0) is weakly closed,

then a(ker u0) is dense in ker u, and if, in addition, E and F are Fréchet spaces, u is a
surjection.

If the sequence space X can be covered by a countable family of polydiscs, A(X) is
Fréchet. For such spaces we have the following.

Theorem 4.6. Let X,Y be sequence spaces where X is �1-closed and Y ⊆ Xs. Assume
that X can be covered by a countable family of polydiscs. Let P (D) : A(X) → A(X)
be a differential operator with symbol P ∈ Exp(Y ), where P is a proper polynomial
with respect to some S ⊆ N. Then P (D) is a surjection.

Proof. We can assume that Y = C (N). By hypothesis, AΘ(X) is a reflexive Fréchet
space. We apply Theorem 4.5, with

u = P (D) : E ≡ AΘ(X) → F ≡ AΘ(X),

u0 = Pa(D) : E0 ≡ ExpΣ(X) → F0 ≡ ExpΣ(X),

and pairings (AΘ(X),ExpΘ(Y )) and (AΣ(Y ),ExpΣ(X)) where Σ = Θ(Y ) denotes the
set of polydiscs in Y , Pa ∈ AΣ(Y ) the image of P under the natural embedding
ExpΘ(Y ) → AΣ(Y ), and a = b : ExpΣ(X) → AΘ(X) the continuous embeddings with
dense images. It is clear that the embedding ExpΘ(Y ) → AΣ(Y ) is the transpose of
a and that P (D) ◦ a = a ◦ Pa(D).

Property 1 of Theorem 4.5 follows from Lemma 4.3 and estimate (19). Indeed,
ta is the embedding ExpΘ(Y ) → AΣ(Y ) and tPa(D) = Pa : AΣ(Y ) → AΣ(Y ). Thus
we must prove that, if f ∈ AΣ(Y ) and Paf = ϕ for some ϕ ∈ ExpΘ(Y ), then
f ∈ ExpΘ(Y ). It is clear that Pa is a proper polynomial with respect to S with
principal part a(PS ). Choose c such that PS (c) 	= 0 and let Aε(c) ≡ ε−m|PS (c)|−1,
where m is the degree of P (Pa) with respect to S . By Lemma 4.3, if ϕ ∈ Expr(Y )
and r ∈ X+,

|f(y)| ≤ Aε(c) sup
|ξ|≤ε

|Paf(y + ξc)| ≤ Aε(c)‖ϕ‖Cr exp sup
|ξ|≤ε

‖y + ξc‖r
≤ Aε(c)‖ϕ‖Cre‖y‖r eε‖c‖r = Aε(c)Bε(c, r)‖ϕ‖Cre‖y‖r ,

where Bε(c, r) ≡ eε‖c‖r . Hence f ∈ ExpΘ(Y ) and property 1 holds.
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Since Y is �1-closed and X ⊆ Xss ⊆ Y s, u0 is a surjection by Theorem 4.4. Hence
the transpose tu0 = Pa is a weak injective strict morphism, that is, Pa : AΣ(Y ) →
ImPa ⊆ AΣ(Y ) is an isomorphism for the weak topologies σ(AΣ(Y ),ExpΣ(X)) and
σ(ImPa,ExpΣ(X)). Since ExpΣ(X) is the dual of the Fréchet space AΣ(Y ), Pa :
AΣ(Y ) → ImPa is an isomorphism for the initial metric topologies [10, p. 265].
Hence ImPa is complete and hence closed in AΣ(Y ). Thus ImPa is closed for
the weak topology σ(AΣ(Y ),ExpΣ(X)) = σ(AΣ(Y ), A′

Σ(Y )). Hence property 2 of
Theorem 4.5 holds, and thus the theorem.

With X = Exp(C), S ′, C (N),�(Cr), r ≥ 0, and the notation used in Section 2 and
Example 2.2, Theorem 4.6 can be applied. Theorem 4.4 can be applied to these
spaces and to X = A(C), S , CN .

Surjectivity on F
Our next objective is to prove that P (D) is a surjection on F for a large class of
symbols P ∈ Exp(Y ).

