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ABSTRACT

In this paper we consider a boundary value problem for singularly perturbed elliptic
convection–diffusion equations on a strip. To solve this problem, we use standard finite
difference approximations on piecewise-uniform meshes refined in the boundary layer
region. The approximation errors of solutions and derivatives (up to the second order) are
analysed in the r-metric. In this metric the error of a solution is defined by the absolute
error, while the error of its derivative in the direction across the boundary layer is defined
by the relative error in that part of the domain where the derivative is large, and by the
absolute error in the remainder part. It is shown that in the class of meshes, whose step-
size in the layer does not decrease as we move away from the outflow boundary, there are
no meshes on which the scheme converges e-uniformly in the r-metric. We establish
conditions imposed on the distribution of the nodes in piecewise-uniform meshes, under
which the scheme converges in the r-metric e-uniformly up to a logarithmic factor.

1. Introduction

Solutions of partial differential equations with a small parameter multiplying the highest
derivatives have a limited smoothness that gives rise to difficulties in their numerical
solving [1; 2; 5]. This leads to a need for the development of special mesh methods, the
accuracy of which depends weakly on the perturbation parameter e and, in particular,
methods that converge e-uniformly. Difficulties also arise in the case when it is required to
find not only the solution, but also its derivatives. So often the main objective in the
investigation of heat and mass transfer processes is to determine derivatives for small
values of the parameter e, for example, if it is necessary to find skin friction and=or heat
and diffusion fluxes in problems of flow around some body for large Reynolds and Peclet
numbers [10]. Thus we are interested in developing such numerical methods that allow us
to approximate both the solution of the problem and its derivatives with errors weakly
depending on the perturbation parameter e.

For several boundary value problems e-uniformly convergent finite difference schemes
have been constructed (see, e.g. [6; 7; 12] for descriptions of the approaches taken to
construct such schemes). In some publications, in addition to finding numerical ap-
proximations to solutions, e-uniform approximations to derivatives were also considered
(see, for example [3; 4; 13] and also the references therein). In these works, in order to
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handle the first derivative along x1 (in the direction across the boundary layer) in the
maximum norm, the authors made use of the normalised (scaled) derivative e(h=hx1)u(x),
which is e-uniformly bounded. Some results relevant to the approximation of partial
derivatives in the energy norm were considered in [8]. We emphasise that the construction
of special numerical methods with a view to approximating both solutions and derivatives
has not yet been considered practically in the case when the errors in the approximations
depend weakly on the parameter e.

In this paper mesh approximations of a boundary value problem on a strip for
singularly perturbed elliptic convection–diffusion equations are considered; we use classi-
cal approximations of the equation on fitted meshes condensing in a neighbourhood
of the boundary layer. It is required to find both the solution of the problem and its
derivatives (up to the second order) with errors weakly depending on the perturbation
parameter e. The k-th order derivative of the solution in the normal direction (towards the
outflow boundary) (hk=hxk1)u(x) grows without bound (in a neighbourhood of the
boundary layer) as ep0; the normalised derivative ek(hk=hxk1)u(x) is e-uniformly bounded.
However, the normalised derivative outside of the boundary layer tends to zero when
ep0, and, as a result, the information about its behaviour fails. Thus the norm based on
the normalised derivatives as well as the norm in Ck are inadequate norms for our
purposes (see, for example, bounds (2.9) for k=1).

In this paper we consider the approximation errors for solutions and derivatives in a
new rk-metric, which is adequate for problems with boundary layers : (i) the error of a
solution u(x) is defined by the absolute error in the maximum norm; (ii) the error of the
derivative (hk=hxk1)u(x) is defined by the relative error in that part of the domain where the
derivative is large, and by the absolute error in the remainder part of the domain. Note that
the solutions of traditional difference schemes on uniformmeshes converge in the rk-metric
when the mesh width in the direction across the layer is much smaller than e (see, for
example, estimates (3.22), (3.23) and (4.13) below for 1D and 2D problems respectively).
However, the convergence condition in the rk-metric is equally restrictive for the case of
special piecewise-uniform meshes from [4; 6; 12] invented in [11] (see conditions (5.17)
and (7.14) for 1D and 2D problems, with l>1, where the parameter l can be arbitrarily close
to 1). It turns out that there exist no meshes on which the numerical solutions converge
e-uniformly in the rk-metric (see the statements of Lemma 3.5 and Theorem 4.3 for 1D and
2D problems). Nevertheless, it remains important to develop numerical methods whose
errors in the rk-metric are weakly depending on the value of the parameter e.

For the boundary value problem under consideration we analyse the convergence of
solutions and derivatives in the case of uniform meshes and piecewise-uniform meshes
from [12]. In these last meshes the transition point between the fine and coarse mesh
depends both on the parameter e and on the number N1 of mesh points across the boundary
layer ; schemes on such meshes converge e-uniformly in C. In the case of piecewise-
uniform meshes from [12], we choose the parameters of the transition point for which the
scheme converges in the rk-metric under the condition N1

x1@en, where n>0 is any
arbitrarily small number (see estimates (5.20) and (7.17) for 1D and 2D problems).

Furthermore, we establish conditions imposed on the distribution of the nodes in
piecewise-uniform meshes, under which the scheme converges in the rk-metric e-uni-
formly up to a logarithmic factor. This essentially better convergence result is achieved on
a new class of piecewise-uniform meshes, in which the transition point depends only on
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the parameter e (see estimates (6.21) and (8.16) under conditions (6.18), (6.20) and (8.13),
(8.15), respectively). In particular, we give a piecewise-uniform mesh with two transition
points on which the scheme converges e-uniformly in C (see estimate (A.22)) and e-
uniformly up to a logarithmic factor in the r1-metric (see estimate (A.23)).

Problem formulation and the goal of research are given in Section 2. Finite difference
schemes for this problem are considered in Sections 4, 7 and 8; schemes for a model one-
dimensional problem are considered in Sections 3, 5 and 6. The convergence analysis in
the r-metric is given in Sections 3 and 4 for classical schemes on uniform meshes, and
in Sections 5 and 7 for schemes on piecewise-uniform meshes from [12] (which ensure
the e-uniform convergence of the solutions in C). Schemes convergent in the rk-metric
e-uniformly up to a logarithmic factor (schemes with improved rk-convergence) are
considered in Sections 6 and 8. A priori estimates used in the constructions and proofs
are given in Appendix I.

2. Problem formulation

2.1. On the domain D with boundary C, where

D={x : x12 (0, d ), x22R}, (2:1)

we consider a boundary value problem for the singularly perturbed elliptic equation
with convective terms

L(2:2)u(x) � e
X
s=1, 2

as(x)
h2

hx2s
+

X
s=1, 2

bs(x)
h
hxs

xc(x)

( )
u(x)=f (x), x2D,

u(x)=Q(x), x2C: (2:2)

Here as(x), bs(x), c(x), f (x), x2D, Q(x), x2C are sufficiently smooth functions. Moreover
a0jasja0, b0jb1(x)jb0, |b2(x)|jb0, 0jc(x)jc0, x2D, a0, b0>0; | f (x)|jM, x2D,
|Q(x)|jM, x2C ; e2 (0, 1] is the perturbation parameter1. For simplicity we suppose

either b2(x)i0 or b2(x)j0, x2D:

When e tends to zero, a boundary layer appears in a neighbourhood of the outflow
boundary C1. Here C=C1[C2, where C1 and C2 are the left and right boundaries.

To solve this problem numerically, we use classical finite difference schemes on
rectangular meshes [9].

2.2. We are interested in the approximation of not only the solution of problem (2.2), (2.1),
but also of its partial derivatives.

Note that the solution of problem (2.2), (2.1) and its derivatives with respect to x2
are e-uniformly bounded. However, the derivatives in x1 grow without bound as ep0
and remains bounded e-uniformly outside a neighbourhood of the boundary layer. To
estimate the derivatives (hk1=hxk11 )u(x) it would be possible to use the products
ek1 (hk1=hxk11 )u(x) � (hk1=hxk11 )*u(x), i.e. the normalised derivatives that are e-uniformly

1 Here and below we denote by M, Mi (or m, mi) sufficiently large (or small) positive constants that are

independent of the parameter e or the difference operators. The notation L( j,k) (m( j,k), Dh( j,k)) means that this

operator (constant, grid) is first introduced in the formula ( j,k).
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bounded on the whole of D. For example, for the approximation of the solution and its first
derivatives one can use the norms k�kC1 and k�kC1*, where

kukC1*=kuk+ h
hx2

u

���� ����+ h
hx1

� �
*
u

���� ����, h
hx1

� �
*
u(x) � e

h
hx1

� �
u(x): (2:3)

Here k�k is the C0-norm. But the norm k�kC1 is not bounded e-uniformly. This leads to an
inconvenience to construct and analyse e-uniformly convergent numerical methods. The
norms k�kC1 and k�kC1* are inadequate norms; in these norms the information about the
behaviour of the derivative (h=hx1)u(x) outside of the boundary layer fails. For small
values of the parameter e the magnitude of the derivative outside of the boundary layer
does not influence the value of k�kC1* ; thus the information about the derivative fails even
in the nearest neighbourhood of the boundary.

2.3. In the case of the approximation of the solution and its derivatives based on the
maximum norm it seems to be appropriate to approximate the solution in this norm on
the whole of D, but the derivatives only on that part of the domain D where the derivatives
are not too large. In that part of the domain where the derivatives are large, the ap-
proximation is defined by the relative error in the maximum norm.

Let it be required to approximate the solution u(x), x2D and its derivatives up to order
n, nj2. It is convenient to introduce a distance between the solution u(x), x2D of
problem (2.2), (2.1) and some sufficiently smooth function v(x), x2D in the following
way. Let bn, n=1, 2 be an arbitrary number from the interval (0, O). Let D

n
b denote the set

on which the following condition holds :

hn

hxn1
u(x)

���� ����ibn, x2D
n
b : (2:4a)

Moreover, the condition

max
D

[n]

b

hn

hxn1
u(x)

���� ����jbn (2:4b)

is satisfied on the set D
[n]
b =DnDn

b, where b in D
[n]
b is bn. By D

nx
b we denote the set D

n
b

which does not include its right boundary.

Definition 1. For the function v(x), x2D, v2C1(D) we define the quantity (semi-
norm)

r(n)u (v)= inf
bn

max
hn

hxn1
(uxv)

���� ����
D

[n]

b

,
hn

hxn1
u

� �x1 hn

hxn1
(uxv)

�����
�����
D

nx
b

8<:
9=;,

which generates the rk-metric. The quantity rku(v), k=1, 2, i.e. the distance between the
functions u(x) and v(x), x2D and between their derivatives up to order k, is defined by

rku(v) � kuxvk+
Xk
k1=1

r(k1)u (v)+
Xk
k2=1

hk2

hxk22
(uxv)

�����
�����, k=1, 2: (2:5)

We introduce the distance between the solution u(x), x2D and a mesh function z(x),
x2Dh, which is defined on a rectangular mesh Dh on D. For this, we construct some
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interpolants from the values of the function z(x), x2Dh and put them in correspondence
to the function u(x), x2D (and its derivatives up to order k, kj2). We will use these
interpolants to estimate the approximation errors.

