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ABSTRACT

In this paper we consider a boundary value problem for singularly perturbed elliptic
convection—diffusion equations on a strip. To solve this problem, we use standard finite
difference approximations on piecewise-uniform meshes refined in the boundary layer
region. The approximation errors of solutions and derivatives (up to the second order) are
analysed in the p-metric. In this metric the error of a solution is defined by the absolute
error, while the error of its derivative in the direction across the boundary layer is defined
by the relative error in that part of the domain where the derivative is large, and by the
absolute error in the remainder part. It is shown that in the class of meshes, whose step-
size in the layer does not decrease as we move away from the outflow boundary, there are
no meshes on which the scheme converges ¢-uniformly in the p-metric. We establish
conditions imposed on the distribution of the nodes in piecewise-uniform meshes, under
which the scheme converges in the p-metric ¢-uniformly up to a logarithmic factor.

1. Introduction

Solutions of partial differential equations with a small parameter multiplying the highest
derivatives have a limited smoothness that gives rise to difficulties in their numerical
solving [1; 2; 5]. This leads to a need for the development of special mesh methods, the
accuracy of which depends weakly on the perturbation parameter ¢ and, in particular,
methods that converge e-uniformly. Difficulties also arise in the case when it is required to
find not only the solution, but also its derivatives. So often the main objective in the
investigation of heat and mass transfer processes is to determine derivatives for small
values of the parameter ¢, for example, if it is necessary to find skin friction and/or heat
and diffusion fluxes in problems of flow around some body for large Reynolds and Peclet
numbers [10]. Thus we are interested in developing such numerical methods that allow us
to approximate both the solution of the problem and its derivatives with errors weakly
depending on the perturbation parameter e.

For several boundary value problems e-uniformly convergent finite difference schemes
have been constructed (see, e.g. [6; 7; 12] for descriptions of the approaches taken to
construct such schemes). In some publications, in addition to finding numerical ap-
proximations to solutions, e-uniform approximations to derivatives were also considered
(see, for example [3; 4; 13] and also the references therein). In these works, in order to
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handle the first derivative along x; (in the direction across the boundary layer) in the
maximum norm, the authors made use of the normalised (scaled) derivative &(d/dx1)u(x),
which is e-uniformly bounded. Some results relevant to the approximation of partial
derivatives in the energy norm were considered in [8]. We emphasise that the construction
of special numerical methods with a view to approximating both solutions and derivatives
has not yet been considered practically in the case when the errors in the approximations
depend weakly on the parameter &.

In this paper mesh approximations of a boundary value problem on a strip for
singularly perturbed elliptic convection—diffusion equations are considered ; we use classi-
cal approximations of the equation on fitted meshes condensing in a neighbourhood
of the boundary layer. It is required to find both the solution of the problem and its
derivatives (up to the second order) with errors weakly depending on the perturbation
parameter &. The k-th order derivative of the solution in the normal direction (towards the
outflow boundary) (&* /0x*)u(x) grows without bound (in a neighbourhood of the
boundary layer) as ¢ — 0; the normalised derivative &* (5"/ Ox¥yu(x) is e-uniformly bounded.
However, the normalised derivative outside of the boundary layer tends to zero when
¢— 0, and, as a result, the information about its behaviour fails. Thus the norm based on
the normalised derivatives as well as the norm in C* are inadequate norms for our
purposes (see, for example, bounds (2.9) for k=1).

In this paper we consider the approximation errors for solutions and derivatives in a
new p*-metric, which is adequate for problems with boundary layers: (i) the error of a
solution u(x) is defined by the absolute error in the maximum norm; (ii) the error of the
derivative (ﬁk/ 6x’f)u(x) is defined by the relative error in that part of the domain where the
derivative is large, and by the absolute error in the remainder part of the domain. Note that
the solutions of traditional difference schemes on uniform meshes converge in the p*-metric
when the mesh width in the direction across the layer is much smaller than ¢ (see, for
example, estimates (3.22), (3.23) and (4.13) below for 1D and 2D problems respectively).
However, the convergence condition in the p*-metric is equally restrictive for the case of
special piecewise-uniform meshes from [4; 6; 12] invented in [11] (see conditions (5.17)
and (7.14) for 1D and 2D problems, with /> 1, where the parameter / can be arbitrarily close
to 1). It turns out that there exist no meshes on which the numerical solutions converge
e-uniformly in the p*-metric (see the statements of Lemma 3.5 and Theorem 4.3 for 1D and
2D problems). Nevertheless, it remains important to develop numerical methods whose
errors in the p*-metric are weakly depending on the value of the parameter e.

For the boundary value problem under consideration we analyse the convergence of
solutions and derivatives in the case of uniform meshes and piecewise-uniform meshes
from [12]. In these last meshes the transition point between the fine and coarse mesh
depends both on the parameter ¢ and on the number N, of mesh points across the boundary
layer; schemes on such meshes converge e-uniformly in C. In the case of piecewise-
uniform meshes from [12], we choose the parameters of the transition point for which the
scheme converges in the p‘-metric under the condition Ni '«¢", where v>0 is any
arbitrarily small number (see estimates (5.20) and (7.17) for 1D and 2D problems).

Furthermore, we establish conditions imposed on the distribution of the nodes in
piecewise-uniform meshes, under which the scheme converges in the p*-metric ¢-uni-
formly up to a logarithmic factor. This essentially better convergence result is achieved on
a new class of piecewise-uniform meshes, in which the transition point depends only on
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the parameter ¢ (see estimates (6.21) and (8.16) under conditions (6.18), (6.20) and (8.13),
(8.15), respectively). In particular, we give a piecewise-uniform mesh with two transition
points on which the scheme converges e-uniformly in C (see estimate (A.22)) and &-
uniformly up to a logarithmic factor in the p'-metric (see estimate (A.23)).

Problem formulation and the goal of research are given in Section 2. Finite difference
schemes for this problem are considered in Sections 4, 7 and 8 ; schemes for a model one-
dimensional problem are considered in Sections 3, 5 and 6. The convergence analysis in
the p-metric is given in Sections 3 and 4 for classical schemes on uniform meshes, and
in Sections 5 and 7 for schemes on piecewise-uniform meshes from [12] (which ensure
the e-uniform convergence of the solutions in C). Schemes convergent in the p*-metric
e-uniformly up to a logarithmic factor (schemes with improved pk-convergence) are
considered in Sections 6 and 8. 4 priori estimates used in the constructions and proofs
are given in Appendix I.

2. Problem formulation
2.1. On the domain D with boundary I, where
D={x: x1€(0,d), xR}, (2.1)

we consider a boundary value problem for the singularly perturbed elliptic equation
with convective terms

o 0
Looyu(x) = {s Z as(x)p + Z bs(x)a c(x)}u(x) =f(x), x€D,

s=1,2 Xs s=1,2
u(x)=gp(x), xel. (2.2)

Here ay(x), by(x), c(x), f(x), x €D, p(x), x €I are sufficiently smooth functions. Moreover
ay<a,<a®, by< by(x) < b, [bo(x)| < b, 0< c(x) <, x €D, ag, bo>0; | f(x)| <M, x €D,
lp(x)| <M, xeT'; £€(0, 1] is the perturbation parameter'. For simplicity we suppose

either by(x)>0 or by(x)<0, xé€D.

When ¢ tends to zero, a boundary layer appears in a neighbourhood of the outflow
boundary I';. Here I'=1"1U I, where I'; and I, are the left and right boundaries.

To solve this problem numerically, we use classical finite difference schemes on
rectangular meshes [9].

2.2. We are interested in the approximation of not only the solution of problem (2.2), (2.1),
but also of its partial derivatives.

Note that the solution of problem (2.2), (2.1) and its derivatives with respect to x,
are ¢-uniformly bounded. However, the derivatives in x; grow without bound as ¢ —»0
and remains bounded e-uniformly outside a neighbourhood of the boundary layer. To
estimate the derivatives (61“/ axll“ Ju(x) it would be possible to use the products
&1 (0" /ox'yu(x) = (6"/0x")*u(x), i.e. the normalised derivatives that are e-uniformly

! Here and below we denote by M, M; (or m, m;) sufficiently large (or small) positive constants that are
independent of the parameter ¢ or the difference operators. The notation L (7, Dn(jx) means that this
operator (constant, grid) is first introduced in the formula (j,k).
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bounded on the whole of D. For example, for the approximation of the solution and its first
derivatives one can use the norms ||-||» and ||| i+, Where

SN (e e
6x1

Here |-|| is the C%-norm. But the norm ||-|| . is not bounded e-uniformly. This leads to an
inconvenience to construct and analyse ¢-uniformly convergent numerical methods. The
norms ||| and ||-||ci1« are inadequate norms; in these norms the information about the
behaviour of the derivative (d/0x)u(x) outside of the boundary layer fails. For small
values of the parameter ¢ the magnitude of the derivative outside of the boundary layer
does not influence the value of ||-|| -1« ; thus the information about the derivative fails even
in the nearest neighbourhood of the boundary.

[all cre = [Juell +

2.3. In the case of the approximation of the solution and its derivatives based on the
maximum norm it seems to be appropriate to approximate the solution in this norm on
the whole of D, but the derivatives only on that part of the domain D where the derivatives
are not too large. In that part of the domain where the derivatives are large, the ap-
proximation is defined by the relative error in the maximum norm.

Let it be required to approximate the solution u(x), x € D and its derivatives up to order
n, n<2. It is convenient to introduce a distance between the solution u(x), x€D of
problem (2.2), (2.1) and some sufficiently smooth function v(x), x €D in the following
way. Let f8,,, n=1, 2 be an arbitrary number from the interval (0, o0). Let 5; denote the set
on which the following condition holds:

n

>p", xeDj. (2.42)

Moreover, the condition

an
F u(x)

1

max

]
Dy

<B, (2.4b)

is satisfied on the set 553"] =D\DB, where f in 5%"1 is ,. By EZ_ we denote the set 5;
which does not include its right boundary.

