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ABSTRACT

Let T=H+iK be hyponormal and ¢ be a strictly monotone increasing continuous func-
tion on o(H). We define @(T) by ¢(T)=¢(H)+iK. In this paper, we show that if z is
an isolated eigenvalue of @(T), then the corresponding Riesz projection is self-adjoint.
Also we introduce Xia spectrum and study the existence of an invariant subspace of an
operator ¢(T).

1. Introduction

Let B(o¢) be the algebra of all bounded linear operators on a complex Hilbert space .
An operator 7€ B() is said to be hyponormal if T*T>TT*.

For an operator 7, we denote the positive part of T by |7| and decompose 7=H +iK,
with H=ReT=4T+T*) and K=Im T = 5 (T —T*). Using this decomposition, several
authors have given generalisations of hyponormal operators (see, e.g. [8;9; 11; 13; 16]).
Following Istratescu [8; 9], in [3] we studied spectral properties of the operator ¢(T')=
@(H)+iK associated with a strictly monotone increasing continuous function ¢ on the
spectrum o(H). In the present paper, first we show that the Riesz projection for an isolated
eigenvalue of ¢(T') is self-adjoint. In [1] we gave a condition for the existence of invariant
subspaces in the case of p-hyponormal operations. Next we introduce Xia spectrum of
@(T) and study the existence of invariant subspaces of an operator @(7). Also we study
structural properties of the spectrum of @(7) for a pure hyponormal operator 7.

Let T € B(x#’). We denote the spectrum, the point spectrum and the approximate point
spectrum of T'by o(T), 6,(T) and o,(T) respectively.
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A point z€ C is in the essential spectrum o,(7') of T if there exists a sequence {x,} of
unit vectors in # such that x, — 0 (weakly) and (T'—z)x, — 0. It is well known that

0(T)=0.(T)Uo,(T)U{z:z€0,(T*)}, (1)

(see [7]). Throughout this paper, for a strictly monotone increasing continuous function
@(-) on R we define ¢(-) on C by ¢(a+ib)=¢(a)+ib for a, beR.

For a pair of operators (T}, T5), (z1, z5) € C? is in the joint approximate point spectrum
04Ty, T) if there exists a sequence {x,} of unit vectors such that

(T —z)xa|| >0 as n— o0 (j=1,2).

We denote the (Taylor) joint spectrum of a commuting pair of operators (77, 7,) by
a(Ty, T») (see [14]).

2. Theorems

In this paper we sometimes use the following results: let 7=H +iK be hyponormal and
@(-) be a strictly monotone increasing continuous function on a(H).
(1) If (p(T)—(a+1ib))x, — 0, then there exists a, such that p(ag) =a, (H—ay)x, =0,
(K—=b)x, =0 and (¢(T)—(a+ib))*x, — 0 [3, lemma 2].
(2) o(@(T))=p(a(T)) and 64(¢(T')) =@(04(T)) [3, theorem 1].

First we show the following:

Theorem 1. Let T=H+iK be hyponormal and ¢(-) be a strictly monotone increasing
continuous function on o(H). We define ¢(-) by p(a+ib)=p(a)+ib and p(T )= p(H) + iK.
Let z be an isolated eigenvalue of 9(T) and r>0 be {1:|.—z|<r}Na(p(T))={z}. Put
E= ﬁﬁi—z\:r (A—@(T))~'dJ. Then the following statements hold:

(1) E(A)=ker(p(T) —z) =ker((p(T') —2)*).

(2) E is self-adjoint.

Proor. (1) We show ker(p(7T)—z)= ker((p(T) —z)*). Let @(zo)=z. Then z, is an iso-
lated eigenvalue of T and by [3, corollary 4] we have ker(¢(T") —z)= ker(7T —zp). Hence
ker(T —zg) reduces for T and ker(¢(7)—z) reduces for @(T). Therefore, we have the
decomposition

WT)—z= (8 2) on ker(¢(T)—z) @ ker(p(T)—z)".

We may consider that this decomposition is on ker(7 —zy) @ ker(T —z)*. Let A =
ker(T—zo). Since 7|4 =H), +iK, (hyponormal operator) and 7| . =H -+ +iK|
(hyponormal operator) are Cartesian decompositions, hence we have

o(Tiv)=p(H »)=iK, and @(T“A) = ¢(IJ‘1L) + iK\,/l"“i .