Let z(x), x2D denote the interpolant (bilinear in x1 and x2) which is constructed from
the values of z(x), x2Dh ; z(x), x2D is a continuous function that has piecewise con-
tinuous derivatives (h=hx1)z (x) and (h=hx2)z(x). These derivatives are discontinuous on
the lines x1=x1

i and x2=x2
j respectively; (xi1, x 2

j )2Dh. On the lines of discontinuity x1=x1
i

and x2=x2
j we complete a definition of the derivatives (h=hx1)z (x) and (h=hx2)z (x) up to

continuity for x1=x1
i+0 and x2=x j

2+0 respectively.
Further we construct the functions z1(x) and z2(x), x2D, which approximate the second

difference derivatives with respect to x1 and x2. Let Dh=v1rv2, v1 and v2 be meshes
on the interval [0, d ] and on the axis x2. We introduce the meshes v1* andv2*, whose nodes
x1* and x2* are defined by the relations x1*

i+1=2=2x1(xi1+xi+1
1 ), x2*

j+1=2=2x1(x j
2+x j+1

2 ),
xi1, x

i+1
1 2v1, x

j
2 , x

j+1
2 2v2.

We define the functions z1(x) and z2(x) on the lines x1=x1*
i+1=2

and x2=x2*
j+1=2 by

z1(x)=dx1
h
hx1

z(x)

� �
, x2v1

*rR ; z2(x)=dx2
h
hx2

z(x)

� �
, x2 [0, d]rv2*:

We extend the functions z1(x) and z2(x) linearly between the lines x1=x1*
i+1=2

,
x1*

i+3=2
and x2=x2*

j+1=2
, x2*

j+3=2
,…; the function z1(x) is linearly extended up to the

boundary C if x1
i=0 or x1

i+1=d. The functions z1(x) and z2(x), x2D are extensions
(onto D) of the second difference derivatives of the function z(x), x2Dh with respect to
x1 and x2.

We introduce the function

~zz(x), x2D (2:6)

and its derivatives. This function coincides with z(x) on D. Its first derivatives
(h=hx1)~zz and (h=hx2)~zz are the same as the first derivatives of the function z(x), i.e.
(h=hx1)z(x) and (h=hx2)z(x). The second derivatives (h2=hx21)~zz and (h2=hx22)~zz are the
functions z1(x) and z2(x), respectively, as introduced above. Note that in the case of
sufficiently smooth functions v(x), x2D, the function ~zz(x), x2D and its partial deriva-
tives up to the second order, where z(x)=v(x), x2D, approximate the function v(x) and its
derivatives in the maximum norm.

We define the distance between the functions u(x) and z(x) by the relation

rkhu (z) � kux~zzk+
Xk
k1=1

r(k1)hu (z)+
Xk
k2=1

hk2

hxk22
(ux~zz)

�����
�����, k=1, 2, (2:7)

where

r(n)hu (z)=inf
bn

max
hn

hxn1
(ux~zz)

���� ����
D

[n]

b

,
hn

hxn1
u

� �x1 hn

hxn1
(ux~zz)

�����
�����
D

nx
b

8<:
9=;, n=1, 2:

In that case when the function u(x), x2D has e-uniformly bounded derivatives
(hn=hxn1)u(x), njk, the distance rkhu(2:7)(z) between u(x), x2D and z(x), x2Dh is equivalent
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to the usual distance between u(x), x2D and ~zz(x), x2D

|ux~zz|Ck
e
=

Xk
k2=0

hk2

hxk22
(ux~zz)

�����
�����+ Xk

k1=1

hk1

hxk11
(ux~zz)

�����
�����, k=1, 2: (2:8)

The subscript of Ck
e in the expression kux~zzkCk

e
reminds us that the function ~zz(x) is not

a conventional standard function; kux~zzkCk
e
=kux~zzkCk=kux~zzkC1 for k=1. Generally

speaking, rkhu (z)jM kux~zzkCk
e
.

Note that for the function V1(x)=x1 exp(xex1x1), x2D, which is the leading term in
the asymptotic expansion (in powers of e) of the singular part of the solution u(x) (for
suitable parameters of the boundary value problem), we have the estimates

V1k kC1*(2:3)j2e ; 1j V1k kC1 , r1u(2:5)(V1)j2: (2:9)

Thus the norm k�kC1* is an inadequate metric for small values of the parameter e even in
the case of the singular components (the first terms of their asymptotic expansions in e). In
the case of a scaled derivative, the information about the derivative fails even in the
boundary layer.

2.4. In the case of classical mesh approximations to problem (2.2), (2.1), the discrete
solutions on uniform meshes converge in the r1hu (�)-metric only under the condition

Nx1
1 @e lnx1(ex1+1), (2:10)

where N1 is the number of mesh points on the interval [0, d ] (see, for example, the
statements of Lemma 3.1, Theorem 4.2). The use of piecewise-uniform meshes from [4;
6; 12], on which the discrete solutions converge e-uniformly in the norm k�k, allows us to
weaken condition (2.10) in the case of the r1hu (�)-metric (see, for example, the remark to
Theorem 7.2). In connection with the marked behaviour of the mesh solutions, it is of
interest to construct schemes that converge in the r1hu (�)-metric under a weaker condition
than condition (2.10).

Definition 2. We say that the solution z(x), x2Dh of the difference scheme converges in
the r1hu (�)-metric (for NpO, where the value N indicates the number of mesh elements
in Dh on each of the axes) almost e-uniformly with the convergence defect O(exn), if for
any arbitrarily small number n>0, there exists a function m(g) such that the following
estimate holds :

r1hu (z)jMm(exnNx1), (2:11)

where m(g)p0 uniformly in e as gp0. If n=0 the scheme converges e-uniformly. In a
similar way almost e-uniform convergence can be defined in the r2hu (�)-metric and in the
norms k�k, k�kCk

e
.

Our goal is to construct special meshes, on which classical difference approximations
to problem (2.2), (2.1) converge in the rkhu (�)-metric almost e-uniformly and, in particular,
e-uniformly.
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For simplicity, in what follows we suppose that the singular component V (x, t) (from
the representation (A.1)) is strictly bounded away from zero on the boundary
C1 : |V (x, t)|im, x2C1.

3. A classical finite difference scheme—the model problem

3.1. It is suitable to consider a number of constructions with a model example for an
ordinary singularly perturbed differential equation. On the interval D along the axis x,
where

D=(0, d ) (3:1)

we consider the boundary value problem

Lu(x) � ea
d2

dx2
+b

d

dx

� �
u(x)=f (x), x2D; u(x)=Q(x), x2C : (3:2)

Here C=DnD, f (x), x2C is a sufficiently smooth function, and also a, b>0.
We approximate problem (3.2), (3.1) by a classical finite difference scheme [9]. On the

interval D we introduce the mesh

Dh=v (3:3)

with any distribution of the mesh points satisfying the condition hjMNx1 ;
h=maxi h

i, hi ¼ xi+1xxi, xi, xi+12v, N+1 is the number of nodes in the mesh v.
For problem (3.2), (3.1) we use the finite difference scheme [9]

Lz(x) �
�
ea d�xx̂xx+bdx

�
z(x)=f (x), x2Dh, z(x)=Q(x), x2Ch: (3:4)

Here

d�xx̂xxz(x
i)=2(hix1+hi)x1(dxz(x

i)xd�xxz(x
i)),

d�xxz(x
i)=(hix1)x1(z(xi)xz(xix1)),

dxz(x
i)=(hi)x1(z(xi+1)xz(xi)),

where dxz(x) and d�xx z(x) are the forward and backward differences, and the difference
operator d�xx̂xx z(x) is an approximation to the operator (d2=dx2)u(x) on the mesh v.

The solutions of scheme (3.4), (3.3) satisfy the error estimate

|u(x)xz(x)|jM(e2+Nx1)x1Nx1, x2Dh: (3:5)

In the case of the uniform mesh

D
u
h (3:6)

we have

|u(x)xz(x)|jM(e+Nx1)x1Nx1, x2D
u
h: (3:7)

For difference derivatives of the mesh solutions we have

d

dx
u(x)xdxz(x)

���� ����jMex1(e+Nx1)x2Nx1, x2D
x
h(3:3) ; (3:8a)
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d2

dx2
u(x)xd�xx̂xxz(x)

���� ����jMex2(e+Nx1)x2Nx1, x2Dh(3:3) ; (3:8b)

d

dx
u(x)xdxz(x)

���� ����jMex1(e+Nx1)x1Nx1, x2D
ux
h(3:6) ; (3:9a)

d2

dx2
u(x)xd�xx̂xxz(x)

���� ����jM(e+Nx1)x3Nx1, x2Du
h(3:6): (3:9b)

Here D
x
h =v[ {x=0}. Estimates (3.9a) and (3.9b) are obtained by taking into account

the explicit form of the singular components and the leading terms of the asymptotics
(in e) for the regular components of solutions to problems (3.2), (3.1) and (3.4), (3.3).

Definition 3. Let z(x), x2Dh be a solution of some difference scheme. An estimate of the
following form

ju(x)xz(x)jjMexn1 (e+Nx1)xn2 Nxn3 � m0(N , e), x2Dh, ni0

is said to be unimprovable with respect to the values of N, e if the estimate

ju(x)xz(x)jjMm1(N , e), x2Dh, m1(N , e)=o(m0(N , e)),

generally speaking, fails for some values of N and e, NiN0, e2 (0, 1].

The consideration of the model problems with sufficiently simple data shows that
estimate (3.9) is unimprovable with respect to the values of N, e, and estimate (3.7) is
unimprovable but under the (unimprovable) condition

Nx1 ¼ O(e): (3:10)

For the function ~zz(x), x2D, which is defined similarly to ~zz(2:6)(x), we have the fol-
lowing estimate in the case of scheme (3.4), (3.6) :

dk

dxk
(ux~zz)

���� ����jMexk(e+Nx1)x1Nx1, k=0, 1, 2; (3:11)

this estimate is unimprovable with respect to the values of N, e.
Thus, the function ~zz(x) and its derivatives (dk=dxk)~zz(x) converge in the norm k�k if the

following unimprovable condition holds :

Nx1=o(e1+k), k=0, 1, 2: (3:12)

Lemma 3.1. In the case of the difference scheme (3.4), (3.6) the condition (3.12) is
necessary and sufficient for the convergence of the derivatives (dk=dxk)~zz(x), x2D, k=
0, 1, 2 in the norm k�k. Estimates (3.5)–(3.9), (3.11) hold for the mesh solutions and for
the function ~zz(x), x2D ; estimates (3.9), (3.11) and also estimate (3.7), if the condition
Nx1=O(e) is valid, are unimprovable with respect to the values of N, e.

