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ABSTRACT

Numerical experiments were conducted on a simple model of the North Atlantic ocean
consisting of a thermocline region above an abyssal region with the surface mixing
(Ekman) layer excluded. The western ocean boundary (in both the thermocline and abyss)
layers are also excluded. It is also assumed that zonal variations in temperature can be
neglected. The model temperature field is required to agree with the observed ocean tem-
perature field as given in the Levitus’ climatological atlas of the world ocean. This
requirement results in a spatial variation for the vertical thermal diffusion coefficient over
the combined thermocline/abyss, with values for this coefficient of : 1.35r10x4m2 sx1

in the tropical thermocline; 0.675r10x4m2 sx1 in the combined subpolar/subtropical
thermocline; and a range of 1.49–1.69r10x4m2 sx1 in the abyss. These values are similar
in magnitude to previous calculations, and result from the assumption that the typical
upwelling velocity from the abyss into the thermocline is of order 2r10x7m2 sx1. Webb
and Suginohara suggest that some abyssal mass rises along isothermals in the southern
ocean, with the resultant need for a decrease in diathermal upwelling over the remainder
of the global ocean. This implies a smaller value for the typical abyssal upwelling vel-
ocity, and if it is reduced by a factor of 5 from the above value, then the resulting values
for the vertical thermal diffusion coefficient are close to 3r10x5m2 sx1 (representing the
average over the whole ocean). Webb and Suginohara suggest that this is more consistent
with existing ocean measurements.

1. Introduction

The distribution of heat, salt and tracer substances in the ocean depend on mixing along
and across surfaces of equal density (isopycnal and diapycnal mixing, respectively). Here,
where saline effects are neglected and it is assumed that density varies only with tem-
perature, the distribution of heat depends on convection of heat by the fluid along iso-
thermal surfaces and diffusion of heat across isothermal surfaces. A measure of the latter
effect is given by the value of the coefficient of vertical thermal diffusion, kz

0. Previous
theoretical calculations by Munk in [11] found that a value, for kz

0 of 10x4m2 sx1 was
required to support the ocean thermal circulation. However, recent tracer release exper-
iments in the open ocean (distant from ocean boundaries) [9] give values of kz

0 near
10x5m2 sx1, an order of magnitude lower. In contrast, Polzin et al. [15] found much larger
values for kz

0 (reaching 10x3m2 sx1) in localised regions near the rough bottom topogra-
phy of the mid-Atlantic ridge. More recent theoretical calculations by Munk and Wunsch
[12] confirm that the spatially averaged kz

0 has a magnitude in the order of 10x4m2 sx1.
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In [24] Webb and Suginohara suggest that some of the abyssal mass rises along isopycnals
(here isothermals) in the southern ocean, and should not be included in the diapycnal
upwelling from the abyss over the global ocean. With the resulting lowered value of the
diapycnal upwelling from the abyss, Webb and Suginohara [24] calculate a revised value
for kz

0 (averaged over the whole ocean) of 3r10x5m2 sx1. There is therefore a lack
of agreement as to what is the correct order of magnitude for kz

0 (when averaged over the
whole ocean). Here we contribute to the current dialogue on this issue for the North
Atlantic with a simple ocean model. We require that the model temperature field should
agree (as closely as possible) with the observed ocean temperature field as given in the
Levitus’ climatological atlas of the world ocean [10]. This requirement yields a spatial
variation for the vertical thermal diffusion coefficient whose average ocean value is close
to 10x4m2 sx1 as advocated in [11; 12]. However, if both the upwelling from the abyss
and the net upwelling from the thermocline into the Ekman layer are appropriately
reduced (as advocated in [24]), then an average ocean value for kz

0 near the Webb and
Suginohara value in [24] results.

