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ABSTRACT

Let T=H+iK be hyponormal and Q be a strictly monotone increasing continuous func-
tion on s(H ). We define ~QQ(T ) by ~QQ(T )=Q(H )+iK. In this paper, we show that if z is
an isolated eigenvalue of ~QQ(T ), then the corresponding Riesz projection is self-adjoint.
Also we introduce Xia spectrum and study the existence of an invariant subspace of an
operator ~QQ(T ).

1. Introduction

Let B(H) be the algebra of all bounded linear operators on a complex Hilbert space H.
An operator T2B(H) is said to be hyponormal if T*TiTT*.

For an operator T, we denote the positive part of T by |T | and decompose T=H+iK,
with H=ReT=1

2(T+T*) and K=Im T= 1
2i (TxT*). Using this decomposition, several

authors have given generalisations of hyponormal operators (see, e.g. [8 ; 9; 11; 13; 16]).
Following Istrăţescu [8; 9], in [3] we studied spectral properties of the operator ~QQ(T )=
Q(H)+iK associated with a strictly monotone increasing continuous function Q on the
spectrum s(H ). In the present paper, first we show that the Riesz projection for an isolated
eigenvalue of ~QQ(T ) is self-adjoint. In [1] we gave a condition for the existence of invariant
subspaces in the case of p-hyponormal operations. Next we introduce Xia spectrum of
~QQ(T ) and study the existence of invariant subspaces of an operator ~QQ(T ). Also we study
structural properties of the spectrum of ~QQ(T ) for a pure hyponormal operator T.

Let T 2B(H). We denote the spectrum, the point spectrum and the approximate point
spectrum of T by s(T ), sp(T ) and sa(T ) respectively.
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A point z2C is in the essential spectrum se(T ) of T if there exists a sequence {xn} of
unit vectors in H such that xn*0 (weakly) and (Txz)xnp0. It is well known that

s(T )=se(T )[ sp(T )[ {z :�zz2sp(T*)}, (1)

(see [7]). Throughout this paper, for a strictly monotone increasing continuous function
Q(.) on R we define ~QQ(.) on C by ~QQ(a+ib)=Q(a)+ib for a, b2R.

For a pair of operators (T1, T2), (z1, z2)2C2 is in the joint approximate point spectrum
sa(T1, T2) if there exists a sequence {xn} of unit vectors such that

(Tjxzj)xn
�� ��p0 as npO ( j=1, 2):

We denote the (Taylor) joint spectrum of a commuting pair of operators (T1, T2) by
s(T1, T2) (see [14]).

2. Theorems

In this paper we sometimes use the following results : let T=H+iK be hyponormal and
Q(.) be a strictly monotone increasing continuous function on s(H ).

(1) If (~QQ(T )x(a+ib))xnp0, then there exists a0 such that Q(a0)=a, (Hxa0)xnp0,
(Kxb)xnp0 and (~QQ(T )x(a+ib))*xnp0 [3, lemma 2].

(2) s(~QQ(T ))=~QQ(s(T )) and sa(~QQ(T ))=~QQ(sa(T )) [3, theorem 1].

First we show the following:

Theorem 1. Let T=H+iK be hyponormal and Q(.) be a strictly monotone increasing
continuous function on s(H ).We define ~QQ(.) by ~QQ(a+ib)=Q(a)+ib and ~QQ(T )=Q(H)+iK.
Let z be an isolated eigenvalue of ~QQ(T ) and r>0 be {l : |lxz|jr}\ s(~QQ(T ))={z}. Put
E= 1

2pi

R
|lxz|=r (lx~QQ(T ))x1dl. Then the following statements hold :

(1) E(H)=ker(~QQ(T )xz)=ker((~QQ(T )xz)*):
(2) E is self-adjoint.