Let X be an �1-closed sequence space and let Y ⊆ Xs. Denote by B the bilinear
form B :A(X)×Exp(Y ) → HG(X×Y ) defined by B(f, ϕ)(x, y) ≡ e−〈x,y〉〈fey, ϕex〉. We
note that B maps A(X)×Exp(Y ) into the space S(X×Y ) of all Gâteaux holomorphic
functions ψ ∈ HG(X × Y ) with the following property: for every r ∈ X+ there are
Rr ∈ X+ and Mr > 0 such that

sup
x∈Cr

|ψ(x, y)| = ‖ψ(·, y)‖Cr ≤ Mre
‖y‖Rr , y ∈ Y .

By Theorems 3.3 and 3.4 and fixing one variable at a time, we have the following.

Theorem 4.7. Let X be an �1-closed sequence space and let Y ⊆ Xs. Let f ∈ A(X)
and ϕ ∈ Exp(Y ). If fα = ∂αf and ϕβ = ∂βϕ, then

B(f, ϕ)(x, y) =
∑
α

fα(D)ϕ(y)xα/α! (22)

=
∑
β

ϕβ(D)f(x)yβ/β! (23)

=
∑
αβ

〈fα, ϕβ〉
α!β!

xαyβ, (24)

where all series converge pointwise to B(f, ϕ) and (22) and (24) converge absolutely
in A(X) for fixed y ∈ Y while (23) and (24) converge absolutely in Exp(Y ) for fixed
x ∈ X.

Shapiro and Newman [17] show that, in n dimensions, if fϕ ∈ Fn (ϕ ∈ Exp, f ∈
A), then Bn(f, ϕ) ∈ F2

n and ‖fϕ‖n = ‖Bn(f, ϕ)‖n. Here Fn and F2
n denote the Fock

spaces for Cn resp. Cn×Cn, ‖ ·‖n the corresponding norms and Bn the n-dimensional
analogue of B. The next theorem generalises this result to F and F2. Here F2
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is the subset of �2 ≡ CN(N)×N(N)

consisting of all sequences φ = (φαβ) such that
‖φ‖2 ≡ ∑

αβ α!β!|φαβ |2 < ∞.

Theorem 4.8. Let X be an �1-closed sequence space and let Y ⊆ Xs. If (f, ϕ) ∈
A(X) × Exp(Y ) and fϕ ∈ F , then B(f, ϕ) ∈ F2 and ‖fϕ‖ ≥ ‖B(f, ϕ)‖, with equality
if either ϕ or f depends only on a finite number of variables.

Proof. Note that φ ∈ � belongs to F if and only if the restriction φ[n] of φ to the
first n variables belongs to Fn for all n and lim ‖φ[n]‖n = sup ‖φ[n]‖n < ∞. Assume
that fϕ ∈ F . By the (n-dimensional) analogue of this theorem in [17], we obtain
that

‖fϕ‖ = lim ‖(fϕ)[n]‖n = lim ‖f[n]ϕ[n]‖n = lim ‖Bn(f[n], ϕ[n])‖n ≡ N.

If ϕ or f depends only on a finite number of variables, we have by inspection
that Bn(f

[n], ϕ[n]) = B(f, ϕ)[n] for large n. This proves the second part. To complete
the proof we must prove that N ≥ ‖B(f, ϕ)‖. By (24), B(f, ϕ)(x, y) =

∑
uαβx

αyβ ,
uαβ ≡ 〈fα, ϕβ〉/α!β!. Since

u
(n)
αβ ≡ 〈(f[n])α, (ϕ

[n])β〉/α!β! = 〈(fα)[n], (ϕβ)[n]〉/α!β!, l(α), l(β) ≤ n, (25)

we also have that Bn(f
[n], ϕ[n])(x, y) =

∑
l(α),l(β)≤n u

(n)
αβx

αyβ , where l(α) = maxαk 	=0 k.

Let vαβ ≡ α!β!|uαβ |2 and v
(n)
αβ = α!β!|u(n)

αβ |2 if l(α), l(β) ≤ n, and v
(n)
αβ = 0 otherwise.