Definition 1. For the function v(x), x€D, v€C'(D) we define the quantity (semi-

norm)
n —1 An
(f; u) 9 -
ox!} ox!!

which generates the p*-metric. The quantity pk(v), k=1, 2, i.e. the distance between the
functions u(x) and v(x), x €D and between their derlvatlves up to order £, is defined by

pa) = [|lu—vl|+ Z p()+ Z

k=1 ky—1

AN

o
a}’l

(u - ) _[”]a

p"(v) = inf max
B D}

n

—n—

Dy

oF (u k=1,2. (2.5)

We introduce the distance between the solution u(x), x €D and a mesh function z(x),
x €Dy, which is defined on a rectangular mesh D;, on D. For this, we construct some
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interpolants from the values of the function z(x), x €Dj and put them in correspondence
to the function u(x), x €D (and its derivatives up to order k, k <2). We will use these
interpolants to estimate the approximation errors.

Let z(x), x € D denote the interpolant (bilinear in x; and x,) which is constructed from
the values of z(x), x €Dy ; Z(x), x€D is a continuous function that has piecewise con-
tinuous derivatives (0 / axl)z(x) and (0/ axz)z(x) These derivatives are discontinuous on
the lines x; =x} and x, =x} respectively; (xl, x%) €Dy, On the lines of discontinuity x; =
and x, =x} we complete a definition of the derivatives (0/dx;)Z(x) and (0/0dx;)Z(x) up to
continuity for x; =x} +0 and x, =x% + 0 respectively.

Further we construct the functions z!(x) and z*(x), x € D, which approximate the second
difference derivatives with respect to x; and x,. Let D, =@, X w;, 61 and w, be meshes
on the interval [0, d] and on the axis x,. We introduce the meshes @} and w3, whose nodes
xl and x5 are deﬁned by the relations x"‘“rl/2 =271} +xiTh), x *”1/2 =2"1(x] +x]+1),
xi, Xt em), x4, ¥ ew,.

We define the functions Z!(x) and Z*(x) on the lines x; = x?‘lﬂ/ 2 and x, =x3/t1/? by

') =4, izoc) , XEO, XR; Z(x)=0,, iz(x) , x€[0, d] x w3}
oxy 0x>

We extend the functions z (2) and Z%(x) linearly between the lines x =xi“'+l/ 2
X372 and x x*’+l/2 #/32 . the function 2 (x) is linearly extended up to the
boundary I if x{ =0 or x“rl —d The functions z'(x) and Z*(x), x €D are extensions
(onto D) of the second difference derivatives of the function z(x), x € D, with respect to
x; and x,.

We introduce the function
Z(x), x€D (2.6)

and its derivatives. This function coincides with Z(x) on D. Its first derivatives
(0/0x1)z and (0/0x;)z are the same as the first derivatives of the function z(x), i.e.
(8/0x1)2(x) and (8/dx,)z(x). The second derivatives (0*/0x})z and (8%/dx3)z are the
functions z!(x) and Z2(x), respectively, as introduced above. Note that in the case of
sufficiently smooth functions v(x), x € D, the function Z(x), x €D and its partial deriva-
tives up to the second order, where z(x) =v(x), x €D, approximate the function v(x) and its
derivatives in the maximum norm.
We define the distance between the functions u(x) and z(x) by the relation

k

o
@) = [lu—z2| + Z P+ > g w2, k=12, 2.7)
k=1 b=1]0%2
where
(n)h " -1 an
(z)=1nf max —(u— | — (u Z) , n=1,2.
B, B 6x’f e
5 Dy

In that case when the function u(x), x€D has e-uniformly bounded derivatives
(9" /oxyu(x), n <k, the distance ply, ;(z) between u(x), x € D and z(x), x € D, is equivalent
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to the usual distance between u(x), x €D and Z(x), x €D
k

+2

k=1

The subscript of C* in the expression [|u— Z|| ¢ reminds us that the function Z(x) is not
aconvent10nal standard function; |ju— zHCk—||u zZ||cx = ||u—Z|| 1 for k=1. Generally
speaking, p¥(z) <M |lu— 2| cx-

Note that for the function ¥;(x)=x, exp(—&~'x;), x €D, which is the leading term in
the asymptotic expansion (in powers of ¢) of the singular part of the solution u(x) (for
suitable parameters of the boundary value problem), we have the estimates

k

u—Zle =y
k2:0

k2

0 s i
@(H —Z)

k=1, 2. (2.8)

ki
0x;

||V1||C1*(2.3)S28; 1<("llcrs Pllt(z.S)(Vl)Sz (2.9)

Thus the norm ||- || -1+ is an inadequate metric for small values of the parameter ¢ even in
the case of the singular components (the first terms of their asymptotic expansions in ¢). In
the case of a scaled derivative, the information about the derivative fails even in the
boundary layer.

2.4. In the case of classical mesh approximations to problem (2.2), (2.1), the discrete
solutions on uniform meshes converge in the p!”(-)-metric only under the condition

N '«en™ (e 4 1), (2.10)

where N; is the number of mesh points on the interval [0, d] (see, for example, the
statements of Lemma 3.1, Theorem 4.2). The use of piecewise-uniform meshes from [4;
6; 12], on which the discrete solutions converge e-uniformly in the norm ||- ||, allows us to
weaken condition (2.10) in the case of the puh( -)-metric (see, for example, the remark to
Theorem 7.2). In connection with the marked behaviour of the mesh solutions, it is of
interest to construct schemes that converge in the p./(-)-metric under a weaker condition
than condition (2.10).

Definition 2. We say that the solution z(x), x € D, of the difference scheme converges in
the puh( -)-metric (for N — oo, where the value N indicates the number of mesh elements
in Dy, on each of the axes) almost e-uniformly with the convergence defect O(¢ "), if for
any arbitrarily small number v>0, there exists a function u(n) such that the following
estimate holds:

pM(z) <Mu(e "N, (2.11)

where () - 0 uniformly in ¢ as 1 — 0. If v=0 the scheme converges e-uniformly. In a
similar way almost ¢-uniform convergence can be defined in the p?(-)-metric and in the
norms |-, -l cx-

Our goal is to construct special meshes, on which classical difference approximations
to problem (2.2), (2.1) converge in the pﬁh( -)-metric almost e-uniformly and, in particular,
e-uniformly.
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For simplicity, in what follows we suppose that the singular component ¥(x, ¢) (from
the representation (A.1)) is strictly bounded away from zero on the boundary
Iy V(x, t)=m, xel.

3. A classical finite difference scheme—the model problem

3.1. Tt is suitable to consider a number of constructions with a model example for an
ordinary singularly perturbed differential equation. On the interval D along the axis x,
where

D=(0, d) (3.1

we consider the boundary value problem

Lu(x) = {aa d—22 +b i}u(x) =f(x), xeD, ux)=¢x), xeI. (3.2)
dx dx

Here I” zﬁ\D, f(x), xeI is a sufficiently smooth function, and also a, b>0.
We approximate problem (3.2), (3.1) by a classical finite difference scheme [9]. On the
interval D we introduce the mesh

D=0 (3.3)

with any distribution of the mesh points satisfying the condition A<MN~!;
h=max;/', hy = x't! —x/, ¥/, x¥*1 €@, N+1 is the number of nodes in the mesh @.
For problem (3.2), (3.1) we use the finite difference scheme [9]

Az(x) = { ea Oy + béx} z2(x)=f(x), x€Dy, z(x)=¢(x), x€}. (3.4)
Here
Oz(x ) =2(A 1+ h) 71 (,2(x") — Oxz(x')),
dxz(x)=(h"" 1)~ () =z 1)),
du2(x)=(h) " () —2(x),
where 0,z(x) and J3z(x) are the forward and backward differences, and the difference

operator J; z(x) is an approximation to the operator (d%/dx?)u(x) on the mesh @.
The solutions of scheme (3.4), (3.3) satisfy the error estimate

lu(x)—z(x)|<M(E+N"H"'N~! xeDy. (3.5)
In the case of the uniform mesh
D, (3.6)
we have
u(x) —z(x)| <M(e+N"H"'N"!, xeD. (3.7)

For difference derivatives of the mesh solutions we have

d _
’d—u(x)—(sxz(x) <Me '(e+N")7TN7!, x€Dy;3 (3.8a)
X
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d2
ﬁu(x)—éﬁz(x) <Me2(e+N"H2N"L x€EDza; (3.8b)
d -1 —1y—1pr—1 Y
Eu(x)—éxz(x) <Me  (e+N" )" N, x€Dy54; (3.9a)
dZ
@u(x)—éﬁz(x) <M(E+N"H)TNT xeDjs. (3.9b)

Here D, =wU {x=0}. Estimates (3.9a) and (3.9b) are obtained by taking into account
the explicit form of the singular components and the leading terms of the asymptotics
(in ¢) for the regular components of solutions to problems (3.2), (3.1) and (3.4), (3.3).