3.2. In the case of the r1hu (�)-metric, we consider the behaviour of the function

uh(x)=u(x), x2Dh, (3:13)
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which is a projection of the solution on the mesh Dh of type (3.3). The distance between
the functions u(x) and z(x), x2Dh(3:3) is defined by

rkhu (z) � kux~zzk+
Xk
n=1

r(n)hu (z), k=1, 2, (3:14)

where

r(n)hu (z)= inf
bn

max
dn

dxn
(vx~zz)

���� ����
D

½n�
b

,
dn

dxn
u

� �x1 dn

dxn
(vx~zz)

�����
�����
D

nx
b

8<:
9=;, n=1, 2:

Let us evaluate the proximity of the functions u(x), x2D and uh(x), x2Dh in the r
1h
u (�)-

metric. The solution of problem (3.2), (3.1) can be decomposed into the sum of two
functions which are the regular and singular components

u(x)=U (x)+V (x), x2D, U (x)=U0(x), x2D, (3:15)

where U 0(x), x2D
0
and V (x), x2D are the solutions of the problems

LU0(x)=f 0(x), x2D0, U0(x)=Q(x), x2C0;

LV (x)=0, x2D, V (x)=Q(x)xU (x), x2C :

Here D0 ¼ (xO, d), f 0(x), x2D
0

is a sufficiently smooth function; moreover,
f 0(x)=f (x), x2D, f 0(x) vanishes outside an m-neighbourhood of the set D ; the function
U 0(x) is bounded on D

0
. It is convenient to represent the function uh(x), x2Dh as the sum

of the functions in an analogous way to u(x)

uh(x)=Uh(x)+Vh(x), x2Dh, Uh(x)=U (x), Vh(x)=V (x), x2Dh:

For the component Uh(x), x2Dh we have the estimate

d

dx
(Ux ~UUh)

���� ����jMNx1: (3:16)

For the component Vh(x), x2Dh we have the estimates

d

dx
V

� �x1 d

dx
ðVx~VVhÞ

�����
�����j Mex1hi for hijM1e,

M(ex1hi)x1 exp(m1e
x1hi) for hiiM2e ;

(
(3:17a)

d

dx
(Vx~VVh)

���� ����jMex1(e+hi)x1hi exp(xm1e
x1xi)

for x2D, r(x, C1)jm, x2 [xi, xi+1]; (3:17b)

d

dx
(Vx~VVh)

���� ����jMNx1 for x2D, r(x,C1)>m: (3:17c)

Here r(x, C1) is the distance between the point x and the set C1, x
i, xi+12Dh,

m1=ax1b, M2jM1. Estimates (3.16), (3.17a) and (3.17b) are unimprovable with respect
to the values of N, hi, e.
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It follows from estimates (3.16) and (3.17) that the value r1hu (uh) is not bounded e-
uniformly. In the case of meshes (3.3) (meshes with an arbitrary distribution of the nodes)
the condition

Nx1=O(e) (3:18)

is necessary and sufficient for r1hu (uh) to be e-uniformly bounded. Under condition
(3.18) we have

r1hu (uh)jMex1Nx1; (3:19)

this estimate is unimprovable with respect to the values of N, e ; the convergence defect
for the projection uh(x), x2Dh in the r1hu (�)-metric is O(ex1) for meshes (3.3), i.e. the
defect is the same as that for scheme (3.4), (3.6) in the norm k�k.

Lemma 3.2. Condition (3.18) in the case of meshes (3.3) is necessary and sufficient for
the projection uh(3:13)(x), x2Dh to be e-uniformly bounded in the r1hu (�)-metric. Under
condition (3.18), the function uh(x) satisfies the estimate (3.19) being unimprovable with
respect to the values of N, e ; the function uh(x), x2Dh converges to u(x), x2D in the
r1hu (�)-metric with the convergence defect O(ex1).

3.3. The consideration of the solutions of the boundary value and discrete problems in the
case of mesh (3.6) for h=e shows that r1hu (z) grows without bound as NpO ; thus the
condition (3.18) is not sufficient for the boundedness of r1hu (z).

For the discrete solutions on meshes (3.6), we have the rough estimate

r1hu (z)jMNx1(e+Nx1)x2 for Dh=D
u
h(3:6): (3:20)

Thus, in contrast to the quantity d
dx (ux~zz)

�� ��, which grows without bound for
Nx1Ae2 and ep0, the function z(x) in the r1hu (�)-metric (that is, the distance between
u(x) and z(x) in the r1hu (�)-metric) is e-uniformly bounded for fixed values of N ; however,
this function is not bounded N-uniformly.

Taking account of estimates (3.16) and (3.17), we establish that the condition

Nx1=O(e lnx1 (ex1+1)) (3:21)

is necessary and sufficient for the solutions of scheme (3.4), (3.6) to be N- and (N, e)-
uniformly bounded in the r1hu (�)-metric. Under condition (3.21) we have

r1hu (z)jMNx1ex1 ln(ex1+1); (3:22)

this estimate is unimprovable with respect to the values of N, e. Thus, the convergence
defect of scheme (3.4), (3.6) in the r1hu (�)-metric is O(ex1 ln(ex1+1)).

Lemma 3.3. Condition (3.21) is necessary and sufficient for the solutions of the
finite difference scheme (3.4), (3.6) to be bounded in the r1hu (�)-metric. The mesh
solutions satisfy estimate (3.20), and estimate (3.22), which is unimprovable with
respect to N, e, holds if condition (3.21) is true. The convergence defect of this scheme is
O(ex1 ln(ex1+1)).
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Remark. In the r2hu (�)-metric, the solution of the finite difference scheme (3.4), (3.6) is
(N, e)-uniformly bounded if condition (3.21) is satisfied. Moreover, under this condition
the estimate for the r2hu (�)-metric is the same as that for the r1hu (�)-metric (see estimate
(3.22)) :

r2hu (z)jMNx1ex1 ln(ex1+1); (3:23)

this estimate and condition (3.21) are unimprovable. Thus the statement of Lemma
3.3 remains valid also for the r2hu (�)-metric.

3.4. It seems attractive to find such meshes on which the function uh(x), x2Dh converges
e-uniformly in the r1hu (�)-metric.

Notice that in the class of meshes (3.3) satisfying only condition (3.18), there are no
meshes on which the function uh(x), x2Dh converges e-uniformly in the r1hu (�)-metric.
Nevertheless, it is interesting to clarify whether or not there exist meshes from class
(3.3) (not satisfying condition (3.18)) on which the function uh(x), x2Dh converges
e-uniformly in the r1hu (�)-metric.

Consider the function uh(x), x2Dh on the set

D
s

h=Dh \ [0, s], (3:24)

for s=min[4x1d, y(e)], where Dh is a sufficiently arbitrary mesh from class (3.3),
y(e)=e lnn ex1, and n is any number from the interval (0, 1). The unimprovability of
estimates (3.17a) and (3.17b) implies that the condition

sup
e

max
i

[ex1hi]p0 for NpO; hi=xi+1xxi, xi, xi+12D
s

h

is necessary and sufficient for the e-uniform convergence of the function uh(x), x2Dh

in the r1hu (�)-metric. However, such a condition is impossible. We are thus led to the
following lemma.

Lemma 3.4. In the class of meshes (3.3) there do not exist meshes on which the function
uh(x), x2Dh converges, as NpO, to u(x) e-uniformly in the r1hu (�)-metric.

3.5. It is of interest to clarify whether or not there exist meshes on which the numerical
solutions z(x) of the finite difference scheme (3.4) converge, as NpO, to the solution u(x)
of the boundary value problem (3.2), (3.1)2 e-uniformly as in the r1hu (�)-metric.

We consider scheme (3.4), (3.3), assuming that the following condition satisfies on the
mesh D

s

h(3:24) :

hiihix1, (3:25)

that is, the mesh step does not decrease as we move away from the boundary
C1 ; s=s(3:24). On this mesh there is a node xi*2Dh such that the condition ex1hi*A1
holds for an appropriately chosen value of e (sufficiently small) and for fixed N.

2 In similar cases we shall say for brevity that a scheme itself converges if this does not lead to a mis-

understanding.
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Assuming that r1hu (z) tends to zero e-uniformly, we find that the derivative d�xxz(x
i*) satisfies

the following relation:

d�xxz(x
i*)x

d

dx
V (xi*)

���� ����=o(ex1 exp(xmex1xi*)) for ep0, m=m1(3:17):

But then, by virtue of the difference equation from (3.4), we have the following
formula for the derivative dxz(x

i*) :

d

dx
V (xi*+1)

� �x1
d

dx
V (xi*+1)xdxz(x

i*)

� ������
�����A1 for ep0,

where V (x), x2D is the singular component of the solution to problem (3.2), (3.1).
This formula contradicts the assumption that the numerical solution z(x) of scheme
(3.4) on the mesh (3.3) satisfying (3.25) converges, as NpO, to the solution u(x) of
problem (3.2), (3.1) e-uniformly in the r1hu (�)-metric.

Lemma 3.5. In the class of meshes (3.3) satisfying the condition (3.25) there do not exist
meshes on which scheme (3.4) converges e-uniformly in the r1hu (�)-metric.

Remark. The statement of Lemma 3.5 remains valid also in that case if on the interval
[0, s], where s=min[m, m0e ln ex1], m0=m1(3:17), there exists a subinterval of width
l(e), where l(e)p0, ex1 ln(e)pO for ep0, on which condition (3.25) holds.