Also we have ¢(7) .) —z=4. If 0 € 6(4), then z € o(p(T| ;- )), and hence z is an isolated
point of a(¢(7) 4-+)). Therefore z is an eigenvalue of ¢(7; ). This is a contradiction.
Since A4 is invertible, we have ker(¢(T) —z) = ker((¢(T ) —z)*). Hence we have E(#) =
ker(¢(T') —z) = ker((p(T') —2)*).
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(2) Since {/:|A—z|<r}Na(d)=0, it holds that ﬁfuﬁ‘:r (A—z—A)"'d2=0. Hence
we have

1 o 1 (h—z)7! 0
278 Jj—z=r 270 Jyj—x=r 0 (h—z—A)"!

%mﬁ/l—z|=,(/1—z)*1d}, 0 (l 0>

0 Sy, Gz —A) " d 0 0

Therefore, E is self-adjoint. So the proof is complete. H

In [2] we introduced Xia spectrum for a p-hyponormal operator. For the existence
of invariant subspaces of @(7T'), we introduce Xia spectrum of @(7). Let T=H+iK be
hyponormal. Define

SHK)= lim eMKe™ ™ and 7~ (K)= lim P Gl
— 0 — 0
If T=H+iK is hyponormal, then there exist operators % *(K) (see [15]). Define
Ki =k K)+(1—k)F (K),
for k (0<k<1). Then we have the following:

Theorem A. [4, lemma 2.1]. Under the above notations, if T=H +iK is hyponormal, then
HY*(K)=9*(K)H.

Therefore, it is clear that HK;, =K H and ¢(H)K; =K;p(H) for every k (0<k<1).
We define

Thy=H+iKy and o(Ty)=p(H)+iK; for k€[0,1].
Then, for k€0, 1], T; and @(7}) are normal and the following theorem holds.

Theorem B. [16, theorem 1V.3.1]. Let T=H+iK be hyponormal. Then

o(T)= | o(T0.

0<k<1

Definition 1. We define Xia spectrum ax(@(T)) of @(T) by

ox(@T)= ] oulp(H), Kp).

0<k<l1

Remark. We cannot define Xia spectrum for an arbitrary operator. We prepare the fol-
lowing results.

Theorem C. [6]. Let (T}, T>) be a commuting pair of normal operators. Then

G(T1> Tz)zaa(Tls T2)
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Theorem D. [5; 12; 14]. Let (T}, T>) be a commuting pair and f(z,, z,) be a polynomial
of two variables. Then

f(a(Th, T2))=0(f(Th, T2)) and f(0u(T1, T2))=0.(f(T1, T2))-

Theorem 2. Let T=H+iK be hyponormal and ¢(-) be a strictly monotone increasing
continuous function on a(H). Then

a+ibea(@(T)) if and only if (a, b)cox(e(T)).

Proor. Let a+ibca(@(T)). Then there exists aq such that ay+ib€a(T) and ¢(ag)=a.
Since T=H+iK is hyponormal, there exists k (0<k<1) such that (ay, b) €0, (H, K}).
Hence we have (a, b)€o,(9p(H), K;) and (a, b) €ox(p(T)). Next assume that (a, b) €
ox(@(T)). Then there exists k£ (0 <k <1) such that (a, b) € o,(p(H), K}). Since T),=H+ iK},
is a normal operator, ¢(T;)=p(H)+iK; and a+ib € o,(p(T})), and by lemma 2 of [3]
there exists (ao, b) € 0,(H, K;) such that p(ag) =a. Since ay+ib <€ a(T), by theorem 1 of
[3] we have a+ibca(p(T)). So the proof is complete. W

Corollary 3. Let T=H+iK be hyponormal and ¢(-) be a strictly monotone increasing
continuous function on o(H). Then

s@T)=|J o@T0).

0<k<l1

Proor. Let a+ibca(p(T)). Then by Theorem 2 there exists & (0<k<1) such that
(a,b)€0,(p(H), K;). Hence by Theorem D it is clear that a+ib€a(@(T})). Hence
a+ibe Uy<p<; 0(@(Tr)). Next let a+ib € a(p(Ty)) for some k (0<k<1). Since @(T}) is
a normal operator, we have a+ib € g,(p(T})). Since (p(H), K}) is a commuting pair of
hermitian operators, by Theorem C we have (a, b) €0,(p(H), K;). Hence by Theorem 2
we have a+ibca(p(T)). M

We introduce the generalised spectrum G(|¢(7)|) of |@(T)|.