Definition 3. Let z(x), x € D, be a solution of some difference scheme. An estimate of the
following form
u(x)—2(0)| <Me (e +N~) 2 N7 = (N, ¢), x€Dy, v=0
is said to be unimprovable with respect to the values of N, ¢ if the estimate
|u(x) —2()| <M, (N, &), xEDy, (N, &)=0(io(N, ¢)),
generally speaking, fails for some values of N and &, N >N,, ¢€(0,1].
The consideration of the model problems with sufficiently simple data shows that

estimate (3.9) is unimprovable with respect to the values of N, ¢, and estimate (3.7) is
unimprovable but under the (unimprovable) condition

N~ = (). (3.10)

For the function z(x), x €D, which is defined similarly to Z2.6)(x), we have the fol-
lowing estimate in the case of scheme (3.4), (3.6):

dk
Tpu—2) <Me *e+N"HTINT!, k=0,1,2; (3.11)

this estimate is unimprovable with respect to the values of N, ¢.
Thus, the function Z(x) and its derivatives (d*/dx*)z(x) converge in the norm ||-|| if the
following unimprovable condition holds:

N~'=o('*h), k=0,1,2. (3.12)

Lemma 3.1. In the case of the difference scheme (3.4), (3.6) the condition (3.12) is
necessary and sufficient for the convergence of the derivatives (d*/dx*)z(x), x €D, k=
0, 1, 2 in the norm ||-||. Estimates (3.5)—(3.9), (3.11) hold for the mesh solutions and for
the function z(x), x €D; estimates (3.9), (3.11) and also estimate (3.7), if the condition
N~1=0(e) is valid, are unimprovable with respect to the values of N, e.

3.2. In the case of the pl’(-)-metric, we consider the behaviour of the function

W"(x)=u(x), xeDy, (3.13)
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which is a projection of the solution on the mesh D, of type (3.3). The distance between
the functions u(x) and z(x), x € Dy 3 is defined by

k
Pl = =2+ ) o). k=12, (3.14)
n=1
where
4" 4" -1 PL
p""(z) = inf max w=3)| , u (v—2) , n=1,2.
B, dx" 5[;1 dx" dx” 5
B

Let us evaluate the proximity of the functions u(x), x € D and " (x), x € D}, in the pl#(-)-
metric. The solution of problem (3.2), (3.1) can be decomposed into the sum of two
functions which are the regular and singular components

ux)=Ux)+V(x), xeD, UK)=U’%), xeD, (3.15)
where U%(x), xeD’ and V(x), x€D are the solutions of the problems
LU(x)=f"(x), xeD° U’(x)=p(x), xel”;
LV(x)=0, xeD, Vx)=px)—Ux), xel.

Here D° = (—o0, d), %), x€D" is a sufficiently smooth function; moreover,
fO(x)=f(x), xeD, f°(x) vanishes outside an m-neighbourhood of the set D; the function
U°(x) is bounded on D" . It is convenient to represent the function u”(x), x € Dy, as the sum
of the functions in an analogous way to u(x)

u'(x)=Ux)+V"(x), xeD,, U'(x)=U®), V'(x)=V(x), xeD,.

For the component U”(x), x€D;, we have the estimate

HZC(UUh) <MN~!. (3.16)

For the component ¥’ (x), x €D, we have the estimates

d -1 g i Me i for A <Me,
y) Sw-im|< . . | (3.17a)
dx dx M 'hYy " exp(mie™'h)  for i > Mye;

d ~ . . .
e 14! ’SM&‘I(S—Fh’)_lh’ exp(—mye~ 'x")
for xeD, r(x, I1)<m, x€[x', ¥ ™1]; (3.17b)

<MN~' forxeD, r(x,I'1)>m. (3.17¢)

d T7h
‘E(V—V)

Here r(x, I) is the distance between the point x and the set I'j, x, x'*'eD,,
mi=a"'b, My <M, . Estimates (3.16), (3.17a) and (3.17b) are unimprovable with respect
to the values of N, ', ¢.
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It follows from estimates (3.16) and (3.17) that the value plllh(uh) is not bounded e&-
uniformly. In the case of meshes (3.3) (meshes with an arbitrary distribution of the nodes)
the condition

N='=0(e) (3.18)

is necessary and sufficient for p!"(u") to be e-uniformly bounded. Under condition
(3.18) we have

ity <me™'N 7, (3.19)

this estimate is unimprovable with respect to the values of N, ¢; the convergence defect
for the projection u"(x), x €D in the pl#(-)-metric is ¢(e~') for meshes (3.3), i.e. the
defect is the same as that for scheme (3.4), (3.6) in the norm ||-||.

Lemma 3.2. Condition (3.18) in the case of meshes (3.3) is necessary and sufficient for
the projection uf’3_13)(x), x €Dy, to be e-uniformly bounded in the p,y’(~)-metrl'c. Under
condition (3.18), the function u'(x) satisfies the estimate (3.19) being unimprovable with
respect to the values of N, ¢; the function u"(x), x €Dj, converges to u(x), x€D in the
pYi(-)-metric with the convergence defect O(¢~").

3.3. The consideration of the solutions of the boundary value and discrete problems in the
case of mesh (3.6) for 2 =¢ shows that p;h(z) grows without bound as N — oo ; thus the
condition (3.18) is not sufficient for the boundedness of pl/(z).

For the discrete solutions on meshes (3.6), we have the rough estimate

P @) <MN~'(e+N~")" for Dy=Djsg. (3.20)

Thus, in contrast to the quantity |[4(u—3z)|, which grows without bound for
N~!>»¢? and £ -0, the function z(x) in the pl#(-)-metric (that is, the distance between
u(x) and z(x) in the pll,h(-)-metric) is e-uniformly bounded for fixed values of N; however,
this function is not bounded N-uniformly.

Taking account of estimates (3.16) and (3.17), we establish that the condition

N '=0Ehh ' ' +1)) (3.21)

is necessary and sufficient for the solutions of scheme (3.4), (3.6) to be N- and (N, ¢)-
uniformly bounded in the p,‘/’(-)-metric. Under condition (3.21) we have

P <MN e In(e™ 4+ 1); (3.22)

this estimate is unimprovable with respect to the values of N, ¢. Thus, the convergence
defect of scheme (3.4), (3.6) in the p!/(-)-metric is O™ In(e™ "+ 1)).

Lemma 3.3. Condition (3.21) is necessary and sufficient for the solutions of the
finite difference scheme (3.4), (3.6) to be bounded in the pl'(-)-metric. The mesh
solutions satisfy estimate (3.20), and estimate (3.22), which is unimprovable with
respect to N, &, holds if condition (3.21) is true. The convergence defect of this scheme is
O "In(e '+ 1)).
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Remark. In the p?'(-)-metric, the solution of the finite difference scheme (3.4), (3.6) is
(N, ¢)-uniformly bounded if condition (3.21) is satisfied. Moreover, under this condition
the estimate for the p?(-)-metric is the same as that for the pl(-)-metric (see estimate
(3.22)):

P <MN e In@e ! +1); (3.23)

this estimate and condition (3.21) are unimprovable. Thus the statement of Lemma
3.3 remains valid also for the p?(-)-metric.

3.4. Tt seems attractive to find such meshes on which the function «”(x), x € D), converges
e-uniformly in the pl/(-)-metric.

Notice that in the class of meshes (3.3) satisfying only condition (3.18), there are no
meshes on which the function #"(x), x € D) converges é-uniformly in the pl(-)-metric.
Nevertheless, it is interesting to clarify whether or not there exist meshes from class
(3.3) (not satisfying condition (3.18)) on which the function #”(x), x€Dj, converges
e-uniformly in the pl/(-)-metric.

Consider the function u(x), x €D}, on the set

D, =D, N[0, o, (3.24)

for o= min[4~'d, y(e)], where D, is a sufficiently arbitrary mesh from class (3.3),
Y(e)=eIn" ¢~ !, and v is any number from the interval (0, 1). The unimprovability of
estimates (3.17a) and (3.17b) implies that the condition
sup max [¢ 4] >0 for N - co; W =xt'—x, ¥, x*'eD)
€ i
is necessary and sufficient for the e-uniform convergence of the function u"(x), x €Dy,

in the p!(-)-metric. However, such a condition is impossible. We are thus led to the
following lemma.

Lemma 3.4. In the class of meshes (3.3) there do not exist meshes on which the function
u"(x), xE€Dy, converges, as N — o0, to u(x) e-uniformly in the p}lh(-)-metric.

3.5. Tt is of interest to clarify whether or not there exist meshes on which the numerical
solutions z(x) of the finite difference scheme (3.4) converge, as N — o0, to the solution u(x)
of the boundary value problem (3.2), (3.1)* ¢-uniformly as in the plllh(~)—metric.

We consider scheme (3.4), (3.3), assuming that the following condition satisfies on the
mesh D), 54

W>ht, (3.25)

that is, the mesh step does not decrease as we move away from the boundary
I'1; 6=0(324). On this mesh there is a node x* € D, such that the condition ¢~ 'A™* > 1
holds for an appropriately chosen value of ¢ (sufficiently small) and for fixed MN.

2 In similar cases we shall say for brevity that a scheme itself converges if this does not lead to a mis-
understanding.
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Assuming that pl”(z) tends to zero e-uniformly, we find that the derivative dzz(x"*) satisfies
the following relation:

. d . .
Syz(x*) — = V(x™*)|=o0(c"exp(—me~'x™*))  for e—0, m=my;3.17).
X

But then, by virtue of the difference equation from (3.4), we have the following
formula for the derivative §,z(x*):

d ix+1 ! d ige+1y_ i
(a 4 )) (aV(x ) —0uz(x ))

where V(x), x€D is the singular component of the solution to problem (3.2), (3.1).
This formula contradicts the assumption that the numerical solution z(x) of scheme
(3.4) on the mesh (3.3) satisfying (3.25) converges, as N — o0, to the solution u(x) of
problem (3.2), (3.1) ¢-uniformly in the pl*(-)-metric.

>1 fore—0,

Lemma 3.5. In the class of meshes (3.3) satisfying the condition (3.25) there do not exist
meshes on which scheme (3.4) converges e-uniformly in the plt(-)-metric.