Then lim
∑

αβ v
(n)
αβ = N2. By (25), lim v

(n)
αβ = vαβ for all α, β. Fatou’s lemma implies

that
∑
vαβ ≤ lim

∑
v
(n)
αβ = N2.

Corollary 4.9. Let X be an �1-closed sequence space and let Y ⊆ Xs. Let (f, ϕ) ∈
A(X) × Exp(Y ) and let fα = ∂αf, ϕβ = ∂βϕ. If fϕ ∈ F , then fα(D)ϕ, ϕβ(D)f ∈ F

for all α, β and

‖fϕ‖2 ≥ ‖B(f, ϕ)‖2 =
∑
α

‖fα(D)ϕ‖2/α! =
∑
β

‖ϕβ(D)f‖2/β!. (26)

In particular, if ∂βϕ = ϕβ is a non-zero constant for some β, then f ∈ F and ‖fϕ‖ ≥
‖B(f, ϕ)‖ ≥ C0‖f‖ for some C0 > 0, and analogously if ∂αf = fα is a constant different
from zero for some α.

Proof. We know that B(f, ϕ) ∈ F2 and ‖fϕ‖ ≥ ‖B(f, ϕ)‖. If uαβ = 〈fα, ϕβ〉/α!β!,
then, by Theorem 4.7 and (24),

‖fϕ‖2 ≥ ‖B(f, ϕ)‖2 =
∑
αβ

α!β!|uαβ |2 =
∑
β

β!
∑
α

α!|uαβ |2. (27)

By Theorem 4.7 we have that ϕβ(D)f(x)/β! =
∑

α uαβx
α. Hence, (27) shows that

ϕβ(D)f ∈ F for all β, and ‖B‖2 coincides with the expression on the right in (26).
The other equality follows similarly.
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The hypothesis that ∂αP is a non-zero constant for some α is weaker than that
P is a proper polynomial with respect to some subset.

Theorem 4.10. Let X be an �1-closed sequence space contained in �2 and let Y ⊆ Xs.
Let P ∈ Exp(Y ) and assume that ∂βP is a non-zero constant for some β. Then P (D)
is a surjection on F . In particular P (D) is surjective if P is a proper polynomial with
respect to some S ⊆ N.

Proof. We must prove that the adjoint P (D)∗ is one-to-one and has a closed image.
Since P (D)∗ = P ∗, P (D)∗ is one-to-one. Moreover, by the assumption on P , ∂βP ∗
is a non-zero constant for some β. Corollary 4.9 implies that ‖P ∗f‖ ≥ C0‖f‖, for
some C0 > 0 and for all f in the domain of definition of P ∗. This shows that P ∗
has a closed image and hence that P (D) is a surjection.

5. Approximation

We have studied the equations f(D)ϕ = ψ and ϕ(D)f = g in Exp(Y ) and A(X)
respectively. The purpose of this section is to show that every homogeneous solution
is the limit of homogeneous solutions consisting of so-called exponential (finitely
supported) polynomials (Theorem 5.4) (see also [2; 7]). To prove this analogue of
Malgrange’s result, we apply Theorem 4.5 and a technique of Treves.

In this section, Z denotes the direct sum C (N). Consider the spaces �(Z) ≡ ⊕z∈Z�
and �Z ≡ ∏

z∈Z �, endowed with the direct sum and product topologies respectively.
The pairing (9) between � and � puts �(Z) and �Z in duality in a natural way.
Moreover,

(�(Z))′ = (�(Z))∗ = �Z , (�Z )′ = �(Z).

Let X,Y be sequence spaces such that Y ⊆ Xs. Consider the map i : �(Z) →
AΘ(X) defined by i((bz)) ≡ ∑

z∈Z bzez . The image is the space of exponential (finitely
supported) polynomials, E�(X). The map j : �(Z) → ExpΘ(Y ) and the space
E�(Y ) are defined in the same way. For any vector space E, Gâteaux holomorphic
function g ∈ HG(E) and z ∈ E, we put Mgf ≡ fg, τzf ≡ f(· − z), f ∈ HG(E).