PROOF. (1) We show ker(~QQ(T )xz)= ker((~QQ(T )xz)*). Let ~QQ(z0)=z. Then z0 is an iso-
lated eigenvalue of T and by [3, corollary 4] we have ker(~QQ(T )xz)= ker(Txz0). Hence
ker(Txz0) reduces for T and ker(~QQ(T )xz) reduces for ~QQ(T ). Therefore, we have the
decomposition

~QQ(T )xz= 0 0
0 A

� �
on ker(~QQ(T )xz)� ker(~QQ(T )xz)?:

We may consider that this decomposition is on ker(Txz0)� ker(Txz0)
?. Let N=

ker(Txz0). Since T|N=H|N+iK|N (hyponormal operator) and T|N?=H|N?+iK|N?

(hyponormal operator) are Cartesian decompositions, hence we have

~QQ(T|N)=Q(H|N)=iK|N and ~QQ(T|N?)=Q(H|N? )+iK|N? :

Also we have ~QQ(T|N?)xz=A. If 02s(A), then z2s(~QQ(T|N?)), and hence z is an isolated
point of s(~QQ(T|N?)). Therefore z is an eigenvalue of ~QQ(T|N?). This is a contradiction.
Since A is invertible, we have ker(~QQ(T )xz)= ker((~QQ(T )xz)*). Hence we have E(H)=
ker(~QQ(T )xz)= ker((~QQ(T )xz)*).
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(2) Since {l : |lxz|jr}\ s(A)=;, it holds that 1
2pi

R
|lxz|=r (lxzxA)x1dl=0. Hence

we have

E=
1

2pi

Z
|lxz|=r

(lx~QQ(T ))x1dl=
1

2pi

Z
|lxx|=r

(lxz)x1 0

0 (lxzxA)x1

 !
dl

=

1
2pi

R
|lxz|=r (lxz)x1dl 0

0 1
2pi

R
|lxz|=r (lxzxA)x1dl

0
@

1
A=

1 0

0 0

 !
:

Therefore, E is self-adjoint. So the proof is complete. &

In [2] we introduced Xia spectrum for a p-hyponormal operator. For the existence
of invariant subspaces of ~QQ(T ), we introduce Xia spectrum of ~QQ(T ). Let T=H+iK be
hyponormal. Define

S+(K)= lim
tpO

eitHKexitH and Sx(K)= lim
tpO

exitHKeitH :

If T=H+iK is hyponormal, then there exist operators S¡(K) (see [15]). Define

Kk=kS+(K)+(1xk)Sx(K),

for k (0jkj1). Then we have the following:

Theorem A. [4, lemma 2.1]. Under the above notations, if T=H+iK is hyponormal, then
HS¡(K)=S¡(K)H.

Therefore, it is clear that HKk=KkH and Q(H)Kk=KkQ(H) for every k (0jkj1).
We define

Tk=H+iKk and ~QQ(Tk)=Q(H)+iKk for k2 [0, 1]:

Then, for k2 [0, 1], Tk and ~QQ(Tk) are normal and the following theorem holds.

Theorem B. [16, theorem IV.3.1]. Let T=H+iK be hyponormal. Then

s(T )=
[

0jkj1

s(Tk):

Definition 1. We define Xia spectrum sX (~QQ(T )) of ~QQ(T ) by

sX (~QQ(T ))=
[

0jkj1

sa(Q(H), Kk):

Remark. We cannot define Xia spectrum for an arbitrary operator. We prepare the fol-
lowing results.