4. Problem (2.2), (2.1)—a classical finite difference scheme

4.1. In this section we give a classical difference scheme for problem (2.2), (2.1) and
show some issues arising in the numerical solution. On the set D we introduce the
rectangular mesh

Dh=v1rv2, (4:1)

where v1 and v2 are meshes on the interval [0, d ] and on the axis x2 respectively; v2 is
a uniform mesh with the stepsize h2=Nx1

2 ; v1 is a mesh with an arbitrary distribution
of nodes satisfying only the condition h1jMNx1

1 , h1=maxi h
i
1, where hi1=xi+1

1 x
xi1, xi1, x

i+1
1 2v1. Here N1+1 and N2+1 are the number of nodes in the mesh v1 and

on the interval of unit length in the mesh v2 ; assume N=min[N1, N2]. To construct
numerical methods, it seems interesting to use sufficiently simple meshes

Dh=Dh(4:1), where v1 is a piecewise uniform mesh: (4:2)

To solve the problem, we use the monotone scheme with upwind difference
derivatives [9]

Lz(x) � e
X
s¼1, 2

as(x)dxsbxs+ X
s=1, 2

[b+s (x)dxs+bxs (x)dxs]xc(x)

( )
z(x)=f (x, t),

x2Dh, z(x)=Q(x), x2Ch, (4:3)

where Dh=D\Dh, Ch=C \Dh, dxs bxs z(x) and dxs z(x), dxs z(x) are the second and first
(forward and back) difference derivatives, for example, d

x1bx1 z(x)=2(hi1+hix1
1 Þx1

[dx1z(x)xdx1z(x)], x ¼ (xi1, x2) ; v
+(x)=2x1( v(x)+|v(x)j), vx(x)=2x1(v(x)x|v(x)|).
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For the solution of the difference scheme (4.3), (4.1) we have the error estimate

ju(x)xz(x)|jM[(e2+Nx1
1 )x1Nx1

1 +Nx1
2 ], x2Dh: (4:4)

Let

Dh be a uniform mesh (4:5)

with the stepsize in x1 equal to h1=dNx1
1 . For the solutions of the finite difference

scheme (4.3) on meshes (4.2) or (4.5) we have the error bounds

ju(x)xz(x)|jM[(e+Nx1
1 )x1Nx1

1 +Nx1
2 ], x2Dh: (4:6)

For the derivatives in the case of scheme (4.3), (4.5) we have

h
hx1

u(x)xdx1 z(x)

���� ����jMex1[(e+Nx1
1 )x1Nx1

1 +Nx1
2 ], x2D

x
h ; (4:7a)

h2

hx21
u(x)xd

x1bx1 z(x)���� ����jMex2[(e+Nx1
1 )x1Nx1

1 +Nx1
2 ], x2Dh ; (4:7b)

h
hx2

u(x)xdx2 z(x)

���� ����, h2

hx22
u(x)xd

x2bx2 z(x)���� ����jM[(e+Nx1
1 )x1Nx1

1 +Nx1
2 ], x2Dh: (4:8)

Estimates (4.7a,b) are unimprovable with respect to the values of Ns, e, while estimates
(4.6) and (4.8) are unimprovable under the (unimprovable) condition

Nx1
1 =O(e): (4:9)

When deriving these estimates we used the explicit form of the main terms in the
asymptotic (in e) for the regular and singular components of the solutions to prob-
lems (2.2), (2.1) and (4.3), (4.5).

For the function ~zz(2:6)(x), x2D in the case of scheme (4.3), (4.5) we have the estimates

hk1

hxk11
(ux~zz)

�����
�����, kux~zzkCk

e
jM[exk1 (e+Nx1

1 )x1Nx1
1 +Nx1

2 (e+Nx1
2 )xk1 ], k1=k=1, 2;

hk2

hxk22
(ux~zz)

�����
�����, kux~zzkjM[(e+Nx1

1 )x1Nx1
1 +Nx1

2 ], k2=0, 1, 2; (4:10)

and these estimates are unimprovable with respect to the values of N, e.
Thus, the function ~zz(x) converges in the norm k�kCk

e
if the following unimprovable

condition holds :

Nx1
1 =o(e1+k), Nx1

2 =o(ek), k=0, 1, 2: (4:11)

Theorem 4.1. Let estimates (A.2), (A.4) be satisfied for the solutions of the boundary
value problem (2.2), (2.1) and their components from representation (A.1). Then, in the
case of the finite difference scheme (4.3), (4.5), the condition (4.11) is necessary and
sufficient for the convergence of the function ~zz(x), x2D in the norm k�kCk

e
, k=0, 1, 2.

Estimates (4.4), (4.6), (4.7), (4.8) and (4.10) are valid for the mesh solutions and
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derivatives ; estimates (4.7), (4.10) and also estimates (4.6), (4.8), if condition (4.9) holds,
are unimprovable with respect to the values of Ns, e.

4.2. We now consider the convergence of scheme (4.3), (4.5) in the rkhu (�)-metric.
The solutions of this scheme are not bounded (Ns, e)-uniformly in the rkhu (�)-metric. The

condition

Nx1
1 =O(e lnx1 (ex1+1)) (4:12)

is necessary and sufficient for the numerical solutions to be bounded in the rkhu (�)-
metric. Under this condition, we have the following estimate:

rkhu (z)jM[Nx1
1 ex1 ln(ex1+1)+Nx1

2 ], k=1, 2, (4:13)

which is unimprovable with respect to the values of N, e.
The condition

Nx1
1 =o(e lnx1(ex1+1)) (4:14)

is necessary and sufficient for the convergence of scheme (4.3), (4.5) in the rkhu (�)-metric.
The convergence defect of this scheme in the rkhu (�)-metric is O(ex1 ln(ex1+1)).

Theorem 4.2. Let the hypothesis of Theorem 4.1 be fulfilled. Then condition (4.12)
(condition (4.14)) is necessary and sufficient for the solutions of the finite difference
scheme (4.3), (4.5) to be (Ns, e)-uniformly bounded (to be convergent) in the r

kh
u (�)-metric ;

the convergence defect of this scheme is O(ex1 ln(ex1+1)). Under condition (4.12), the
estimate (4.13), which is unimprovable with respect to the values of N, e is satisfied for
the solutions of the difference scheme.

4.3. As above in the case of the model boundary value problem (3.2), (3.1) and finite
difference scheme (3.4), (3.1), we establish the following non-existence result.

Theorem 4.3. In the class of meshes (4.1) satisfying condition (3.25) on the interval
[0, d ], there do not exist meshes on which scheme (4.3) converges e-uniformly in the
r1hu (�)-metric.

5. Piecewise uniform mesh—the model problem

5.1. For the boundary value problem (3.2), (3.1) we give a scheme on piecewise uniform
meshes which converges e-uniformly in the norm k�k and discuss the approximation of
derivatives.

On the set D we construct the mesh

Dh
*=Dh

*(s(l))=Dh
*(l)=v0

*: (5:1a)

Here v0
* is a mesh with a piecewise constant stepsize. To construct the mesh v0

*, we
divide the interval [0, d] into two parts [0, s] and [s, d ]. In each of them the mesh stepsize
is constant and equal to h(1)=2sNx1 and h(2)=2(dxs)Nx1, respectively. Assume

s=s(e,N , d ; l,m)=min[2x1d, lmx1e lnN ], (5:1b)
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where m=ax1b, l>0 is a mesh parameter. The mesh Dh
* is thus constructed. Let us

introduce auxilary parameters ck used in the sequel for constructions

ck=ck(e ;m)=kmx1 e ln(ex1+1), m=m(5:1), k=1, 2: (5:2)

Note that the meshes

Dh
*=Dh(5:1)

* (l) (5:3)

have been introduced in [12] (see also [4; 6; 7]), where l is an arbitrary number
satisfying the condition l>1.

For the solutions of the difference scheme (3.4), (5.1) we have the estimates

kux~zzkjM{Nx1 min[lnN , ex1]+Nxlx1(e+Nx1)x1} � Mm0(N , e ; l) ; (5:4a)

kux~zzkjM(Nx1 lnN+Nxl), M=M(l): (5:4b)

Estimates (5.4a) and (5.4b) are unimprovable with respect to the values of N, e and
N respectively. We obtain the best e-uniform order of convergence

kux~zzkjMNx1 lnN (5:5)

if the following condition holds

li1: (5:6)

For the derivatives in the case of scheme (3.4), (5.1), we have

d

dx
u(x)xdxz(x)

���� ����jMex1m0(N , e ; l), x2D
x
h ;

d2

dx2
u(x)xd�xx̂xxz(x)

���� ����jMex2m0(N , e ; l), x2Dh,

where m0(N , e ; l)=m0(5:4)(N , e ; l) ; these estimates are unimprovable. For the function
~zz(x), x2D, we have the unimprovable estimate

dk

dxk
(ux~zz)

���� ����, kux~zzkCk
e
jMexkm0(N , e ; l), k=1, 2: (5:7)

The error k dk

dxk
(ux~zz)k, k=1, 2 is bounded under the following condition

(Nx1exkmin[lnN , ex1]+Nxlx1exk(e+Nx1)x1jM) :

Nx1=O(e2=(l+1)) for l<1,

Nx1=O(e lnx1(ex1+1)) for li1, k=1;

Nx1=O(e3=(l+1)) for l<2x1,

Nx1=O(e2 lnx1(ex1+1)) for li2x1, k=2;

(5:8)

which is unimprovable. The condition

Nx1=o(e(k+1)=(l+1)) for u<kx1 ;

Nx1=o(ek lnx1(ex1+1)) for likx1, k=1, 2
(5:9)

is necessary and sufficient for the convergence of the derivatives (dk=dxk)~zz, x2D.

SHISHKIN—Approximation of solutions and derivatives 183



The convergence defect of the scheme in the norm k�kCk
e
is

O(ex(k+1)=(l+1)) for l<kx1 and O(exk ln(ex1+1)) for likx1:

Lemma 5.1. The solution of the finite difference scheme (3.4), (5.1) converges e-uniformly
in the norm k�k. Condition (5.8) (condition (5.9)) is necessary and sufficient for the
boundedness of kux~zzkCk

e
, k=1, ( for the convergence in the norm k�kCk

e
). Estimates

(5.4), (5.7) and also estimate (5.5), if condition (5.6) holds, are satisfied for the mesh
solutions. Estimates (5.4a), (5.7) and estimate (5.4b) are unimprovable with respect to the
values of N, e and N respectively ; the convergence defect for this scheme in the norm k�kCk

e

is not lower than O(exk ln(ex1+1)), k=1, 2.

5.2. Let us consider the convergence of scheme (3.4), (5.1) in the rkhu (�)-metric.
Taking into account estimate (3.17), we verify that the solution of grid problem (3.4),

(5.1) is not bounded (N, e)-uniformly in the r1hu (�)-metric. With regard to estimates (3.16)
and (3.17) and the explicit form of the singular components of the solutions to the dif-
ferential and grid problems, we establish that the following condition (either ex2h(1)c1jM
for ex1(c1xs)<M0, or N

x1ex1(e+Nx1)x1(c1xs)jM for c1xsxM0ei0) :

Nx1=O(e2(c1xs)x1) for ex1(c1xs)iM0, (5:10a)

sNx1=O(e2cx1
1 ) for ex1(c1xs)<M0, (5:10b)

is necessary and sufficient for the mesh solutions to be bounded in the r1hu (�)-metric, where
s=s(5:1), c1=c1(5:2), M0 is any constant. In condition (5.10a) we have M0j
ex1(c1xs)jM ln(ex1+1).