Definition 2. Let 7=H+iK be hyponormal and ¢(-) be a strictly monotone increasing
continuous function on a(H). For k€]0, 1], let T, be the operator defined following
Theorem A. For an operator @(7), the generalised spectrum G(|@(T)|) of |@(T)| is
defined by

Gl = |J ap(ToD.

0<k<l1

Theorem 4. Let T=H+iK be hyponormal and ¢(-) be a strictly monotone increasing
continuous function on a(H).

(1) If reG(e(T))), then there exists a+ib € a(@(T)) such that |a+ib|=r.

2) If z=a+ibea(p(T)), then |z € G(lp(T))).



CHO AND OTHERS—Spectral mapping theorems for hyponormal operators 213

Proor. (1) Let € G(|¢(T)]). Then there exists k£ (0 <k <1) such that » € a(|@(T})|). Since
1% € a(p(H)* +K?), by Theorem D there exists (a, b) € 5,,(¢(H), K;) such that a* + b* =7
Since (a, b) €ax(@(T)), by Theorem 2 we have a+ib < a(p(T)).

(2) Let z€ a(@(T)). Then by Corollary 3 there exists k (0 <k < 1) such that z € a(@(T})).
Since @(Ty) = p(H)+ iK} is normal, we have |z|> € o(|@(T})|?) and hence |z| € o(|p(T})|) =
G(|@(T)]). So the proof is complete. MW

Theorem 5. Let T=H+iK be hyponormal and ¢(-) be a strictly monotone increasing
continuous function on o(H). If G(|¢(T)|) is not interval, then @(T) has a non-trivial
invariant subspace.

Proor. By the assumption, there exist non-negative numbers 7 and », such that »; <r,
and (r1, )N G(|p(T))=0. By theorem 4(1) there exist z; and z, in a(¢(T)) such that
|zi|=r; i=1, 2). By Theorem 4(2), we have

a@(THN{z:r <lz|<r}=0.

Thus a(¢(T)) is not connected and @(7T") has a non-trivial invariant subspace. W

The boundary of a set E  C is denoted by 0E. An operator 7 is called pure hyponormal
if it has no non-trivial reducing subspace on which it is normal.

Theorem 6. Let T=H+iK be hyponormal and ¢(-) be a strictly monotone increasing
continuous function on 6(H). If z€ 0a(@(T)), then

el e a(lp(T)D N a(|p(T)*).

Moreover, if T is pure, then
Izl € oe(lo(T)) N oe(1p(T)*))-

Proor. Since z € da(p(T)) = 0,(9(T)), we have z€ a,(@(T)*¥) by lemma 2 of [3]. Hence
we have |z| € o(|p(T)) N a(|p(T)*)).

Next we assume that 7'is pure. By theorem 1 of [3], let zg be ¢(z9) =z. Since ¢ is strictly
monotone increasing, we have zo € 0a(T'). Hence by theorem 1 of [11] there exists a
sequence {x,} of unit vectors such that x,— 0 (weakly) and (T—z)x,—0. Since T
is hyponormal, it is easy to see that (¢(7)—z)x, =0 and (¢(7T)—z)*x, — 0. Therefore,
we have

el € ao(lp(T)) N ae(lo(T )*).

So the proof is complete. B

Theorem 7. Let T=H+iK be hyponormal and ¢(-) be a strictly monotone increasing
continuous function on o(H). If z€o(¢(T)) and z¢ 6,(p(T)*), then |zl €a.(|0(T))N
ae(lp(T)*)).

Proor. If z€a,(¢(T)), then by lemma 2 of [3] we have z€a,(¢(T)*). Hence we have
z¢a,(@(T)). By Equation (1) we have z € ¢.(@(T)). Hence there exists a sequence {x,} of
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unit vectors such that
x, — 0 (weakly) and (@(T)—z)x,—0.
By lemma 2 of [3] it holds that (@(T)—z)*x, — 0. Hence we have
(o(T)l—lzx, >0 and  (|p(T)*|—lzl)x, >0 as n— 0.
Since x,— 0 (weakly), we have |z| € g.(|o(T)|) N g.(|@(T )*|). So the proofis complete. MW

In order to give a proof of Theorem 8, we need the following simple lemma. We contain
its proof for the sake of completeness. Let m; and m, be the Lebesgue measure on R
and the planar Lebesgue measure, respectively.