Theorem C. [6]. Let (T1, T2) be a commuting pair of normal operators. Then

s(T1, T2)=sa(T1, T2):

CHŌ AND OTHERS—Spectral mapping theorems for hyponormal operators 211



Theorem D. [5; 12; 14]. Let (T1, T2) be a commuting pair and f (z1, z2) be a polynomial
of two variables. Then

f (s(T1, T2))=s( f (T1, T2)) and f (sa(T1, T2))=sa( f (T1, T2)):

Theorem 2. Let T=H+iK be hyponormal and Q(.) be a strictly monotone increasing
continuous function on s(H ). Then

a+ib2s(~QQ(T )) if and only if (a, b)2sX (~QQ(T )):

PROOF. Let a+ib2s(~QQ(T )). Then there exists a0 such that a0+ib2s(T ) and Q(a0)=a.
Since T=H+iK is hyponormal, there exists k (0jkj1) such that (a0, b)2sa(H, Kk).
Hence we have (a, b)2sa(Q(H ), Kk) and (a, b)2sX (~QQ(T )). Next assume that (a, b)2
sX (~QQ(T )). Then there exists k (0jkj1) such that (a, b)2sa(Q(H ), Kk). Since Tk=H+iKk

is a normal operator, ~QQ(Tk)=Q(H)+iKk and a+ib2sa(~QQ(Tk)), and by lemma 2 of [3]
there exists (a0, b)2sa(H, Kk) such that Q(a0)=a. Since a0+ib2s(T ), by theorem 1 of
[3] we have a+ib2s(~QQ(T )). So the proof is complete. &

Corollary 3. Let T=H+iK be hyponormal and Q(.) be a strictly monotone increasing
continuous function on s(H ). Then

s(~QQ(T ))=
[

0jkj1

s(~QQ(Tk)):

PROOF. Let a+ib2s(~QQ(T )). Then by Theorem 2 there exists k (0jkj1) such that
(a, b)2sa(Q(H ), Kk). Hence by Theorem D it is clear that a+ib2s(~QQ(Tk)). Hence
a+ib2

S
0jkj1 s(~QQ(Tk)). Next let a+ib2s(~QQ(Tk)) for some k (0jkj1). Since ~QQ(Tk) is

a normal operator, we have a+ib2sa(~QQ(Tk)). Since (Q(H ), Kk) is a commuting pair of
hermitian operators, by Theorem C we have (a, b)2sa(Q(H ), Kk). Hence by Theorem 2
we have a+ib2s(~QQ(T )). &

We introduce the generalised spectrum G(|~QQ(T )|) of |~QQ(T )|.

Definition 2. Let T=H+iK be hyponormal and Q(.) be a strictly monotone increasing
continuous function on s(H ). For k2 [0, 1], let Tk be the operator defined following
Theorem A. For an operator ~QQ(T ), the generalised spectrum G(|~QQ(T )|) of |~QQ(T )| is
defined by

G(|~QQ(T )|)=
[

0jkj1

s(|~QQ(Tk)|):

Theorem 4. Let T=H+iK be hyponormal and Q(.) be a strictly monotone increasing
continuous function on s(H ).

(1) If r2G(|~QQ(T )|), then there exists a+ib2s(~QQ(T )) such that |a+ib|=r.
(2) If z=a+ib2s(~QQ(T )), then |z|2G(|~QQ(T )|).

212 Mathematical Proceedings of the Royal Irish Academy



PROOF. (1) Let r2G(|~QQ(T )|). Then there exists k (0jkj1) such that r2s(|~QQ(Tk)|). Since
r22 s(Q(H)2+K2

k ), by Theorem D there exists (a, b)2sja(Q(H ), Kk) such that a
2+b2=r2.

Since (a, b)2sX (~QQ(T )), by Theorem 2 we have a+ib2s(~QQ(T )).
(2) Let z2s(~QQ(T )). Then by Corollary 3 there exists k (0jkj1) such that z2s(~QQ(Tk)).

Since ~QQ(Tk)=Q(H)+iKk is normal, we have |z|22 s(|~QQ(Tk)|2) and hence |z|2s(|~QQ(Tk)|)5
G(|~QQ(T )|). So the proof is complete. &

Theorem 5. Let T=H+iK be hyponormal and Q(.) be a strictly monotone increasing
continuous function on s(H ). If G(|~QQ(T )|) is not interval, then ~QQ(T ) has a non-trivial
invariant subspace.