In the case of condition (5.10a), we obtain the estimate

r1hu (z)jM{Nx1(min[ lnN , ex1])2+Nx1(e+Nx1)x1ex1(c1xs)}, (5:11)

while under condition (5.10b) we have

r1hu (z)jM{Nx1min[ lnN , ex1]ex1c1+Nx1(e+Nx1)x1exp(xex1 (sxc1))}: (5:12)

Estimates (5.11) and (5.12) are unimprovable.
Note that under the condition ex1(c1xs)iM0 (see condition (5.10a) and estimate

(5.11)) we have ex1(c1xs)jM ln ex1+1.
In the case of the r2hu (�)-metric, the condition

Nx1=O(e2(c2xs)x1) for ex1(c2xs)iM0, (5:13a)

sNx1=O(e2cx1
2 ) for ex1(c2xs)<M0, (5:13b)

is necessary and sufficient for the mesh solutions to be bounded. Under condition
(5.13a) we have

r2hu (z)jM{Nx1(min[lnN , ex1])2+Nx1(e+Nx1)x1ex1(c2xs)}: (5:14)

Under condition (5.13b) and the additional condition

d2

dx2
U (0)

���� ����jM(e+d)l, when k=2, (5:15)
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where l is any constant from the interval [0, 1], the value d=d(N) tends to zero as NpO,
the following estimate holds:

r2hu (z)jM{Nx1 min[lnN , ex1]ex1 c2+Nx1(e+Nx1)x1(e+d)l

+Nx1(e+Nx1)x1 exp(xex1(sxc2))}: (5:16)

Estimates (5.14) and (5.16) are unimprovable.
It follows from estimates (5.11), (5.12), (5.14) and (5.16) that the condition of con-

vergence in the rkhu (�)-metric for scheme (3.4), (5.1) depends on the value l. The scheme
converges if the following unimprovable condition holds :

Nx1=o(e2(ckxs)x1), l<k ;

Nx1=o(ek=l), lik ; k=1, 2 and l>0 for k=2, (5:17a)

Nx1=o(e2(ckxs)x1), l<k ;

Nx1=o(e), lik ; k=2 and l=0: (5:17b)

If l<k in condition (5.17), then we have

me lnx1 (ex1+1)je2(ckxs)x1jMx1
0 e:

Thus the convergence defect for scheme (3.4), (5.1) in the rkhu (�)-metric is not higher
than O(ex1 ln(ex1+1)) for l<k ; for lik the defect is O(exk=l) if k=1 and also if k=2
and l>0; the defect is O(ex1) if l=0 for k=2. The defect O(ex1 ln(ex1+1)) is
achieved, for example, if the condition cki(1+m)s holds.

If the following condition holds:

liknx1 and fl>0, if k=2g, k=1, 2, (5:18)

where n=n(2:11), nj1, then the convergence defect of scheme (3.4), (5.1) in the rkhu (�)-
metric is not higher than O(exn), i.e. the scheme converges almost e-uniformly in the
rkhu (�)-metric; the convergence defect is unimprovable with respect to n. Under the
condition

lik and Nx1=O(ek=l), fl>0 if k=2g (5:19)

the following unimprovable estimate is valid:

rkhu (z)j
M{Nx1 min[lnN , ex1] ln(ex1+1)+Nxlex1}, k=1,

M{Nx1 min[lnN , ex1] ln(ex1+1)+Nxlex2

+Nx1(e+Nx1)x1(e+d)l}, k=2:

8><>: (5:20)

Under the condition

l � k=2, l=0 and Nx1=O(e) (5:21)

the following unimprovable estimate holds :

r2hu (z)jMNx1(e+Nx1)x1: (5:22)

Lemma 5.2. In the case of the finite difference scheme (3.4), (5.1) the condition (5.10),
(5.13) (condition (5.17)) is necessary and sufficient for the mesh solutions to be (N, e)-
uniformly bounded ( for the convergence of the scheme) in the rkhu (�)-metric. Under
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condition (5.18) the scheme converges almost e-uniformly in rkhu (�) ; the convergence
defect is O(exk=l) if lik. Under condition (5.21) the scheme converges in r2hu (�) with the
convergence defect O(ex1). The mesh solutions satisfy estimates (5.11), (5.12), (5.14),
(5.16), (5.20) and (5.22) if conditions (5.10a), (5.10b), (5.13a), {(5.13b), (5.15)}, (5.19)
and (5.21) hold, respectively. These estimates are unimprovable with respect to the values
of N, e.

6. Finite difference scheme with improved ru
kh convergence—the model problem

The quantity s from mesh (5.1), which locates the transition point x=s of the mesh,
depends on the values of N, e, l. On such meshes the scheme converges in the rkhu (�)-metric
under condition (5.17), in particular, under the following condition (unimprovable with
respect to the value of e) :

Nx1=o(ek=l) for lik, k=1, 2: (6:1)

It is in our interest to construct piecewise-uniform meshes on which scheme (3.4)
converges in the rkhu (�)-metric under a weaker condition than condition (6.1).

6.1. We consider schemes on piecewise-uniform meshes in the case when the transition
point x=s satisfies the following condition:

ex1s=y(e), where y(e)pO, ey(e)p0 as ep0:

On the set D we construct the mesh

Dh=D*h(5:1a)(s(g)), (6:2a)

where

s=s(e ; g,m)=min[ 2x1d, gmx1e ln(ex1+M)], m ¼ m(5:1), (6:2b)

and g>0 is a mesh parameter ; the constant M is chosen to satisfy the condition
ln(1+M)id, M>e. For such values of s we have

V (x)j jjMeg, xis, x2D:

By using the explicit form of the components (the singular part and the main term of the
regular part) of the solutions to problems (3.2), (3.1) and (3.4), (6.2), we establish the
estimate

kux~zzkjMfmin[Nx1 ln(ex1+1), 1]+Nx1eg(e+Nx1)x1g � Mm1(N , e ; g): (6:3)

This estimate is unimprovable with respect to the values of N, e. The error kux~zzk is
e-uniformly bounded under the condition

8N , 8e: (6:4)

The scheme converges in the norm k�k if the following unimprovable condition holds:

Nx1=o(lnx1 (ex1+1)): (6:5)

Thus the convergence defect of the scheme is O(ln(ex1+1)).
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In the case when the solution of the difference scheme converges under the condition
Nx1 lnr (ex1+1)p0, where r>0 is some constant, we say that the scheme converges
e-uniformly up to a logarithmic factor (namely, up to the factor lnr (ex1+1)).

Thus scheme (3.4), (6.2) converges in the norm k�k e-uniformly up to the logarithmic
factor lnr (ex1+1).

For the derivatives we get the unimprovable estimates

d

dx
u(x)xdxz(x)

���� ����jMex1m1(N , e ; g), x2D
x
h ;

d2

dx2
u(x)xd�xxx̂xz(x)

���� ����jMex2m1 N , e ; g), x2Dh ;ð

where m1(N , e ; g)=m1(6:3)(N , e ; g). For the function ~zz(x), x2D we have the un-
improvable estimate

dk

dxk
(ux~zz)

���� ����jMexkm1(N , e ; g), k=1, 2: (6:6)

The condition exkm1(N , e ; gÞjM , i.e.

Nx1=O(ek lnx1 (ex1+1)) for gi1;

Nx1=O(e1+kxg) for g<1; k=1, 2
(6:7)

is necessary and sufficient for the error k dk

dxk
(ux~zz)k to be bounded. The derivatives

(dk=dxk)~zz(x), x2D converge if the following unimprovable condition holds :

Nx1=o(ek lnx1 (ex1+1)) for gik;

Nx1=o(e1+kxg) for g<k ; k=1, 2:
(6:8)

The convergence defect of the scheme in the norm k�kCk
e
, k=1, 2 is O(ex1xh+g) for

g<1 and O(exk ln(ex1+1)) for gi1.

Lemma 6.1. Conditions (6.4) and (6.7) (conditions (6.5) and (6.8)) are necessary and
sufficient for the errors in the solutions of the finite difference scheme (3.4), (6.2) kux~zzk
and kux~zzkCk

e
to be bounded ( for the convergence of the scheme in the norms k�k and

k�kCk
e
) respectively. Estimates (6.3) and (6.6), which are unimprovable with respect to

the values of N, e, are satisfied for the mesh solutions. The convergence defect of the
scheme is O(ln(ex1+1)) in the norm k�k and not lower than O(exk ln(ex1+1)) in the
norm k�kCk

e
.

6.2. We now consider the appoximation of the solutions to the boundary value prob-
lem by the discrete solutions in the rkhu (�)-metric.

The solution of the difference scheme (3.4), (6.2) is not bounded (N , e)-uniformly
in the r1hu (�)-metric. The condition (either hjMe lnx1 (ex1+1) for g<1, or hj
M lnx2 (ex1+1) for gi1) :

Nx1=O(e lnx1 (ex1+1)) for g<1;

Nx1=O( lnx2 (ex1+1)) for gi1
(6:9)

is necessary and sufficient for r1hu (z) to be bounded.
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In the case of condition (6.9) we have the unimprovable estimate

r1hu (z)j
M[Nx1(e+Nx1)x1+Nx1ex1(1xg) ln(ex1+1)] for gj1,

M[Nx1 ln2 (ex1+1)+Nx1egx1(e+Nx1)x1] for g>1:

(
(6:10)

It follows from this estimate that the scheme converges in the r1hu (�)-metric under the
following unimprovable condition:

Nx1=o(e lnx1 (ex1+1)) for g<1,

Nx1=o(e) for g=1,

Nx1=o(lnx2 (ex1+1)) for g>1:

(6:11)

In the case of the r2hu (�)-metric, the condition

Nx1=O(e lnx1 (ex1+1)) for g<2;

Nx1=O(lnx2 (ex1+1)) for gi2
(6:12)

is necessary and sufficient for the mesh solutions to be bounded. If this condition and
the following additional condition hold

d2

dx2
U (0)

���� ����jM(e ln(ex1+1)+d)l, (6:13)

where l is a number from the interval [0, 1], the value d=d(N ) tends to zero as NpO,
then we have the unimprovable estimate

r2hu (z)j
M[Nx1(e+Nx1)x1+Nx1ex1(2xg) ln(ex1+1)] for gj2,

M{min[Nx1 ln2 (ex1+1), 1]+Nx1egx2(e+Nx1)x1

+Nx1(e+Nx1)x1(e ln(ex1+1)+Nx1)l} for g>2:

8><>: (6:14)

The scheme converges in the r2hu (�)-metric under the unimprovable condition

Nx1=o(e lnx1(ex1+1)) for g<2;

Nx1=o(e) for g=2;

Nx1=o(lnx2 (ex1+1)) for g>2, if ll0;

Nx1=o(e) for g>2, if l=0:

(6:15)

Thus scheme (3.4), (6.2) under the condition

g>k, {l>0, when k=2g and Nx1=o(lnx2 (ex1+1)), k=1, 2 (6:16)

converges in the rkhu (�)-metric, i.e. the scheme converges e-uniformly up to a logar-
ithmic factor [the convergence defect is O(ln2 (ex1+1))]. Under the condition

gik=2, l=0 and Nx1=o(e), (6:17)

the scheme converges in the r2hu (�)-metric ; the convergence defect is O(ex1).
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Under the condition

g>k, {l>0, when k=2} and Nx1=O(lnx2 (ex1+1)), k=1, 2, (6:18)

we have the estimate

rkhu (z)j
M[Nx1 ln2 (ex1+1)+Nxg+1], k=1,

M[Nx1 ln2 (ex1+1)+Nxl ln N+Nxg+2], k=2,

(
(6:19)

and under the additional condition

gik+1, k=1, 2, (6:20)

we have the estimate

rkhu (z)j
MNx1 ln2 (ex1+1), k=1,

MNx1 ln2 (ex1+1)+Nxl lnN , k=2:

(
(6:21)

The scheme converges in the rkhu (�)-metric with the first-order accuracy for k=1 and
with the order l (up to the factor lnN ) for k=2; moreover, the convergence for k=1 and
k=2 is e-uniform up to the factor ln2 (ex1+1).