Lemma 5.1. The transposes ti : ExpΘ(Y ) → �Z , tj : AΘ(X) → �Z of the maps i and
j are given by

tiϕ = (τ−zϕ)z∈Z , tjf = (τ−zf)z∈Z .

Proof. For y ∈ Y we have tMey = τ−y on ExpΘ(Y ) where the transpose is the
transpose for the duality between AΘ(X) and ExpΘ(Y ). Since Z ⊆ Y

〈ib, ϕ〉 =
∑
z

〈bzez, ϕ〉 =
∑
z

〈bz, τ−zϕ〉 = 〈b, (τ−zϕ)〉.

This proves the assertion for i. As tMex = τ−x, x ∈ X, on AΘ(X) and Z ⊆ X, the
expression for tj follows.
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Translation by vectors in Z is well defined in � for vectors a ∈ �. Indeed, let
τ−za =

∑
aα(x+ z)α =

∑
γ cγx

γ where

cγ = cγ(z) =
∑
α≥γ

aα
α!

(α− γ)!γ!
zα−γ.

However, if a ∈ �, the sum for cγ may not now be convergent. The set of elements
a ∈ � such that cγ(z) is convergent for every z ∈ Z and γ is denoted by τ−1

Z �. In
particular we have that AΘ(X),ExpΘ(Y ) ⊆ τ−1

Z �. For a ∈ τ−1
Z � we define a(D) :

�(Z) → �(Z) by a(D)(bz) ≡ (τ−za(D)bz). In view of Theorem 4.1, a(D)�(Z) = �(Z)

for every (non-zero) a ∈ τ−1
Z � (see also [14, lemma 6.4]).

Lemma 5.2. Let a ∈ τ−1
Z �. Then ta(D) : �Z → �Z has weakly closed range.

Proof. Theorem 4.1 implies that a(D), a 	= 0, is surjective. Hence the transpose
is a weak injective strict morphism. This means that ta(D) : �Z → Imta(D) is an
isomorphism for the weak topologies σ(�Z ,�(Z)) and σ(Imta(D),�(Z)). For any
vector space E, the algebraic dual E∗ is complete for the weak topology σ(E∗, E).
Since �Z = (�(Z))∗, �Z is complete with respect to the topology σ(�Z ,�(Z)). This
implies that Imta(D) is complete and therefore weakly closed.

Lemma 5.3. If ϕ ∈ ExpΘ(Y ), then i ◦ ϕ(D) = ϕ(D) ◦ i where i is the embedding
�(Z) → AΘ(X). In the same way, j ◦ f(D) = f(D) ◦ j if f ∈ AΘ(X) for the embedding
j : �(Z) → ExpΘ(Y ).

Proof. We first prove that ϕ(D)(fey) = ey(τ−yϕ)(D)f if ϕ ∈ ExpΘ(Y ) and f ∈
AΘ(X). Since tMey = τ−y , y ∈ Y ,

ϕ(D)(eyf)(x) = 〈fey, ϕex〉 = 〈f, τ−y(ϕex)〉
= e〈x,y〉〈f, exτ−yϕ〉 = e〈x,y〉(τ−yϕ)(D)f(x).

Hence, if b = (bz) ∈ �(Z), we obtain that

i(ϕ(D)b) = i[((τ−zϕ)(D)bz)] =
∑
z

ez(τ−zϕ)(D)bz

=
∑
z

ϕ(D)(bzez) = ϕ(D)
∑
z

bzez = ϕ(D)(ib).

This completes the first part of the proof, and the second part follows in the same
way since tMex = τ−x on AΘ(X).

We are now ready to prove the main result in this section. One of the keys to the
proof is the following (‘division’) result in Treves [20, p. 36]. Let P be a polynomial
in n variables, and assume that gz ∈ �n for all z ∈ Cn and that there is an entire
function h ∈ A(Cn) such that (τ−zP )gz = τ−zh in �n for all z ∈ Cn. Then there is an
entire function f ∈ A(Cn) such that gz = τ−zf for all z ∈ Cn, and hence Pf = h.
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Theorem 5.4. Let X,Y be sequence spaces where X is �1-closed and Y ⊆ Xs.
Let f ∈ A(X) and let P ∈ Exp(Y ) be a polynomial. If P (D)f = 0, then f is the

limit (in A(X)) of homogeneous solutions in E�(X).
Similarly, if P (D)ϕ = 0, ϕ ∈ Exp(Y ), for some polynomial P ∈ A(X), then ϕ is

the limit (in Exp(Y )) of homogeneous solutions in E�(Y ).