PROOF. By the assumption, there exist non-negative numbers r1 and r2 such that r1<r2
and (r1, r2)\G(|~QQ(T )|)=;. By theorem 4(1) there exist z1 and z2 in s(~QQ(T )) such that
|zi|=ri (i=1, 2). By Theorem 4(2), we have

s(~QQ(T ))\ {z : r1<|z|<r2}=;:
Thus s(~QQ(T )) is not connected and ~QQ(T ) has a non-trivial invariant subspace. &

The boundary of a set E5C is denoted by hE. An operator T is called pure hyponormal
if it has no non-trivial reducing subspace on which it is normal.

Theorem 6. Let T=H+iK be hyponormal and Q(.) be a strictly monotone increasing
continuous function on s(H ). If z2hs(~QQ(T )), then

|z|2s(|~QQ(T )|)\ s(|~QQ(T )*|):

Moreover, if T is pure, then

|z|2se(|~QQ(T )|)\ se(|~QQ(T )*|):

PROOF. Since z2hs(~QQ(T ))5sa(~QQ(T )), we have �zz2sa(~QQ(T )*) by lemma 2 of [3]. Hence
we have |z|2s(|~QQ(T )|)\ s(|~QQ(T )*|).

Next we assume that T is pure. By theorem 1 of [3], let z0 be ~QQ(z0)=z. Since Q is strictly
monotone increasing, we have z02hs(T ). Hence by theorem 1 of [11] there exists a
sequence {xn} of unit vectors such that xn* 0 (weakly) and (Txz)xnp0. Since T
is hyponormal, it is easy to see that (~QQ(T )xz)xnp0 and (~QQ(T )xz)*xnp0. Therefore,
we have

|z|2se(|~QQ(T )|)\ se(|~QQ(T )*|):

So the proof is complete. &

Theorem 7. Let T=H+iK be hyponormal and Q(.) be a strictly monotone increasing
continuous function on s(H ). If z2s(~QQ(T )) and �zz2= sp(~QQ(T )*), then |z|2se(|~QQ(T )|)\
se(|~QQ(T )*|).

PROOF. If z2sp(~QQ(T )), then by lemma 2 of [3] we have �zz2sp(~QQ(T )*). Hence we have
z2= sp(~QQ(T )). By Equation (1) we have z2se(~QQ(T )). Hence there exists a sequence {xn} of
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unit vectors such that

xn * 0 (weakly) and (~QQ(T )xz)xnp0:

By lemma 2 of [3] it holds that (~QQ(T )xz)*xnp0. Hence we have

(|~QQ(T )|x|z|)xnp0 and (|~QQ(T )*|x|z|)xnp0 as npO:

Since xn*0 (weakly), we have |z|2se(|~QQ(T )|)\ se(|~QQ(T )*|). So the proof is complete. &

In order to give a proof of Theorem 8, we need the following simple lemma. We contain
its proof for the sake of completeness. Let m1 and m2 be the Lebesgue measure on R
and the planar Lebesgue measure, respectively.

Lemma 1. Let Q(.) be a strictly monotone increasing continuous function on R such that
Qx1 is absolutely continuous. Let A be a Lebesgue measurable set in R. If m2(~QQ

x1(A))=0,
then m2(A)=0.

PROOF. Recall ~QQ(x, y)=(Q(x), y). For E5R2 and y2R, we define Ey={x : (x, y)2 E}.
We have ~QQx1(A)y=Qx1(Ay), so that

m2(~QQ
x1(A))=

Z
R

m1(~QQ
x1(A)y) dm1(y)=

Z
R

m1(~QQ
x1(Ay)) dm1(y)=0:

Then

m1(Q
x1(Ay))=0 for a:e: y:

Since Qx1 is absolutely continuous,

m1(Ay)=0 for a:e: y:

Therefore,

m2(A)=
Z
R

m1(Ay) dm1(y)=0:

So the proof is complete. &

Theorem 8. Let T=H+iK be pure hyponormal and Q(.) be a strictly monotone in-
creasing continuous function on R such that Qx1 is absolutely continuous. If G is any
open disk of the plane, then m2(s(~QQ(T ))\G)>0 whenever s(~QQ(T ))\Gl;.