In the case of the condition

gik=2, l=0 and Nx1=O(e), (6:22)

we have the estimate

r2hu (z)jM[Nx1(e+Nx1)x1+Nxg+2], (6:23)

and under the additional condition (6.20), we have

r2hu (z)jMNx1(e+Nx1)x1, (6:24)

i.e. the scheme converges in the r2hu (�)-metric with the first order of accuracy and with
the convergence defect O(ex1).

Lemma 6.2. In the case of the finite difference scheme (3.4), (6.2) conditions (6.9) and
(6.12) (conditions (6.11) and (6.15)) are necessary and sufficient for the mesh solutions to
be (N, e)-uniformly bounded ( for the convergence of the scheme) in the rkhu (�)-metric.
Under condition (6.16) the scheme converges in the rkhu (�)-metric e-uniformly up to the
factor ln2 (ex1+1). Under condition (6.17) the scheme converges in the r2hu (�)-metric with
the convergence defect O(ex1). The mesh solutions satisfy estimates (6.10), (6.14), (6.19),
(6.21), (6.23) and (6.24) if conditions (6.9), {(6.12), (6.13)}, (6.18), {(6.18), (6.20)},
(6.22) and {(6.22), (6.20)} hold respectively. These estimates are unimprovable with
respect to the values of N, e.

7. Special scheme on piecewise-uniform meshes—problem (2.2), (2.1)

7.1. For the boundary value problem (2.2), (2.1) we consider the approximation of the
solutions and derivatives in the case of the finite difference scheme (4.3) on piecewise-
uniform meshes. On the set D we construct the mesh

Dh
*=Dh

*(s(l))=Dh
*(l)=v1

*rv2: (7:1a)
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Here v2 is a uniform mesh and v1
* is a piecewise-uniform mesh. To construct the mesh

v1
*, we divide the interval [0, d ] in two parts [0, s] and [s, d ] ; in each part the mesh

stepsize is constant and equal to h(1)=2sN1
x1 and h(2)=2(dxs)N1

x1 respectively. Assume

s=s(e,N1, d ; l,m)=min[2x1d, lmx1e lnN1], (7:1b)

where m=ax1b, l>0 is a parameter of the mesh. The auxilary parameter ck is defined by

ck=ck(e ; m)=kmx1e ln(ex1+1), m=m(7:1), k=1, 2: (7:1c)

For the solutions of difference scheme (4.3), (7.1) (taking into account the explicit form
of the singular components from representation (A.3)), we find the following estimates

kux~zzkjM[Nx1
1 min[lnN1, e

x1]+Nxlx1
1 (e+Nx1

1 )x1+Nx1
2 ]

� M[m0(N1, e ; l)+Nx1
2 ] � Mm1(N , e ; l ) ; (7:2d)

kux~zzkjM[Nx1
1 lnN1+Nxl

1 +Nxl
2 ] � Mm2(N ; l ): (7:2e)

Estimates (7.2a) and (7.2b) are unimprovable with respect to the values of Ns, e and Ns

respectively. Under the condition

li1 (7:3a)

we achieve the best e-uniform order of convergence

kux~zzkjM[Nx1
1 lnN1+Nx1

2 ]: (7:3b)

For the derivatives we have the estimates

hk1

hxk11
(ux~zz)

�����
�����, kux~zzkCk

e
jMexk1m1(N , e ; l), k1=k=1, 2; (7:4)

hk2

hxk22
(ux~zz)

�����
�����jMm1(N , e ; l), k2=1, 2; (7:5)

these estimates are unimprovable with respect to the values of Ns, e. The errors in the
solutions of the finite difference scheme (4.3), (7.1) are bounded in the norm k.kCe

k under
the condition

Nx1
1 =O(e(k+1)=(l+1)) for l<kx1,

Nx1
1 =O(ek lnx1 (ex1+1)) for likx1 ;

Nx1
2 =O(ek) for 8l ; k=1, 2:

(7:6)

The scheme converges in the norm k.kCe
k under the condition

Nx1
1 =o(e(k+1)=(l+1)) for l<kx1,

Nx1
1 =o(ek lnx1 (ex1+1)) for likx1 ;

Nx1
2 =o(ek) for 8l ; k=1, 2:

(7:7)

Conditions (7.6) and (7.7) are unimprovable.
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The convergence defect of the scheme in the norm k.kCe
k is

O(ex(k+1)=(l+1)) for l<kx1 and O(exk ln(ex1+1)) for likx1:

Under the condition

likx1 (7:8a)

we have the estimate

kux~zzkCk
e
jMexk[Nx1

1 min[lnN1, e
x1]+Nx1

2 ], k=1, 2; (7:8b)

that is, the scheme converges for fixed values of the parameter e with the first order up
to a logarithmic factor.

Theorem 7.1. Let the hypothesis of Theorem 4.1 be fulfilled. Then the finite difference
scheme (4.3), (7.1) converges e-uniformly in the norm k.k. Condition (7.6) (condition
(7.7)) is necessary and sufficient for the boundedness of the error ( for the convergence of
the scheme) in the norm k.kCe

k. The mesh solutions satisfy estimates (7.2), (7.3), (7.4), (7.5)
and (7.8) ; estimates (7.2a), (7.4), (7.5) and (7.8) and estimates (7.2b) and (7.3) are
unimprovable with respect to the values of Ns, e and Ns respectively.

7.2. We now give the estimates of convergence for scheme (4.3), (7.1) in the case of the
ru
kh(.)-metric. The solution of problem (4.3), (7.1) is not bounded (N, e)-uniformly in this

metric. Taking into account the explicit form of the singular components of the solutions
for the differential and discrete problems, we establish the condition

Nx1
1 =O(e2(ckxs)x1) for ex1(ckxs)iM0, (7:9a)

sNx1
1 =O(e2cx1

k ) for ex1(ckxs)<M0 ; k=1, 2, (7:9b)

where s=s(7.1), ck=ck(7.1), M0 is any constant. This condition is necessary and sufficient
for the boundedness of ru

kh(z).
Under condition (7.9a) we obtain

rkhu (z)jMfNx1
1 (min[lnN1, e

x1])2+Nx1
1 (e+Nx1

1 )x1ex1(ckxs)+Nx1
2 g, k=1, 2:

(7:10)

Under condition (7.9b) we have the estimate

r1hu (z)jMfex1c1N
x1
1 min[lnN1, e

x1]+Nx1
1 (e+Nx1

1 )x1exp(xex1(sxc1))+Nx1
2 g,

(7:11)

and under the additional condition

h2

hx21
U (x)

���� ����jM(e+d)l, x2C1, (7:12)

where l is a number from the interval [0, 1], d=d(N ) tends to zero as NpO, we have

r2hu (z)jMfex1c2N
x1
1 min[lnN1, e

x1]+Nx1
1 (e+Nx1

1 )x1(e+d)l

+Nx1
1 (e+Nx1

1 )x1 exp(xex1(sxc2))+Nx1
2 g: (7:13)
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Estimates (7.10), (7.11) and (7.13) are unimprovable. Note that in the case of the condition
ex1(ckxs)iM0 (see condition (7.9a) and estimate (7.10)) the inequality ex1(ckxs)j
M ln(ex1+1) is valid.

These estimates imply that the condition

Nx1
1 =o(e2(ckxs)x1), l<k ;

Nx1
1 =o(ek=l), lik ; k=1, 2 and l>0 for k=2; (7:14a)

Nx1
1 =o(e2(ckxs)x1), l<k ;

Nx1
1 =o(e), lik ; l=0 and k=2 (7:14b)

is necessary and sufficient for the convergence of the scheme in the ru
kh(.)-metric. Note

that in the above condition (7.14) for l<k, the following estimate occurs:

me lnx1 (ex1+1)je2(ckxs)x1jMx1
0 e:

Thus the convergence defect of the scheme in the ru
kh(.)-metric is not higher than

O(ex1 ln(ex1+1)) for l<k ; the defect is O(exk=l) for lik for k=1 and also for k=2
when l>0; the defect is O(ex1) for k=2 and l=0. The defect O(ex1 ln(ex1+1)) is
achieved, for example, under the condition cki(1+m)s.

If the following condition holds :

liknx1 and {l>0, when k=2}, k=1, 2, (7:15)

where n=n(2.11), nj1, the scheme converges almost e-uniformly in the ru
kh(.)-metric ;

moreover, the convergence defect is not higher than O(exn) and unimprovable with
respect to n. Under the condition

lik and Nx1
1 =O(ek=l), {l>0, when k=2}, k=1, 2, (7:16)

we have the following unimprovable estimate:

rkhu (z)j
M{Nx1

1 min[lnN1, e
x1] ln(ex1+1)+Nx1

1 ex1+Nx1
2 }, k=1,

M{Nx1
1 min[lnN1, e

x1] ln(ex1+1)+Nx1
1 ex2

+Nx1(e+Nx1
1 )x1(e+d)l+Nx1

2 }, k=2:

8><>: (7:17)

Under the condition

lik=2, l=0 and Nx1
1 =O(e), (7:18)

the following unimprovable estimate holds :

r2hu (z)jM[Nx1
1 (e+Nx1

1 )x1+Nx1
2 ]: (7:19)

Theorem 7.2. Let the hypothesis of Theorem 4.1 be fulfilled. Then condition (7.9)
(condition (7.14)) is necessary and sufficient in order that the mesh solutions of the finite
difference scheme (4.3), (7.1) are (N, e)-uniformly bounded (the scheme is convergent)
in the ru

kh(.)-metric. Under condition (7.15) the scheme converges almost e-uniformly in
the ru

kh(.)-metric ; the convergence defect is O(exk=l) for lik. Under condition (7.18) the
scheme converges in the ru

2h(.)-metric with the convergence defect O(ex1). The mesh
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solutions satisfy estimates (7.10), (7.11), (7.13), (7.17) and (7.19) if conditions (7.9a),
(7.9b), {(7.9b), (7.12)}, (7.16) and (7.18) hold respectively ; these estimates are un-
improvable with respect to the values of Ns, e.