Remark. The statement of Lemma 3.5 remains valid also in that case if on the interval
[0, o], where ¢ = min[m, mge In ¢~'], mo =m3.17), there exists a subinterval of width
I(¢), where I(¢) > 0, ¢! In(g) » oo for ¢ — 0, on which condition (3.25) holds.

4. Problem (2.2), (2.1)—a classical finite difference scheme

4.1. In this section we give a classical difference scheme for problem (2.2), (2.1) and
show some issues arising in the numerical solution. On the set D we introduce the
rectangular mesh

l_)h =] X Wy, (41)

where @; and w, are meshes on the interval [0, d] and on the axis x, respectively; @, is
a uniform mesh with the stepsize 4, =Nz’1; @) is a mesh with an arbitrary distribution

of nodes satisfying only the condition 4; SMNl’l, h| = max; h’i, where h’1 =x’i+1—

x, xi, X" €@;. Here Ny +1 and N, +1 are the number of nodes in the mesh @; and
on the interval of unit length in the mesh w,; assume N = min[N;, N,]. To construct

numerical methods, it seems interesting to use sufficiently simple meshes
D, 25;,(41), where @) is a piecewise uniform mesh. 4.2)

To solve the problem, we use the monotone scheme with upwind difference
derivatives [9]

Az(x) z{a Y a®osn+ Y b (00 +b; (0)0%] —c(x)}z(x) =/(x, 1),

s=1,2 s=1,2
xX€Dy, z(x)=¢pk), xelly, (4.3)

where Dy=DN Dy, I'y=1 NDy, 5=« 2(x) and d, z(x), O z(x) are the second and first

(forward and back) difference derivatives, for example, 5Hﬁz(x)=2(h‘i+h"1_l)71

[0x12(x) —07z(0)], x = (¥}, x2); 07 () =27"(v(x) + [o(X)]), v~ (¥) =27"(v(x) = pE))).
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For the solution of the difference scheme (4.3), (4.1) we have the error estimate
|u(x) —z()| <M[(E+N7 Y INT N, xeDy. (4.4)
Let

D, be a uniform mesh 4.5)

with the stepsize in x; equal to 4y =dN,"!. For the solutions of the finite difference
scheme (4.3) on meshes (4.2) or (4.5) we have the error bounds

|u(x) —z()| <M[(e+NH TN 4N, x€Dy. (4.6)

For the derivatives in the case of scheme (4.3), (4.5) we have

%u(x)—éxl 20| <Me [(e+N; )TN AN, xeD, (4.7a)

1

02

‘ﬁu(x)—éﬁﬁz(x) <Me [(e+N;DTINTTHNS], xeDy; (4.7b)
1

2

pu(x)—(smz(x) <M[(e+N; YN +N, 1, xe€Dy. (48)
%) :

El

’i () — 812 2(6)
6x 2

Estimates (4.7a,b) are unimprovable with respect to the values of N, ¢, while estimates
(4.6) and (4.8) are unimprovable under the (unimprovable) condition

N7 =0(e). (4.9)

When deriving these estimates we used the explicit form of the main terms in the
asymptotic (in &) for the regular and singular components of the solutions to prob-
lems (2.2), (2.1) and (4.3), (4.5).

For the function Z.6)(x), x €D in the case of scheme (4.3), (4.5) we have the estimates

ok
@(u—é) o Nu=Zllee <Ml e+ NTHTINT E N N DT k=k=1,2;
1
5]
ﬁ(u—é) , Nlu—=z| <M[Ee+N7YTINT AN, k=0, 1, 2; (4.10)
X

and these estimates are unimprovable with respect to the values of N, &.
Thus, the function Z(x) converges in the norm ||-|| if the following unimprovable
condition holds:

N T =o' HF), Ny M=o, k=0,1,2. (4.11)

Theorem 4.1. Let estimates (A.2), (A.4) be satisfied for the solutions of the boundary
value problem (2.2), (2.1) and their components from representation (A.1). Then, in the
case of the finite difference scheme (4.3), (4.5), the condition (4.11) is necessary and
sufficient for the convergence of the function z(x), x €D in the norm |-||c, k=0, 1, 2.
Estimates (4.4), (4.6), (4.7), (4.8) and (4.10) are valid for the mesh solutions and
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derivatives ; estimates (4.7), (4.10) and also estimates (4.6), (4.8), if condition (4.9) holds,
are unimprovable with respect to the values of N, e.

4.2. We now consider the convergence of scheme (4.3), (4.5) in the p’;h(-)-metric.
The solutions of this scheme are not bounded (N, ¢)-uniformly in the pﬁh(-)-metric. The
condition

N7 '=0EIn (e 1) (4.12)

is necessary and sufficient for the numerical solutions to be bounded in the p*(-)-
metric. Under this condition, we have the following estimate:

P <MINT e In(e T+ D)AN Y, k=1, 2, (4.13)

which is unimprovable with respect to the values of N, ¢.
The condition

Ny '=o(eIn~ (e +1)) (4.14)

is necessary and sufficient for the convergence of scheme (4.3), (4.5) in the p¥(-)-metric.
The convergence defect of this scheme in the p¥(-)-metric is O(¢ ! In(e~! +1)).

Theorem 4.2. Let the hypothesis of Theorem 4.1 be fulfilled. Then condition (4.12)
(condition (4.14)) is necessary and sufficient for the solutions of the finite difference
scheme (4.3), (4.5) to be (Ny, &)-uniformly bounded (to be convergent) in the p’;h(')-metric;
the convergence defect of this scheme is O(¢~" In(¢ ! +1)). Under condition (4.12), the
estimate (4.13), which is unimprovable with respect to the values of N, ¢ is satisfied for
the solutions of the difference scheme.

4.3. As above in the case of the model boundary value problem (3.2), (3.1) and finite
difference scheme (3.4), (3.1), we establish the following non-existence result.

Theorem 4.3. In the class of meshes (4.1) satisfying condition (3.25) on the interval
[0, d], there do not exist meshes on which scheme (4.3) converges e-uniformly in the
p,llh(-)-metric.

5. Piecewise uniform mesh—the model problem

5.1. For the boundary value problem (3.2), (3.1) we give a scheme on piecewise uniform

meshes which converges ¢-uniformly in the norm ||-|| and discuss the approximation of
derivatives.
On the set D we construct the mesh
Dj; = Dj;(a(l)) =D () =5 - (5-1a)

Here @¢ is a mesh with a piecewise constant stepsize. To construct the mesh @0, we
divide the interval [0, d] into two parts [0, ¢] and [a, d]. In each of them the mesh stepsize
is constant and equal to AV =2¢N ~! and h® =2(d — )N ~!, respectively. Assume

o=a(e,N, d;l,m)=min[2"'d, Im 'e InN], (5.1b)
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where m=a~'b, 1>0 is a mesh parameter. The mesh D; is thus constructed. Let us
introduce auxilary parameters y, used in the sequel for constructions

ye=mi(e;m)=km leln(e~ +1), m =msa), k=1, 2. (5.2)
Note that the meshes
Dj; =Djis.1y(0) (5.3)

have been introduced in [12] (see also [4; 6; 7]), where [ is an arbitrary number
satisfying the condition /> 1.
For the solutions of the difference scheme (3.4), (5.1) we have the estimates

|u—2| <M{N~"min[InN,e "1+ N ""Ye+N"H""}y = Muy(N, ;1);  (5.4a)
lu—2|<MN"'InN+N~"), M=M(). (5.4b)

Estimates (5.4a) and (5.4b) are unimprovable with respect to the values of N, ¢ and
N respectively. We obtain the best e-uniform order of convergence

lu—2|<MN~"InN (5.5)
if the following condition holds

I>1. (5.6)

For the derivatives in the case of scheme (3.4), (5.1), we have

’%u(x)—éxz(x) <Me 'uy(N, e;1), x€D, ;

dZ
‘dxzu(x)—éﬁz(x) <Me2uy(N,e;l), xeDy,

where py(N, ;1) = pios.4)(N, €;1); these estimates are unimprovable. For the function
Z(x), x€ D, we have the unimprovable estimate

d* .

» Jlu—2]

C <Me Fug(N, g1, k=1, 2. (5.7)
C 0

The error H‘?Tkk(u—Z)H, k=1,2 is bounded under the following condition
(N~ le~*min[InN, e~ T+ N ""leke+N-"H "' <M):

N~ =0@2/0+D) for [<1,
N '=0En (e '+1)) fori>1, k=1; 55
N~-l=@@20+D) for 1<27 1, '
N7 '=0E In~ e 4+1) fori>2"", k=2
which is unimprovable. The condition
N~ =o(gk+D/U+Dy for u<k™';
(5.9)

N '=o( In~ e +1) fori=k~ !, k=1,2

is necessary and sufficient for the convergence of the derivatives (d*/dx¥)z, x€D.
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The convergence defect of the scheme in the norm ||-||~ is

O~ ®ED/0HDy for I<k=' and O FIn(e~'+1)) for I>k .

Lemma 5.1. The solution of the finite difference scheme (3.4), (5.1) converges e-uniformly
in the norm ||-||. Condition (5.8) (condition (5.9)) is necessary and sufficient for the
boundedness of ||u—z||q, k=1, (for the convergence in the norm ||-|| ). Estimates
(5.4), (5.7) and also estimate (5.5), if condition (5.6) holds, are satisfied }por the mesh
solutions. Estimates (5.4a), (5.7) and estimate (5.4b) are unimprovable with respect to the
values of N, & and N respectively; the convergence defect for this scheme in the norm ||-| cx
is not lower than O(e % In(e~' +1)), k=1, 2.