Lemma 1. Let ¢(-) be a strictly monotone increasing continuous function on R such that
¢~ 'is absolutely continuous. Let A be a Lebesgue measurable set in R. If my(p~'(4)) =0,
then my(A4)=0.

Proor. Recall @(x, y)=(p(x), y). For ECR? and yeR, we define E,={x:(x,y)€ E}.
We have ¢~ '(4), =9 '(4,), so that

()= / (@~ (A),) dmy () = / @~ (4,)) dmy () =O.
R R

Then
mi(p~'(4,))=0 fora.e.y.
Since p~! is absolutely continuous,
mi(4,)=0 fora.e.y.
Therefore,

ma(d) = /R m(Ay) dmy () =0.

So the proof is complete. H

Theorem 8. Let T=H+iK be pure hyponormal and ¢(-) be a strictly monotone in-
creasing continuous function on R such that ¢ =" is absolutely continuous. If G is any
open disk of the plane, then my(a(p(T)) N G) >0 whenever o(@(T))N G #(.

ProoF. Assume that, for some open disk G, a(¢(T)) N G # 0 and my(a(@(T)) N G)=0. Let
z€a(@(T))N G. Then there exists zy€0(T) such that ¢(zg)==z. Since @ is continuous,
there exists an open disk Gy such that

z0€Gy and @(Gy)<=G.

By Lemma 1 it holds that my(a(T)N @~ (G))=0. Since o(T)NGy=a(T)N g~ (G),
so that my(a(T)N Gy)=0. But zo€a(T)N Gy. Since T is a pure hyponormal operator,
this is a contradiction to Putnam’s result [10, theorem 4]. Hence the proof is com-
plete. W



CHO AND OTHERS—Spectral mapping theorems for hyponormal operators 215

Finally we show the following:

Theorem 9. Let T=H+iK be pure hyponormal and ¢(-) be a strictly monotone in-
creasing continuous function on o(H). If mi(a(|¢~"(T)])) =0, then there exists a finite
or countably infinite number of pairwise disjoint open annuli A,={z:a,<|z|<b,}
(n=1,2, ...) such that o(¢(T)) is the closure of the set UA, and UA,<o,(p(T)*).

Proor. Let z; €a(@(T)). Consider any open disk G containing z;. Then G contains a
closed disk F satisfying

F={z:]z—2|1<6,0>0} ca(@(T)).

Otherwise a(@(T))N G <da(@(T)). Hence if the half-line /: 0=constant intersects G,
then by Theorem 6 each r satisfying re’’ €/ N (a(@(T))NG) belongs to o(|p(T))).
Hence, by this assumption the set of such numbers » has linear measure 0. It follows from
Fubini’s theorem that m,(o(@(T)) N G)=0. By Theorem 8, this is a contradiction. This
proves (2).

Let a=inf{|z|:z€ F} and b=sup{|z|:z€ F}. Then a <b and

{z:a<lzl<b} ca(@(T)).

In fact, assume that there exists z, ¢ o(@(T)) such that a < |z,| <b. Since z; €a (#(T))C,
there exists ¢>0 such that

{z:]z—z| <&} ca(@(T))C.

We may assume that ¢ <min{|z,| —a, b—|z,|}. Hence by Theorem 6 we have [|z;| —
&, |z2|1<a(|@(T))) or [|z2], |z2]| + €] = a(|@(T)]). This is a contradiction to m;(a(|@(T)|)) =0.
Hence it follows (3). Therefore, we can see that o(@(7")) can be taken as the closure of
countably union of disjoint closed annuli, each of the form {z:c <|z| <d} with ¢ <d.

For a fixed annulus let U (¢, d,) denote the canonical decomposition of the linear open
set [¢, d]—{[c, d]Na(J@(T)*|)}. In fact for z in this open set, if |z| =d, then z € da(p(T)).
Hence |z| € a(|@(T)*|). Also, if |z| =c¢, then we have |z| € a(|p(T )*|). It follows that {z:c <
|z| <d} is the closure of UB,, where B,={z:c,<|z|<d,}. Also by Theorem 7 we have
each B, <o,(¢(T)*). This completes the proof. W
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