Remark. In the case of the meshes from [4; 6; 12], the value l is choosen to satisfy
only the condition l>1. Thus scheme (4.3) on the meshes from [4; 6; 12] converges in
the ru

1h(.)-metric if the condition N1
x1=o(en) holds, where n=lx1<1. Moreover, n may

take arbitrary values as much as desired close to 1. On the same meshes, under
l>0, the scheme (4.3) converges in the ru

2h(.)-metric if the condition N1
x1=o(e2=l) holds

when the value l insignificantly exceeds 1.

8. Finite difference schemes with improved ru
kh(.) convergence—problem (2.2), (2.1)

8.1. In this section we construct a scheme that converges in the ru
kh(.)-metric e-uniformly

up to a logarithmic factor.
On the set D we construct the mesh

Dh=Dh(7:1a)* (s(g)), (8:1a)

where

s=s(e ;g,m)=min[2x1d, gmx1e ln(ex1+M)], (8:1b)

m=m(A.6), g>0 is a parameter of the mesh, M is a constant satisfying the condition
ln(1+M)id, M>e.

Using the a priori estimates of the solutions to the boundary value problem, for the
difference scheme (4.3), (8.1) we establish the estimate

kux~zzkjM{min[Nx1
1 ln(ex1+1), 1]+Nx1

1 eg(e+Nx1
1 )x1+Nx1

2 }

�M[m0(N1, e ;g)+Nx1
2 ] � Mm1(N , e ;g), (8:2)

and this estimate is unimprovable with respect to the values of Ns, e. The error kuxz̃k
is (N, e)-uniformly bounded under the condition

8Ns, 8e, s=1, 2; (8:3)

the scheme converges under the unimprovable condition

Nx1
1 =o(lnx1 (ex1+1)): (8:4)

The convergence defect of the scheme is O(ln(ex1+1)).
For the derivatives we have the unimprovable estimates

hk2

hxk22
(ux~zz)

�����
����� j Mm1(N , e ;g), k2=1, 2;

hk1

hxk11
(ux~zz)

�����
�����, kux~zzkCk

e
j Mexk1m1(N , e ;g) k=k1=1, 2: (8:5)
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The errors in the mesh solutions are bounded in the norm k.kCe
k under the condition

Nx1
1 =O(ek lnx1 (ex1+1)) for gi1,

Nx1
1 =O(e1+kxg) for n<1;

Nx1
2 =O(ek) for 8g ; k=1, 2;

(8:6)

and the scheme converges under the condition

Nx1
1 =o(ek lnx1 (ex1+1)) for gi1,

Nx1
1 =o(e1+kxg) for g<1;

Nx1
2 =o(ek) for 8g ; k=1, 2;

(8:7)

and conditions (8.6) and (8.7) are unimprovable. The convergence defect of the scheme
in the norm k.kCe

k is O(ex1xk+g) for g<1 and O(exk ln(ex1+1)) for gi1.

Theorem 8.1. Let the hypothesis of Theorem 4.1 be fulfilled. Then conditions (8.3) and
(8.6) (conditions (8.4) and (8.7)) are necessary and sufficient for the boundedness of the
errors kuxz̃k and kuxz̃kCe

k in the solutions of the difference scheme (4.3), (8.1) ( for the
convergence of the scheme in the norms in C 0

e and Ck
e) respectively. The mesh solutions

satisfy estimates (8.2) and (8.5), which are unimprovable with respect to the values of Ns,
e ; the convergence defect of the scheme is O(ln(ex1+1)) in the norm k.kCe

0 and not lower
than O(exk ln(ex1+1)) in the norm k.kCe

k, k=1, 2.

8.2. In the case of the ru
kh(.)-metric, the solutions of the finite difference scheme (4.3), (8.1)

are bounded under the (unimprovable) condition

Nx1
1 =O(e lnx1 (ex1+1)) for g<k ;

Nx1
1 =O(lnx2 (ex1+1)) for gik ; k=1, 2:

(8:8)

Under this condition we have the unimprovable estimate

r1hu (z)jMNx1
2 +

M[Nx1
1 (e+Nx1

1 )x1+Nx1
1 ex1(1xg) ln(ex1+1)] for gj1,

MfNx1
1 ln2 (ex1+1)+Nx1

1 egx1(e+Nx1
1 )x1g for g>1,

(
(8:9a)

and under the additional condition

h2

hx21
U (x)

���� ����jM(e ln(ex1+1)+d)l, x2C1 for k=2, (8:10)

where l is a number from [0, 1], d=d(N) tends to zero e-uniformly as NpO, we have
the following unimprovable estimate:

r2hu (z)jMNx1
2 +

M[Nx1
1 (e+Nx1

1 )x1+Nx1
1 ex1(2xg) ln(ex1+1)] for gj2,

M{Nx1
1 ln2(ex1+1)+Nx1

1 (e+Nx1
1 )x1(e ln(ex1+1)+d)l

+Nx1
1 egx2(e+Nx1

1 )x1} for g>2:

8>><>>:
(8:9b)
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The scheme converges in the ru
1h(.)-metric under the unimprovable condition

Nx1
1 =o(e lnx1 (ex1+1)) for g<1;

Nx1
1 =o(e) for g=1;

Nx1
1 =o(lnx2 (ex1+1)) for g>1;

(8:11a)

while in the ru
2h(.)-metric the scheme in question converges under the unimprovable

condition

Nx1
1 =o(e lnx1 (ex1+1)) for g<2,

Nx1
1 =o(e) for g=2,

Nx1
1 =o(lnx2 (ex1+1)),

Nx1
1 =o(e),

if

if

ll0

l=0

�
for g>2:

(8:11b)

Thus the scheme (4.3), (8.1) converges in the ru
kh(.)-metric under the condition

Nx1
1 =o(lnx2 (ex1+1)) ; g>1 for k=1, g>2, l>0 for k=2, (8:12a)

and the convergence is e-uniform up to the logarithmic factor ln2(ex1+1).
Under the condition

Nx1
1 =o(e), gi2, l=0 for k=2, (8:12b)

the scheme converges in the ru
2h(.)-metric ; the convergence defect is O(ex1).

In the case of the condition

Nx1
1 =O(lnx2 (ex1+1)) ; g>1 for k=1, g>2, l>0 for k=2, (8:13)

we have the estimate

rkhu (z)jMNx1
2 + M[Nx1

1 ln2(ex1+1)+Nxg+1
1 ], k=1,

M[Nx1
1 ln2 (ex1+1)+Nxg+2

1 +Nxl
1 lnN1], k=2,

�
(8:14)

and under the additional condition

gik+1, k=1, 2, (8:15)

we have the estimate

rkhu (z)jMNx1
2 +

MNx1
1 ln2 (ex1+1), k=1,

M{Nx1
1 ln2 (ex1+1)+Nxl

1 lnN1}, k=2:

(
(8:16)

The scheme converges in the ru
kh(.)-metric with first-order accuracy with respect to N1

for k=1 and with the order of accuracy l (up to the factor lnN1) for k=2 e-uniformly
up to the factor ln2(ex1+1).

Under the condition

Nx1
1 =O(e), gi2, l=0 for k=2, (8:17)

we obtain the estimate

r2hu (z)jM[Nx1
1 (e+Nx1

1 )x1+Nxg+2
1 +Nx1

2 ], (8:18a)

and under the additional condition (8.15), we have the estimate
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r2hu (z)jM[Nx1
1 (e+Nx1

1 )x1+Nx1
2 ], (8:18b)

that is, the scheme converges with first-order accuracy and with the convergence
defect O(ex1).

Theorem 8.2. Let the hypothesis of Theorem 4.1 be fulfilled. Then condition (8.8)
(condition (8.11)) is necessary and sufficient in order that the solutions z(x), x2Dh of
the finite difference scheme (4.3), (8.1) are (N, e)-uniformly bounded (the solutions
are convergent) in the ru

kh(.)-metric. Under condition (8.12a) the scheme converges in
the ru

kh(.)-metric e-uniformly up to the factor ln2(ex1+1). Under condition (8.12b) the
scheme converges in the ru

2h(.)-metric with the convergence defect O(e)x1. The mesh
solutions satisfy estimates (8.9a), (8.9b), (8.14), (8.16), (8.18a), (8.18b) if conditions (8.8),
{(8.8), (8.10)}, (8.13), {(8.13), (8.15)}, (8.17), {(8.17), (8.15)} hold respectively ; estimates
(8.9) are unimprovable with respect to the values of Ns, e.
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APPENDIX I—REMARKS AND GENERALISATIONS

A.1. In this subsection we give a priori estimates for the solutions of the boundary value
problem (2.2), (2.1) used in the constructions ; the technique of deriving the estimates is
similar to that from [12].