5.2. Let us consider the convergence of scheme (3.4), (5.1) in the p " (-)-metric.

Taking into account estimate (3.17), we verify that the solution of grid problem (3.4),
(5.1) is not bounded (N, &)-uniformly in the pl/(-)-metric. With regard to estimates (3.16)
and (3.17) and the explicit form of the singular components of the solutions to the dif-
ferential and grid problems, we establish that the following condition (either e =24y, <M
for e~ '(y; —0) <My, or N~ e~ (e+ N1 "(y, —0) <M for y, — o —Mye>0):

N =0, —0)™") for ey, —0)>M,, (5.10a)
oN~ =0y Y for ey, —a) <My, (5.10b)

is necessary and sufficient for the mesh solutions to be bounded in the py’(-)-metric, where
G=0(1) Y1=Y152> Mo is any constant. In condition (5.10a) we have My<
ey —0)<M In(e~ 1 +1).

In the case of condition (5.10a), we obtain the estimate

P <M{N(min[InN, e '] +N e+ N7y —a)), (5.11)
while under condition (5.10b) we have
P <M{N'min[InN,e ey +N e+ N D exp(—e (@ —p))). (5.12)

Estimates (5.11) and (5.12) are unimprovable.

Note that under the condition ¢~ '(y; —a)>M, (see condition (5.10a) and estimate
(5.11)) we have ¢ 1(y; —0) <M Ing~ ' +1.

In the case of the p?"(-)-metric, the condition

N~ =0 (y,—0)™ ) for e '(y,—0)>M,, (5.13a)
oN~'=0(y; ") for e (p,—a) <My, (5.13b)

is necessary and sufficient for the mesh solutions to be bounded. Under condition
(5.13a) we have

p2(2) <M{N~'(min[InN,e " '"]? +N "'+ N"H e (p, —0a)}. (5.14)
Under condition (5.13b) and the additional condition

H U(O)H<M(e+5)) when k=2, (5.15)
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where A is any constant from the interval [0, 1], the value = d(N) tends to zero as N — co,
the following estimate holds:

P2 <M{N'min[InN, e e, + N e+ N (e +0)
+N e+ N exp(—e (a—7,))}. (5.16)
Estimates (5.14) and (5.16) are unimprovable.
It follows from estimates (5.11), (5.12), (5.14) and (5.16) that the condition of con-

vergence in the pﬁh( -)-metric for scheme (3.4), (5.1) depends on the value /. The scheme
converges if the following unimprovable condition holds:

N '=o(y,—0)™ Y, I<k;
N~ =0, I>k; k=1,2 and >0 for k=2, (5.17a)
N™'=o0(@(—0) "), I<k;
N~ =o0(e), I>k; k=2 and A=0. (5.17b)
If /<k in condition (5.17), then we have
meln~ (e '+ 1) <(y—0) ! gMo_ls.

Thus the convergence defect for scheme (3.4), (5.1) in the pﬁh(~)-metric is not higher
than O(¢ =" In(e~' 4+ 1)) for I <k; for I>k the defect is (¢~ */") if k=1 and also if k=2
and A>0; the defect is (¢~ ') if =0 for k=2. The defect O(¢~' In(¢~!+1)) is
achieved, for example, if the condition y, > (1 +m)o holds.

If the following condition holds:

I=kv™! and {i>0, if k=2}, k=1,2, (5.18)

where v=v 11y, v<1, then the convergence defect of scheme (3.4), (5.1) in the pﬁh(-)-
metric is not higher than ((¢~"), i.e. the scheme converges almost e-uniformly in the
p¥(-)-metric; the convergence defect is unimprovable with respect to v. Under the
condition

I>k and N~ =0, {A>0if k=2} (5.19)
the following unimprovable estimate is valid:

M{N " 'min[InN,e" T In(¢" '+ DH+N"e™ 1}, k=1,

P2 < M{N~""min[InN,e '] In(e "' +1)+N &2 (5.20)
+N " e+N"H" e+, k=2.
Under the condition
I=k=2, 2=0 and N '=0(e) (5.21)
the following unimprovable estimate holds:
P <MN~'(e+N"H~! (5.22)

Lemma 5.2. In the case of the finite difference scheme (3.4), (5.1) the condition (5.10),
(5.13) (condition (5.17)) is necessary and sufficient for the mesh solutions to be (N, ¢)-
uniformly bounded (for the convergence of the scheme) in the p‘*(-)-metric. Under
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condition (5.18) the scheme converges almost e-uniformly in pﬁh(-); the convergence
defect is O(e~*/") if 1> k. Under condition (5.21) the scheme converges in P2t () with the
convergence defect O(¢~'). The mesh solutions satisfy estimates (5.11), (5.12), (5.14),
(5.16), (5.20) and (5.22) if conditions (5.10a), (5.10b), (5.13a), {(5.13Db), (5.15)}, (5.19)
and (5.21) hold, respectively. These estimates are unimprovable with respect to the values
of N, e.

6. Finite difference scheme with improved p';h convergence—the model problem

The quantity ¢ from mesh (5.1), which locates the transition point x=0¢ of the mesh,
depends on the values of N, ¢, /. On such meshes the scheme converges in the p’;”( -)-metric
under condition (5.17), in particular, under the following condition (unimprovable with
respect to the value of ¢):

N~ =0y for 1>k, k=1,2. (6.1)

It is in our interest to construct piecewise-uniform meshes on which scheme (3.4)

converges in the p(-)-metric under a weaker condition than condition (6.1).

6.1. We consider schemes on piecewise-uniform meshes in the case when the transition
point x = ¢ satisfies the following condition:
¢ lo=1y(e), where Y(e) > o0, e(e) >0 as ¢ —0.
On the set D we construct the mesh
Dy, = Diys.12(()), (6.2a)
where
o=a(e; n,m)=min[2"'d, ym e In(e " +M)], m=mgsy), (6.2b)

and #>0 is a mesh parameter; the constant M is chosen to satisfy the condition
In(1+M)>d, M>e. For such values of ¢ we have

V(x)|<Me', x>0, xeD.

By using the explicit form of the components (the singular part and the main term of the
regular part) of the solutions to problems (3.2), (3.1) and (3.4), (6.2), we establish the
estimate

lu—z|| < M{min[N " In(e7' +1), 1]+N e+ N} = M, (N, &3 ). (6.3)
This estimate is unimprovable with respect to the values of N, . The error ||u—Z|| is
e-uniformly bounded under the condition
VN, Ve (6.4)
The scheme converges in the norm ||- || if the following unimprovable condition holds:
N~ '=o(In" ("' +1)). (6.5)
Thus the convergence defect of the scheme is ((In(e~! +1)).
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In the case when the solution of the difference scheme converges under the condition
N='In"(¢e~'+1)—=0, where >0 is some constant, we say that the scheme converges
e-uniformly up to a logarithmic factor (namely, up to the factor In" (¢ ~! +1)).

Thus scheme (3.4), (6.2) converges in the norm ||-|| ¢-uniformly up to the logarithmic
factor In" (e~ ! +1).

For the derivatives we get the unimprovable estimates

<Me "w(N, e;n), x€D,;

d -
‘E u(x) — 0,z(x)

2

d
ﬁu(x)—éﬁz(x) <Me 2, (N, &5 1), x€EDy;

where (N, &; 1) =63V, &;n). For the function Z(x), x€D we have the un-
improvable estimate

dk
Hﬁ(u—z) <Me %N, e;n), k=1, 2. (6.6)
X

The condition ¢ ¥y (N, e; n) <M, i.e.
N =0 In= e+ 1)) for n>1;

6.7
N =@ trm) for n<l1; k=1,2 67

is necessary and sufficient for the error ||571;(u—2)|| to be bounded. The derivatives
(d* /dx*)z(x), x €D converge if the following unimprovable condition holds:

N '=o@ In~ (e +1)) for n=k;

6.8
N~ =0 thm) for n<k; k=1, 2. (6.8)

The convergence defect of the scheme in the norm |||, k=1, 2 is O(e~!="*") for
n<1and O % In(e~" +1)) for n>1.

Lemma 6.1. Conditions (6.4) and (6.7) (conditions (6.5) and (6.8)) are necessary and
sufficient for the errors in the solutions of the finite difference scheme (3.4), (6.2) ||u—z||
and ||u—Z2|| o+ to be bounded (for the convergence of the scheme in the norms ||-| and
Nl ) respectively. Estimates (6.3) and (6.6), which are unimprovable with respect to
the values of N, ¢, are satisfied for the mesh solutions. The convergence defect of the
scheme is O(In(¢~"' 4 1)) in the norm ||-|| and not lower than O(c¢=* In(e—1+1)) in the
norm ||-|

ch-

6.2. We now consider the appoximation of the solutions to the boundary value prob-
lem by the discrete solutions in the p¥(-)-metric.

The solution of the difference scheme (3.4), (6.2) is not bounded (N, ¢)-uniformly
in the p!#(-)-metric. The condition (either A<MeIn~'(¢~'+1) for n<1, or h<

MIn=2(e'+1) for n=>1):
N '=0@E (" +1) forn<l; 6.9)
N'=0(In"2@E""+1)) forn>1 '

is necessary and sufficient for p;h(z) to be bounded.
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In the case of condition (6.9) we have the unimprovable estimate

(6.10)

() < MIN 'e+N D'+ N e i(1—p) In(c ' +1)] for n<l,
)=
Pu MIN-'In® (e "+ D)+ N1 e+ N H ] for n>1.

It follows from this estimate that the scheme converges in the p;h(-)—metric under the
following unimprovable condition:
N '=o(In"'(e ' +1)) fory<l,
N~ l=o(e) for n=1, (6.11)
N '=o(In"%( ' +1)) forn>1.