PROOF. Assume that, for some open disk G, s(~QQ(T ))\Gl; and m2(s(~QQ(T ))\G )=0. Let
z2s(~QQ(T ))\G. Then there exists z02s(T ) such that ~QQ(z0)=z. Since ~QQ is continuous,
there exists an open disk G0 such that

z02G0 and ~QQ(G0)5G:

By Lemma 1 it holds that m2(s(T )\ ~QQx1(G))=0. Since s(T )\G0ks(T )\ ~QQx1(G),
so that m2(s(T )\G0)=0. But z02s(T )\G0. Since T is a pure hyponormal operator,
this is a contradiction to Putnam’s result [10, theorem 4]. Hence the proof is com-
plete. &
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Finally we show the following:

Theorem 9. Let T=H+iK be pure hyponormal and Q(.) be a strictly monotone in-
creasing continuous function on s(H ). If m1(s(|~QQx1(T )|))=0, then there exists a finite
or countably infinite number of pairwise disjoint open annuli An={z :an<|z|<bn}
(n=1, 2, . . .) such that s(~QQ(T )) is the closure of the set [An and [An5sp(~QQ(T )*):

PROOF. Let z12s(~QQ(T )). Consider any open disk G containing z1. Then G contains a
closed disk F satisfying

F={z : |zxz1|jd, d>0}5s(~QQ(T )):

Otherwise s(~QQ(T ))\G5hs(~QQ(T )). Hence if the half-line l : h=constant intersects G,
then by Theorem 6 each r satisfying reih2l\ (s(~QQ(T ))\G) belongs to s(|~QQ(T )|).
Hence, by this assumption the set of such numbers r has linear measure 0. It follows from
Fubini’s theorem that m2(s(~QQ(T ))\G)=0. By Theorem 8, this is a contradiction. This
proves (2).

Let a=inf{|z| :z2F} and b=sup{|z| :z2F}. Then a<b and

{z : aj|z|jb}5s(~QQ(T )):

In fact, assume that there exists z22= s(~QQ(T )) such that a<|z2|<b. Since z22s (~QQ(T ))C,
there exists e>0 such that

{z : |zxz2|<e}5s(~QQ(T ))C:

We may assume that e<min{|z2|xa, bx|z2|}. Hence by Theorem 6 we have [|z2|x
e, |z2|]5s(|~QQ(T )|) or [|z2|, |z2|+e]5s(|~QQ(T )|). This is a contradiction to m1(s(|~QQ(T )|))=0.
Hence it follows (3). Therefore, we can see that s(~QQ(T )) can be taken as the closure of
countably union of disjoint closed annuli, each of the form {z :cj|z|jd} with c<d.

For a fixed annulus let [ (cn, dn) denote the canonical decomposition of the linear open
set [c, d]x{[c, d]\ s(|~QQ(T )*|)}. In fact for z in this open set, if |z|=d, then z2hs(~QQ(T )).
Hence |z|2s(|~QQ(T )*|). Also, if |z|=c, then we have |z|2s(|~QQ(T )*|). It follows that {z :cj
|z|jd} is the closure of [Bn, where Bn={z :cn<|z|<dn}. Also by Theorem 7 we have
each Bn5sp(~QQ(T )*). This completes the proof. &
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[9] V.I. Istrǎţescu, Introduction to linear operator theory, Marcel Dekker, 1981.

[10] C.R. Putnam, An inequality for the area of hyponormal spectra, Mathematische Zeitschrift 116 (1970),

323–30.

[11] C.R. Putnam, Spectra of polar factors of hyponormal operators, Transactions of the American Mathematical

Society 188 (1974), 419–28.
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