The solution of the problem can be decomposed into the sum of two functions

u(x)=U (x)+V (x), x2D, (A:1)

where U(x) and V(x) are the regular and singular parts of the solution. The function U(x),
x2D can be obtained as a restriction ontoD of the function U 0(x), which is the solution of
the following problem on the half-plane D

0
:

L0U0(x)=f 0(x), x2D0, U0(x)=Q(x), x2C0:

Here

D0=fx : x12 (xO, d ), x22Rg,
and the operator L0 and the function f 0(x) are smooth extensions of the operator L(2.2) and
the function f (x) to D0, which preserve the properties of the data of problem (2.2), (2.1).
The function V(x) is the solution of the problem

LV (x)=0 x2D, V (x)=Q(x)xU (x), x2C:

It is convenient to represent the function U 0(x), x2D0 as the sum of functions which is
an expansion with respect to the parameter e as follows:

U 0(x)=
X3
n=0

enU0
n (x)+vU 0 (x), x2D

0
,

where vU 0(x) is the remainder term; the functions U 0
n(x) are the solutions of the (initial)

problems for the hyperbolic equations

L01U
0
0 (x)�

X
s=1, 2

b0s (x)
h
hxs

xc0(x)

( )
U 0

0 (x)=f 0(x), x2D0,

U0
0 (x)=Q(x), x2C0 ;

L01U
0
n (x)=x

X
s=1, 2

a0s (x)
h2

hx2s
U0

nx1(x), x2D0,

Un
0 (x)=0, x2C0, n=1, 2, 3:

Here the functions a0s (x), b
0
s (x), c

0(x) are continuations of the functions as(x),
bs(x), c(x).
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If the data of boundary value problem (2.2), (2.1) are sufficiently smooth, we have the
following estimate for the function U(x), x2D :

hk

hxk11 hx
k2
2

U (x)

�����
�����jM[1+e3xk], x2D, kj5: (A:2)

The function V(x) can be written as the sum of functions

V (x)=
X

n=0, 1, 2

enVn(x)+vV (x), x2D, (A:3)

where vV(x) is the remainder term. The functions Vn(x), x2D are restrictions onto D of
the functions Vn

1(x), x2D1, which are the (bounded) solutions of the problems

L12V
1
0 (x) � ea1(x*)

h2

hx21
+b1(x*)

h
hx1

� �
V 1
0 (x)=0, x2D1,

V 1
0 (x)=Q(x)xU0(x), x2C1 ;

L12V
1
1 (x)= xe

h
hx1

a1(x*)x1
h2

hx21
x

h
hx1

b1(x*)x1
h
hx1

�
xea2(x*)

h2

hx21
xb2(x*)

h
hx2

+c(x*)

�
V 1
0 (x),

L12V
1
2 (x)= xe2x1 h2

hx21
a1(x*)x

2
1

h2

hx21
x . . .+

h
hx1

c(x*)x1

� �
V 1
0 (x)

+ xe
h
hx1

a1(x*)x1
h2

hx21
+ . . .+c(x*)

� �
V 1
1 (x), x2D1,

V 1
n (x)=xUn(x), x2C1, n=1, 2;

where the functions V1
n(x) exponentially decrease for ex1x1pO. Here D1=(0, O)rR,

C1=D
1nD1, x*=(0, x2): The functions Vn(x) can be written explicitly in terms of the

functions Q(x*), U0(x*) and U1(x*). Note that Q(x)xU0(x)=0, Un(x)=0, ni1 for x2C2.
When estimating the components in representation (A.3), we find

hk

hxk11 hx
k2
2

V (x)

�����
�����jMexk1 [1+e3xk2 ] exp(xmex1x1), x2D, kj5, (A:4)

where m is any number from the interval (0, m), m=minD[a
x1
1 (x)b1(x)].

The following estimates are also valid:

hk

hxk11 hx
k2
2

Vn(x)

�����
�����jMexk1 exp(xm0e

x1x1), x2D, (A:5)

hk

hxk11 hx
k2
2

vV (x)

�����
�����jMe3xk1 [1+e3xk2 ] exp(xmex1x1), x2D ; (A:6)

for kj5, n=0, 1, 2, m0=minC1
[ax1

1 (x)b1(x)], m=m(9:4):
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Theorem A.1. Let as, bs, c, f2C9+a(D), Q2C9+a(C ), a>0. Then the components from
representations (A.1) and (A.3) satisfy estimates (A.2), (A.4), (A.5) and (A.6).

A.2. Generally speaking, l=0 in estimates (7.12) and (8.10). In the ru
2h(.)-metric this fact

results in the convergence defect O(ex1) for li2 in the case of scheme (4.3), (7.1)
(estimate (7.19)) and for gi2 in the case of scheme (4.3), (8.1) (estimate (8.18)). We give
the modification of a numerical method that allows us to weaken the convergence defect.

The solution of problem (2.2), (2.1) can be written as the sum of functions

u(x)=u(1)(x)+u(2)(x), x2D, (A:7)

where u(i)(x), x2D are the solutions of the problems

L(1)u(1)(x) �
X
s=1, 2

bs(x)
h
hxs

xc(x)

( )
u(1)(x)=f (x), x2DnC2,

u(1)(x)=Q(x), x2C2 ; (A:8a)

L(2:2)u
(2)(x)=f (2)(x) �xe

X
s=1, 2

as(x)
h2

hx2s
u(1)(x), x2D,

u(2)(x)=Q(x)u(1)(x), x2C : (A:8b)

The data of problem (A.8a) as well as the solution u(1)(x) itself are assumed to be
smoothly extended beyond the boundary C1 onto the left m1-neighbourhood of the set D.
The function u(1)(x), x2D is regular. The functionU (2)(x), x2D, i.e. the regular part of the
solution to problem (A.8b), satisfies the following condition:

h2

hx21
U (2)(x)

���� ����jMe, x2C1:

To solve problem (9.8), we use the difference scheme

L(1)z(1)(x) �
X
s=1, 2

[b+s (x)dxs+bxs (x)dxs]xc(x)

( )
z(1)(x)=f (x), x2D

(1)
h nC2,

z(1)(x)=Q(x), x2C2h ; (A:9a)

L(4:3)z
(2)(x)=~ff

(2)h
(x) �xe

X
s=1, 2

as(x)
h2

hx2s
~zz(1)(x), x2D(2)

h ,

z(2)(x)=Q(x)x~zz(1)(x), x2Ch: (A:9b)

Here

D
(2)
h =v

(2)
1 rv

(2)
2 is either Dh(7:1) or Dh(8:1) ; (A:10a)

D
(1)
h =v

(1)
1 rv

(1)
2 is a uniform mesh, (A:10b)

where v2
(1)=v2

(2), the stepsize of the mesh v
(1)
1 is equal to the stepsize h1

(2) of the mesh
v

(2)
1 ; the mesh D(1)

h is introduced on the setD with its left m1-neighbourhood. Note that the
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meshes D
(1)
h and D

(2)
h coincide outside the s-neighbourhood of the set C1. The solution of

problem (A.9), (A.10) is defined by

~zzh(x) � ~zz(1)(x)+~zz(2)(x), x2D: (A:9c)

For the function z̃(h)(x), x2D, in the case of the mesh D
(2)
h =Dh(7:1) provided that

lik and Nx1
1 =O(ek=l), k=1, 2, (A:11)

the following estimate holds :

rkhu (~zz
h)jM{Nx1

1 min[lnN1, e
x1] ln(ex1+1)+Nx1

1 exk+Nx1
2 }, k=1, 2: (A:12)

For the case of the mesh D(2)
h =Dh(8:1) provided that

g>k and N1=O(ln2 (ex1+1)), (A:13)

we have the estimate

rkhu (~zzh)jM Nx1
1 ln2 (ex1+1)+Nxg+k

1 +Nx1
2

n o
, k=1, 2: (A:14)

Thus the scheme (A.9), (A.10) converges in the ru
kh(.)-metric almost e-uniformly with

the convergence defect O(exn) in the case of mesh (7.1) under the condition l=knx1, and
converges e-uniformly up to the factor ln2(ex1+1) in the case of mesh (8.1) under
condition (A.13).

A.3. In the r1hu (�)-metric the difference scheme (4.3), (8.1) has the convergence defect
O(ln(ex1+1)) (for large values of g), while scheme (4.3), (7.1) has the convergence defect
O(ex1=l) (for large values of l ). However, scheme (4.3), (7.1), as opposed to scheme (4.3),
(8.1), converges e-uniformly in the norm k.k. It is possible to show that, in the class of
piecewise uniform meshes having one transition point of the mesh v1, there do not exist
meshes on which scheme (4.3) converges both e-uniformly in the norm k.k, and e-
uniformly up to a logarithmic factor in the r1hu (�)-metric.

A.4. We give a scheme that converges e-uniformly in the norm k.k and e-uniformly (up to
a logarithmic factor) in the r1hu (�)-metric.

On the set D(2.1) we construct the mesh

Dh
* (A:15a)

in the following way. Under the condition

Nxl
1 je1+l, (A:16a)

we set

Dh(A:15a)
* =Dh(7:1)

* , l=l(7:1),

where l>0 is an arbitrary number. Under the condition

Nx1
1 >e1+l, (A:16b)

we construct the mesh Dh(A:15)
* in such a way. The interval [0, d] is divided into the parts

[0, sN], [sN,se] and [se, d]. On each of these intervals the stepsize of themeshv1 is constant
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and equal to h1
(1), h1

(2), h1
(3) ; h1

(1)=3sNN1
x1, h1

(2)=3(sexsN)N1
x1, h1

(3)=3(dxse)N1
x1. We

assume

sN=sN(A:15)(e,N1, d ; l,m)=min[3x1d, lmx1e lnN ],

se=se(A:15)(e,N1, d ; l,m)=sN+min[3x1d, gmx1e ln(ex1+M)],
(A:15b)

where m=m(7.1), M=M(8.1), l=l(7.1), g=g(8.1), g>1.
The mesh D*h(A:15) has been constructed.
The solution of difference scheme (4.3), (A.15) is (N, e)-uniformly bounded in the norm

k.k, while in the r1hu (�)-metric it is bounded under the unimprovable condition

Nx1
1 =O(lnx2 (ex1+1)): (A:17)

In the norm k.k under (A.17) we have the error bound

kux~zzkjM[Nx1
1 +Nx1

1 lnN1+Nx1
2 ]: (A:18)

Let condition (A.17) be satisfied. Then, in the case of condition (A.16a), we obtain the
estimate

r1hu (z)jM[Nx1
1 lnN1+Nxl

1 +Nxl
1 +Nx1

2 ] ; (A:19a)

under condition (A.16b) we have the estimate

r1hu (z)jM[Nx1
1 ln2 (ex1+1)+Nxn

1 +Nx1
2 ], (A:19b)

where n=min [l, gx1].
Thus scheme (4.3), (A.15) converges in the r1hu (�)-metric under the (unimprovable)

condition

Nx1
1 =o(lnx2 (ex1+1)), (A:20)

i.e. the scheme converges e-uniformly up to the factor ln2(ex1+1). Under the
condition

l=l=1, g=2 (A:21)

this gives the estimate

kux~zzkjM[Nx1
1 lnN1+Nx1

2 ], (A:22)

and under the additional condition (A.17) we have

r1hu (z)jM Nx1
1 [lnN1+ ln2 (ex1+1)]+Nx1

2

� �
: (A:23)

Theorem A.2. Let the hypothesis of Theorem 4.1 be fulfilled. Then the solution of finite
difference scheme (4.3), (A.15) converges e-uniformly in the norm k.k. Condition (A.17)
(condition (A.20)) is necessary and sufficient for the (N, e)-uniform boundedness ( for the
convergence) of the mesh solutions in the r1hu (�)-metric ; the convergence defect of the
scheme is O(ln2(ex1+1)). The mesh solutions satisfy estimate (A.18) and, in the case
of conditions (A.17), (A.21) and {(A.17), (A.21)}, estimates (A.19), (A.22) and (A.23)
respectively.
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