In the case of the p?"(-)-metric, the condition

N '=0EIn "' +1)) forn<2;

6.12
N7 '=0(n72(""+1)) fory>2 (6.12)

is necessary and sufficient for the mesh solutions to be bounded. If this condition and
the following additional condition hold

2
C;U(O)H <M(e In(e™" +1)+5), (6.13)

|

where 1 is a number from the interval [0, 1], the value 6 =d(N) tends to zero as N — oo,
then we have the unimprovable estimate

M[N " '(e+N"Y)""4N-1e7'2—n) In(e~" +1)] for n<2,
p(2)<{ M{min[N " In®(¢ '+ 1), 1]+ N e 2(c+N ")~} (6.14)
FN1e+N"DH el '+ 1)+N ")} for n>2.

The scheme converges in the p?(-)-metric under the unimprovable condition

N '=o(In~'(c"1+1)) for n<2;

N~ '=o(e) for n=2;
1 _ . (6.15)
N =o(In"“ (¢ " +1)) for n>2, if A#0;
N~ '=o(e) for n>2, if A=0.
Thus scheme (3.4), (6.2) under the condition
n>k, {A>0, when k=2} and N '=o(In"?(e"'+1)), k=1,2 (6.16)

converges in the p¥(-)-metric, i.e. the scheme converges ¢-uniformly up to a logar-
ithmic factor [the convergence defect is ¢(In® (¢~! +1))]. Under the condition

n>k=2, 2=0 and N~ '=o(e), (6.17)

the scheme converges in the pﬁh(-)-metric; the convergence defect is O(s¢™!).
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Under the condition

n>k, {#A>0, when k=2} and N~ '=0(n"2(c"'+1)), k=1,2, (6.18)
we have the estimate
MIN~'In®(e '+ 1)+ N—1t! k=1
i< ML nz(8 o ! ’ (6.19)
MIN 'In*(e '+ 1)+ N*InN+N""*+2], k=2,
and under the additional condition
n=k+1, k=1,2, (6.20)
we have the estimate
MN—' (e~ 1+1 k=1
PACE: me T ’ (621)
MN~'In*(¢e"'"+1)+N~*InN, k=2.

The scheme converges in the p¥(-)-metric with the first-order accuracy for k=1 and
with the order A (up to the factor In NV) for k=2; moreover, the convergence for k=1 and
k=2 is e-uniform up to the factor In?(¢~' +1).

In the case of the condition

n>k=2, 2=0 and N~ '=0(e), (6.22)
we have the estimate
P <MIN "' (e+ N4 NTTTE, (6.23)
and under the additional condition (6.20), we have
@) <MN'(e+N"H7, (6.24)

i.e. the scheme converges in the p2(-)-metric with the first order of accuracy and with
the convergence defect O(¢~1).

Lemma 6.2. In the case of the finite difference scheme (3.4), (6.2) conditions (6.9) and
(6.12) (conditions (6.11) and (6.15)) are necessary and sufficient for the mesh solutions to
be (N, &)-uniformly bounded ( for the convergence of the scheme) in the p’,jh(-)-metric.
Under condition (6.16) the scheme converges in the p’;h(-)—metric e-uniformly up to the
factor In® (¢ =" +1). Under condition (6.17) the scheme converges in the pih(-)-metric with
the convergence defect O(¢~"). The mesh solutions satisfy estimates (6.10), (6.14), (6.19),
(6.21), (6.23) and (6.24) if conditions (6.9), {(6.12), (6.13)}, (6.18), {(6.18), (6.20)},
(6.22) and {(6.22), (6.20)} hold respectively. These estimates are unimprovable with
respect to the values of N, e.

7. Special scheme on piecewise-uniform meshes—problem (2.2), (2.1)

7.1. For the boundary value problem (2.2), (2.1) we consider the approximation of the
solutions and derivatives in the case of the finite difference scheme (4.3) on piecewise-
uniform meshes. On the set D we construct the mesh

Dj; =Dj(a(l))=Dj()) =@} X w,. (7.1a)
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Here w, is a uniform mesh and @; is a piecewise-uniform mesh. To construct the mesh
@y, we divide the interval [0, d] in two parts [0, o] and [0, d]; in each part the mesh
stepsize is constant and equal to 2" =2¢N; ' and 2® = 2(d— ¢)Ni ! respectively. Assume

o=0(e,Ni,d; ,m)=min[2~'d, Im e InN], (7.1b)

where m=a~'b, I>0 is a parameter of the mesh. The auxilary parameter y; is defined by

ye=vi(es my=km~'eIn@e + 1), m=ma1), k=1,2. (7.1c)

For the solutions of difference scheme (4.3), (7.1) (taking into account the explicit form

of the singular components from representation (A.3)), we find the following estimates
u—z|| < MIN; 'min[InNy, e T4+N7 e+ N H T RN,

= M[po(N1 &5 D+N; '1= My (N, 65 1); (7.2d)

|u—2|| < MIN; ' InNy + N7+ Ny "1 = Mup(N; D). (7.2¢)

Estimates (7.2a) and (7.2b) are unimprovable with respect to the values of N, ¢ and N
respectively. Under the condition

=3 (7.3a)
we achieve the best e-uniform order of convergence
lu—2|| <M[N; " InN; +N, 1. (7.3b)
For the derivatives we have the estimates
o
o W=D u—Zl <Me™u,es D, h=k=12; (74)
1
15}
@(M—Z) <Mu(N,e; D), hk=1,2; (7.5)
2

these estimates are unimprovable with respect to the values of N, &. The errors in the
solutions of the finite difference scheme (4.3), (7.1) are bounded in the norm ||-|| o under
the condition

Ny = @+ D/ Dy for I<k~!,
N7 ' =0 I~ 1)) for =kl (7.6)
Ny =0 for VI; k=1,2.

The scheme converges in the norm ||-||c under the condition
lel :0(8(k+1)/(1+1)) for l<k71,
N '=o( In~ e+ 1)) for I=k~!; (7.7)
Ny, '=o(eh for VI; k=1,2.

Conditions (7.6) and (7.7) are unimprovable.
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The convergence defect of the scheme in the norm ||-||cx is
O~ /0Dy for I<k~' and O(c F In(e~'+1)) for I>k .
Under the condition
I>k™! (7.8a)
we have the estimate
lu—Zll e <Me™ [N min[In Ny, e~ ' 1+ N, '], k=1,2; (7.8b)

that is, the scheme converges for fixed values of the parameter ¢ with the first order up
to a logarithmic factor.

Theorem 7.1. Let the hypothesis of Theorem 4.1 be fulfilled. Then the finite difference
scheme (4.3), (7.1) converges e-uniformly in the norm ||-||. Condition (7.6) (condition
(7.7)) is necessary and sufficient for the boundedness of the error (_for the convergence of
the scheme) in the norm ||-|| cv. The mesh solutions satisfy estimates (7.2), (7.3), (7.4), (7.5)
and (7.8); estimates (7.2a), (7.4), (7.5) and (7.8) and estimates (7.2b) and (7.3) are
unimprovable with respect to the values of Ny, ¢ and N, respectively.

7.2. We now give the estimates of convergence for scheme (4.3), (7.1) in the case of the
pﬁh(-)-metric. The solution of problem (4.3), (7.1) is not bounded (¥, &)-uniformly in this
metric. Taking into account the explicit form of the singular components of the solutions
for the differential and discrete problems, we establish the condition

N7 =0 —0)™") for &7 (y, —0)> My, (7.9a)
cer’1 =(9(32y;1) for sfl(yk—a)<Mo; k=12, (7.9b)

where ¢ =071y, Yk ="x7.1)> My is any constant. This condition is necessary and sufficient
for the boundedness of p¥(z).
Under condition (7.9a) we obtain

P () <M{N (min[In Ny, e '+ N e+ N e e — o)+ N Y, k=12,
(7.10)
Under condition (7.9b) we have the estimate

,olllh(z)gM{e’llef1 min[lan,sfl] +N171(8+N171)716‘Xp(—871(0'—“/1))+N271},

(7.11)
and under the additional condition
* ~
HFU(X) <M(e+9)", xeli, (7.12)
X1

where A is a number from the interval [0, 1], § =J(N) tends to zero as N — oo, we have
P2 <M{e 'y Ny ' min[In Ny, e 7'+ N7 e+ N7 D T e+ 0)
+N e+ N T exp(—e T (g =)+ N, (7.13)
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Estimates (7.10), (7.11) and (7.13) are unimprovable. Note that in the case of the condition
¢ '(yx—0) =M, (see condition (7.9a) and estimate (7.10)) the inequality ¢~ '(yy—0)<
MIn(e~ ' +1) is valid.
These estimates imply that the condition
N ' =0 —0) Y, I<k;
Ny =0, I>k; k=1,2 and 1>0 for k=2; (7.14a)

N =0y —0) Y, I<k;

N ' =o0(e), I>k; A=0 and k=2 (7.14b)
is necessary and sufficient for the convergence of the scheme in the p(-)-metric. Note
that in the above condition (7.14) for / <k, the following estimate occurs:

meln~ (e 4+ 1) Ssz("/k —0)~! sMofle.

Thus the convergence defect of the scheme in the pY(-)-metric is not higher than
O~ 'In(s =" + 1)) for I <k; the defect is @(c~*/") for I>k for k=1 and also for k=2
when 1>0; the defect is O(¢ ") for k=2 and 2=0. The defect O(¢'In(c ™' +1)) is
achieved, for example, under the condition ;> (1+m)a.