Proof. We apply Theorem 4.5 with

u = P (D) :E ≡ AΘ(X) → F ≡ AΘ(X),

u0 = P (D) :E0 ≡ �(Z) → F0 ≡ �(Z),

and the pairings (AΘ(X),ExpΘ(Y )) and (�(Z),�Z ). With the notation of Theorem 4.5,
let a = b = i : �(Z) → AΘ(X). By Lemmas 5.2 and 5.3 it suffices to establish property
2 in Theorem 4.5. In view of Lemma 5.1 we must prove that, if

(τ−zP )bz = τ−zϕ, in � ∀z ∈ Z = C (N), (28)

for some ϕ ∈ ExpΘ(Y ) and family bz ∈ �, z ∈ Z , then there is a ψ ∈ ExpΘ(Y )
such that bz = τ−zψ for all z ∈ Z . If (28) holds, it holds for all indexes α such that
l(α) ≤ n and all z ∈ Z [n] ≡ {z ∈ Z : zk = 0, ∀k > n} � Cn. Thus

(τ−zP [n])b[n]
z = τ−zϕ[n], in �n ∀z ∈ Z [n], (29)

for all n, where P [n] is the function in n variables obtained by restricting P to
Z [n] = Y [n] and ϕ[n] and b[n]

z are defined analogously. By the result in [20, p. 36],
there exists for each n an entire function ψn ∈ A(Cn) such that

b[n]
z = τ−zψn, z ∈ Z [n] � Cn, (30)

P [n]ψn = ϕ[n]. (31)

By (30), ψn = ψm|Z [n] when m > n. Hence the system (ψn) defines a function ψ on
Z = C (N). We prove that ψ extends by its Taylor expansion about the origin to
define a function in ExpΘ(Y ). Let Pm denote the principal part for P . Choose c ∈ Y

such that C ≡ Pm(c) 	= 0. As Pm ∈ ExpΘ(Y ), Pm is continuous on YΘ, and hence
there exists a δ > 0 such that 0 < C − δ ≤ |P [n]

m (c[n])| for all n sufficiently large
(n ≥ nδ). (Recall that c[n] ≡ ∑n

1 ckek ∈ Z [n].) If |ϕ(y)| ≤ Me‖y‖r , we have, by (31) and
Lemma 4.2, for arbitrary ε > 0

|ψn(z)| ≤ A(δ, c, ε) sup
|ξ|≤ε

|P [n](z + ξc[n])ψ[n](z + ξc[n])|

≤ A sup
|ξ|≤ε

|ϕ[n](z + ξc[n])| ≤ AMeε‖c‖r e‖z‖r = Be‖z‖r , z ∈ Z [n], (32)

where A = A(δ, c, ε) = ε−m/(C−δ) and B = AMeε‖c‖r . This shows that ψ ∈ ExpΘ(Z),
and hence ψ extends to ExpΘ(Y ) (Theorem 3.4). By (30) we conclude that bz = τ−zψ.
This completes the first part of the proof, and the second part follows in the same
way by using the embedding j : �(Z) → ExpΘ(Y ).
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Moderne 2, Université de Sherbrooke, Quebec, 1969.

[10] J. Horvath, Topological vector spaces and distributions, vol. 1, Addison-Wesley, Reading, Mass., 1966.

[11] A. Khrennikov, Infinite dimensional pseudo-differential operators, Mathematics of the USSR:

Izvestiya 31 (1988), 575–601.

[12] A. Khrennikov, The Feynamn in phase space and symbols of infinite dimensional pseudo-differential

operators, Matematicheskie Zametki 37 (1995), 734–42 [in Russian].

[13] B. Lascar, Une condition nécessaire et suffisante d’éllipticité pour une classe d’opérateurs différentiels
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