If the following condition holds:

I>kv~! and {4>0, when k=2}, k=1,2, (7.15)

where v=v(, 1), v<1, the scheme converges almost e-uniformly in the pf,h(-)—metric;
moreover, the convergence defect is not higher than ((¢~") and unimprovable with
respect to v. Under the condition

I>k and N[ '=0("),  {2>0, when k=2}, k=1,2, (7.16)
we have the following unimprovable estimate:
M{N; "min[In Ny, e '] In(e 7'+ )+ N e LN 1Y, k=1,
P(z)<{ M{N; "min[In Ny, e~ '] In(e~ + 1)+ N, e 2 (7.17)
N e+N Y T e+ N, k=2.

Under the condition
I>k=2, 2=0 and N;'=0(), (7.18)
the following unimprovable estimate holds:

@) <MIN e+ N7 )TN (7.19)

Theorem 7.2. Let the hypothesis of Theorem 4.1 be fulfilled. Then condition (7.9)
(condition (7.14)) is necessary and sufficient in order that the mesh solutions of the finite
difference scheme (4.3), (7.1) are (N, ¢)-uniformly bounded (the scheme is convergent)
in the p'(-)-metric. Under condition (7.15) the scheme converges almost e-uniformly in
the pi(-y-metric; the convergence defect is @(s_k/ Y for 1> k. Under condition (7.18) the
scheme converges in the p2'(-)-metric with the convergence defect O(c™"). The mesh



SHISHKIN—Approximation of solutions and derivatives 193

solutions satisfy estimates (7.10), (7.11), (7.13), (7.17) and (7.19) if conditions (7.9a),
(7.9b), {(7.9b), (7.12)}, (7.16) and (7.18) hold respectively; these estimates are un-
improvable with respect to the values of N, e.

Remark. In the case of the meshes from [4; 6; 12], the value / is choosen to satisfy
only the condition /> 1. Thus scheme (4.3) on the meshes from [4; 6; 12] converges in
the p.'(-)-metric if the condition N ' =o(¢") holds, where v=1""<1. Moreover, v may
take arbitrary values as much as desired close to 1. On the same meshes, under
2.>0, the scheme (4.3) converges in the p2(-)-metric if the condition Nj ' :0(82/ !y holds
when the value / insignificantly exceeds 1.

8. Finite difference schemes with improved p’,jh(-) convergence—problem (2.2), (2.1)

8.1. In this section we construct a scheme that converges in the p¥(-)-metric e-uniformly
up to a logarithmic factor.
On the set D we construct the mesh

Dy, =Djj7.12(a(n)), (8.1a)
where
c=a(e;n,m)=min[2~'d, ym~'e In(e~" + M), (8.1b)

m=nya), 1>0 is a parameter of the mesh, M is a constant satisfying the condition
In(14+M)=>d, M>e.

Using the a priori estimates of the solutions to the boundary value problem, for the
difference scheme (4.3), (8.1) we establish the estimate

lu—2|| <M{min[N, " In(e™" + 1), 1]+ N; e +N7H ™+ N1
=M[uy(Ni,e5m)+N; 1= M (N, e31), (8.2)

and this estimate is unimprovable with respect to the values of N, ¢. The error ||u—Z]|
is (N, ¢)-uniformly bounded under the condition

VN,, Ve, s=1,2; (8.3)
the scheme converges under the unimprovable condition
N =o(In (e +1)). (8.4)

The convergence defect of the scheme is @(In(e ™'+ 1)).
For the derivatives we have the unimprovable estimates

153

5
0xy

(u—2)| < M, (N, e;m), ky=1,2;

i

pwaACasdlik lu—Zllex < Me™ (N, e5m) k=ki=1,2. (8.5)
1
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The errors in the mesh solutions are bounded in the norm ||-||x under the condition

N7 '=0E I~ (e7 4+ 1) for n>1,
N =0 TR forn<l; (8.6)
N{lz@‘(sk) for Vn; k=1,2;

and the scheme converges under the condition

Ny '=o( In" e+ 1)) forn=>1,
N =o(e! Thmy for n<1; (8.7)
Nz_lzo(ak) for Viy; k=1,2;

and conditions (8.6) and (8.7) are unimprovable. The convergence defect of the scheme
in the norm ||-[|cx is O(e ' ~**") for <1 and O(¢ ¥ In(e ™" +1)) for n=1.

Theorem 8.1. Let the hypothesis of Theorem 4.1 be fulfilled. Then conditions (8.3) and
(8.6) (conditions (8.4) and (8.7)) are necessary and sufficient for the boundedness of the
errors |\u—Z|| and ||u—Z||cx in the solutions of the difference scheme (4.3), (8.1) (for the
convergence of the scheme in the norms in C2 and C¥) respectively. The mesh solutions
satisfy estimates (8.2) and (8.5), which are unimprovable with respect to the values of N,
¢; the convergence defect of the scheme is O(In(e " + 1)) in the norm I|-lco and not lower
than (¢ *In(e™" +1)) in the norm ||| s, k=1, 2.

8.2. In the case of the p¥(-)-metric, the solutions of the finite difference scheme (4.3), (8.1)
are bounded under the (unimprovable) condition

N '=0En e +1) for n<k;

—1 —2,.—1 (8.8)
Ny =0(n""(e" " +1)) forn=k;k=1,2.
Under this condition we have the unimprovable estimate
MIN; Ye+N )" +N e i1 —n) In(e7 ' +1)] for n<l,
pLh(z)SMNz_l—k [Ny ( , 1) 1 (1—n) In( 1 )] n (8.9a)
M{N; ' In* (e '+ D)+ N e e+ N7 H 7! for n>1,
and under the additional condition
62
‘NU(X) <M(e In(e" '+ 1)+0)", xeI for k=2, (8.10)
X

where 4 is a number from [0, 1], 0 =d(N) tends to zero e-uniformly as N — co, we have
the following unimprovable estimate :

MIN (e+N7H T 4Nl @—n) In(e ' +1)]  for <2,
p2h(2) <MNy '+ { MNP + D+ N e+ N D) T @ InGe T + 1) +0)
+N1*18’772(8+N1*1)*1} for n>2.
(8.9b)
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The scheme converges in the p."(-)-metric under the unimprovable condition
N '=o(eln e +1)) forn<l;
Nl_lzo(s) for n=1; (8.11a)
Nfl =o(In2(c"'+1)) fory>1;
while in the p2*(-)-metric the scheme in question converges under the unimprovable
condition

Ny '=o(eIn" (e +1)) for n<2,

N7 l= for n=2

=0 o= (8.11b)
N '=o(In"2 (e~ +1)), if ;L;AO}

1 . for n>2.
Nl :O(B)’ lf )LZO

Thus the scheme (4.3), (8.1) converges in the p¥()-metric under the condition
N '=o(ln"2(e7 '+ 1)); n>1fork=1, n>2,A>0 for k=2, (8.12a)

and the convergence is ¢-uniform up to the logarithmic factor In*(e ="' +1).
Under the condition

N '=o(e), n=2, i=0 for k=2, (8.12b)

the scheme converges in the p2(-)-metric; the convergence defect is ¢(c ).
In the case of the condition

N7 '=0(n2(" " +1)); n>1fork=1, n>2, >0 for k=2, (8.13)

we have the estimate

1 12— —n+1
S VR IR TRV T
and under the additional condition
n=k+1, k=1,2, (8.15)
we have the estimate
—1 2 (a1 _
o s [T e, b 89

The scheme converges in the p¥(-)-metric with first-order accuracy with respect to N,
for k=1 and with the order of accuracy A (up to the factor In Ny) for k=2 ¢-uniformly
up to the factor In(e~ ' +1).

Under the condition

N7 '=0(), n=2, 2=0 for k=2, (8.17)
we obtain the estimate
P <MINT e+ N7 )T N TN, (8.18a)

and under the additional condition (8.15), we have the estimate
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P2 <MIN e+ N7 H T N, (8.18b)

that is, the scheme converges with first-order accuracy and with the convergence
defect O(c ™).

Theorem 8.2. Let the hypothesis of Theorem 4.1 be fulfilled. Then condition (8.8)
(condition (8.11)) is necessary and sufficient in order that the solutions z(x), x €D}, of
the finite difference scheme (4.3), (8.1) are (N, &)-uniformly bounded (the solutions
are convergent) in the oM (Y-metric. Under condition (8.12a) the scheme converges in
the p"(-Y-metric e-uniformly up to the factor In*(¢ " +1). Under condition (8.12b) the
scheme converges in the p2'(-)-metric with the convergence defect ((¢)~". The mesh
solutions satisfy estimates (8.92), (8.9b), (8.14), (8.16), (8.18a), (8.18b) if conditions (8.8),
{(8.8),(8.10)}, (8.13), {(8.13),(8.15)}, (8.17), {(8.17), (8.15) } hold respectively ; estimates
(8.9) are unimprovable with respect to the values of N, e.
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APPENDIX [—REMARKS AND GENERALISATIONS

A.1. In this subsection we give a priori estimates for the solutions of the boundary value
problem (2.2), (2.1) used in the constructions; the technique of deriving the estimates is
similar to that from [12].

The solution of the problem can be decomposed into the sum of two functions

u(x)=UX)+V(x), xe€D, (A.1)

where U(x) and V(x) are the regular and singular parts of the solution. The function U(x),
x €D can be obtained as a restriction onto Boof the function U°(x), which is the solution of
the following problem on the half-plane D" :

L'U(x)=f"(x), xeD’, U'x)=p(x), xeI®.
Here
Doz{x: x1€ (—o0,d), x, €R},

and the operator L° and the function /°(x) are smooth extensions of the operator Li2yand
the function f(x) to D°, which preserve the properties of the data of problem (2.2), (2.1).
The function V(x) is the solution of the problem

LV(x)=0 xeD, Vx)=ex)—Ux), xel.
It is convenient to represent the function U°(x), x € D° as the sum of functions which is
an expansion with respect to the parameter ¢ as follows:

3
U= &"U0x) +op(x), x€D’,
n=0

where vg(x) is the remainder term; the functions US(x) are the solutions of the (initial)
problems for the hyperbolic equations

LUy (0= { > b?@)(% —c°<x>}08(x> =f'(), xeD’,

s=1,2
Ug@)=p(x), xel;

BU'w=-Y dw-

)
s=1.2 ox§

Ul(x)=0, xelI°, n=1,2,3.

2

U,(l)_l(x), xeD’,

Here the functions a’(x), b%(x), °(x) are continuations of the functions a(x),
by(x), c(x).
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If the data of boundary value problem (2.2), (2.1) are sufficiently smooth, we have the
following estimate for the function U(x), x€D:

k

—U(x
ox’ oxt .

<M[1+&7*%, xeD, k<5. (A2)

The function V(x) can be written as the sum of functions

Y= > V@) +op(x), xeD, (A.3)
n=0,1,2

where vy(x) is the remainder term. The functions V,(x), x €D are restrictions onto D of
the functions Vj(x), x€D', which are the (bounded) solutions of the problems
2

0
L; Vol(x) = {sal (x*) a—x%

Vo@)=p@x)—Up(x), xel';
2

d
+b1(x*)(%cl}l/(}(x)=o, xeD!,

0 0
LéVll(x) = {_sfbclal(x*)xl 2 (’)Tcl
X1

2
—ear(x* )(762 —by(x *)* +C(X*)}Vo(X)
: & G
al(x*)x1 = 2 .+ a—mc(x*)xl} Vol(x)

bi(x*)x

oxy

G
L;V;(x)={—gz 15 2

0 *
+{—8§101(X*)X1ﬁ+ +c(x*)}V11(x), XGDI,
1

Viy=—Ux), xeI', n=1,2;

where the functions V(x) exponentially decrease for ¢ ~'x; — co. Here D' =(0, 00) X R,

Ir'=b \D1 x*=(0,x,). The functions V,(x) can be written explicitly in terms of the

functions p(x*), Uy(x*) and U;(x*). Note that p(x) — Uy(x) =0, U,(x)=0,n>1 forx € I5.
When estimating the components in representation (A.3), we find

k

—V(x
5x[1“8x§2 )

<Me M1+ ®lexp(—me'x)), xeD, k<5, (A4)

where m is any number from the interval (0, m), m =ming[a; ' (x)b;(x)].
The following estimates are also valid:

k

ooy "

<Me " exp(—moe~'x)), xeD, (A.5)

k

bk <M M1+ R exp(—me™'x)), xeD; (A.6)
1 0%y

vy (X)

for k<5, n=0,1,2, mo= l’I'liIlrl [afl(x)bl(x)], m=m 4).
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Theorem A.1. Let ag, by, ¢, f€C°T*D), p e C°*(I'), a>0. Then the components from
representations (A.1) and (A.3) satisfy estimates (A.2), (A.4), (A.5) and (A.6).

A.2. Generally speaking, =0 in estimates (7.12) and (8.10). In the p2*(-)-metric this fact

results in the convergence defect ()(¢ ') for />2 in the case of scheme (4.3), (7.1)

(estimate (7.19)) and for n >2 in the case of scheme (4.3), (8.1) (estimate (8.18)). We give

the modification of a numerical method that allows us to weaken the convergence defect.
The solution of problem (2.2), (2.1) can be written as the sum of functions

u(x)=uV(x)+uP(x), xeD, (A7)

where u”(x), x €D are the solutions of the problems

LDy (x) z{ Z bs(x)i —c(x)}u“>(x) =f(x), x€D\I>,

s=1,2 OXs
() — 2.
U (x)=p), xel~, (A.8a)
62
Loapu® @) =fP@ ==& a,x) P uD(x), xeD,
s=1,2 N
uP@)=p)uV(x), xer. (A.8b)

The data of problem (A.8a) as well as the solution u"(x) itself are assumed to be
smoothly extended beyond the boundary I'; onto the left m'-neighbourhood of the set D.
The function u'"(x), xe D is regular. The function U @(x),xeD,i.e.the regular part of the
solution to problem (A.8b), satisfies the following condition:

2

6_ U® (x)

2 <Me, xel].
1

To solve problem (9.8), we use the difference scheme

AP0 () z{ 3 (b @) +b; (1)05] —c(x)}z“>(x> =f(), xeD,\I,

s=1,2
D) =), x€ly; (A.9a)
~(h o
A(4_3)z(2)(x) =) =—¢ Y_Z:z ay(x) 6_)632(1)()()’ X GDEZ)’

D) =px)—2VEx), xerl. (A.9b)

Here
l_)f) =@ x @ is either D1y or Dyg.1); (A.10a)
Egll) =6(11) X wgl) is a uniform mesh, (A.10b)

where 0 =, the stepsize of the mesh 6{1) is equal to the stepsize 1$? of the mesh

@ ; the mesh 5;1) is introduced on the set D with its left m'-neighbourhood. Note that the
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meshes 521) and 522) coincide outside the g-neighbourhood of the set I';. The solution of
problem (A.9), (A.10) is defined by
) =2V x)+29%x), xeD. (A.9¢)
For the function 2 (x), x €D, in the case of the mesh ﬁf) =Dy7.1) provided that
[>k and N7 '=0(", k=1,2, (A.11)
the following estimate holds:
PE <M{N ' min[In Ny, e Tn(e ™ + D) +N e F N, k=120 (A12)
For the case of the mesh fo) =l_);,(3,1) provided that
n>k and N =0(n*(""+1)), (A.13)
we have the estimate
pﬁh(zh)gM{Nfl1n2(e*1+1)+N(”*"+N;1}, k=1,2. (A.14)

Thus the scheme (A.9), (A.10) converges in the pX()-metric almost e-uniformly with
the convergence defect ()(¢ ") in the case of mesh (7.1) under the condition /=kv~ ", and
converges e-uniformly up to the factor In(¢~'+1) in the case of mesh (8.1) under
condition (A.13).

A.3. In the pLh(-)—metric the difference scheme (4.3), (8.1) has the convergence defect
O(In(e " + 1)) (for large values of i), while scheme (4.3), (7.1) has the convergence defect
O™ Y !y (for large values of /). However, scheme (4.3), (7.1), as opposed to scheme (4.3),
(8.1), converges ¢-uniformly in the norm ||-||. It is possible to show that, in the class of
piecewise uniform meshes having one transition point of the mesh @;, there do not exist
meshes on which scheme (4.3) converges both e-uniformly in the norm ||-||, and e-
uniformly up to a logarithmic factor in the p!/(-)-metric.

A.4. We give a scheme that converges &-uniformly in the norm ||-|| and &-uniformly (up to
a logarithmic factor) in the p}lh(~)—metric.
On the set 5(2. 1) we construct the mesh

Dy (A.152)
in the following way. Under the condition
N <! A (A.16a)
we set
Diatsay=Dnr1ys 1=y,
where 4>0 is an arbitrary number. Under the condition
NP>l (A.16b)

we construct the mesh E/T(Au) in such a way. The interval [0, d] is divided into the parts
[0, opl, [on, 0:] and [, d]. On each of these intervals the stepsize of the mesh @ is constant
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and equal to 4", 1%, B; WV =36, Ny !, BP =3(a,—anNy ', B =3(d— e, )Ny . We
assume

oN=0 &, Ni,d; l,m)=min[3"'d,Im e In N],
N =0n(A.15)(& N1 ) [ . 1 1 ] 1 (A.15b)
0. =0ya15)(6 N, d; Lm)=oy+min[3" 'd,nm™ "¢ In(e”" +M)],

where m=m.1y, M=Mg 1), [=17.1), 1=n@.1, n>1.

The mesh Djjs 15 has been constructed.

The solution of difference scheme (4.3), (A.15) is (¥, ¢)-uniformly bounded in the norm
|||, while in the pl#(-)-metric it is bounded under the unimprovable condition

Ny '=0(n "2 (e 4 1). (A.17)
In the norm ||-|| under (A.17) we have the error bound
|u—z|| <M[N; '+ N InN; +N; '] (A.18)

Let condition (A.17) be satisfied. Then, in the case of condition (A.16a), we obtain the
estimate

oY@ <MIN " In Ny N7 NN (A.19a)
under condition (A.16b) we have the estimate
P @ <MIN " In? (e + 1)+ N7V HN, ', (A.19b)

where v=min[/, n—1].
Thus scheme (4.3), (A.15) converges in the pl/(-)-metric under the (unimprovable)
condition
N '=o(In"% (e +1)), (A.20)

i.e. the scheme converges e-uniformly up to the factor In*(c~'+1). Under the
condition

I=i=1, n=2 (A.21)
this gives the estimate
|u—2|| <M[N; ' InN; +N, 1], (A.22)
and under the additional condition (A.17) we have
P2 <M{N; '[InN; + In* (e~ '+ )]+ N, '}. (A.23)

Theorem A.2. Let the hypothesis of Theorem 4.1 be fulfilled. Then the solution of finite
difference scheme (4.3), (A.15) converges e-uniformly in the norm ||-||. Condition (A.17)
(condition (A.20)) is necessary and sufficient for the (N, &)-uniform boundedness ( for the
convergence) of the mesh solutions in the p}lh(')-metric; the convergence defect of the
scheme is O(In*(¢ ' +1)). The mesh solutions satisfy estimate (A.18) and, in the case
of conditions (A.17), (A.21) and {(A.17), (A.21)}, estimates (A.19), (A.22) and (A.23)
respectively.