The model considers the ocean to consist of a thermocline region above an abyssal
region below the (excluded) surface mixing (Ekman) layer and outside the ocean western
boundary layers (in both the thermocline and the abyss). The model for the abyssal region
is a modification of the Stommel–Arons abyssal solution in [22; 23], where (for the North
Atlantic) a southward flowing western boundary current whose source is a down welling
point at the northern extremity of the basin feeds fluid into the abyss. Some of this fluid
upwells through the top of abyss into the thermocline and the remainder recirculates in the
abyssal region in an anti-cyclonic gyre that closes at the northern extremity source point
(with zonal velocity vanishing at the eastern boundary). The thermocline is driven at its
base by upwelling through the top of the abyss and a prescribed temperature distribution at
the top of the abyss. At the top of the thermocline the distribution of vertical velocity
(resulting from the effect of surface wind stress transmitted through the Ekman layer) is
prescribed together with the distribution of temperature. In addition it is assumed that the
zonal variation of temperature is negligible in comparison to meridional and vertical
variations in temperature. Although, as noted in [25], such regions exist in regions of the
large oceans (for example the northern Pacific Ocean), over the full extent of the ocean
zonal variations of temperature are not negligible. However, the assumption leads to a
simplified structure for the velocity field resulting in a linearised equation for temperature
so that direct focus on the spatial variation of kz

0 is possible in a relatively accessible
model. Simple linear models of the ocean have previously been shown to be useful tools
through which to clarify aspects of ocean circulation theory [3; 16], and other special
solutions of reduced models of the ocean were used in a similar fashion in [17; 18]. The
present paper (where the equation describing the temperature is reduced to a linear
equation in two dimensions that is readily solved numerically) is offered in the same
pedagogical spirit as those papers quoted above.

2. Model

The North Atlantic ocean (between the equator and 60x N) is modelled (with the surface
Ekman layer, taken to be 150m deep, excluded) by a thermocline region (150–1500m in
depth) over an abyssal region (1500–4200m in depth). However, the influence of the
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Ekman layer in the thermocline is retained through prescribing the vertical velocity at the
top of the thermocline. This is the effect of the surface wind stress transmitted through the
Ekman layer to the top of the thermocline. The ocean (bounded by longitude lines) is taken
to be 50x wide. The western ocean boundary layers (in the thermocline and abyss) are not
resolved here but are assumed to either supply or receive fluid (from the ocean interior) in
conservation of mass. At the eastern boundary a generalized eastern boundary condition
(to use the terminology of Huang in [6]), of the form

R
u dz=0 is imposed, where u is the

zonal velocity component and the integration is over the total ocean depth. This condition
implies that fluid entering the eastern boundary at one depth re-emerges, flowing west-
ward, at another depth (but at the same latitude). This condition, whereby the mass
transport at the eastern boundary is zero, has also been used in [8; 13] in modelling the
ocean thermocline. The model also assumes that temperature (or, equivalently, density)
varies mainly with depth and latitude, and that by comparison its variation with longitude
is negligible.

The equations that describe steady motion (below the surface Ekman layer and outside
the western boundary layers) in the thermocline and abyss regions are the planetary
geostrophic equations, which in non-dimensional form are as follows:

hp
hz

=T , 2u sin w=
xhp
hw

, 2v sin w=
1

cos w

hp
hl

, (2:1a,b,c)

hw
hz

=v=tan w, (2:2)

w
hT
hz

+v
hT
hw

=k
h2T
hz2

, (2:3)

where (2.2) is the planetary divergence relation that results from the substitution of
expressions (2.1b,c) for u and v into the continuity equation. In the above equations l is
longitude (positive eastwards), w is latitude (positive northwards), z is vertical distance
(positive upwards), p is pressure, T is temperature, and u, v, w are the respective velocity
components in the directions l, w, z increasing. In Equation (2.3) it is assumed that T is
independent of l and that meridional heat diffusion is negligible in comparison to vertical
heat diffusion. It was found through numerical experimentation that when meridional heat
diffusion is included at the same order as vertical heat diffusion in the non-dimensional
Equation (2.3), then its influence on the solution is negligible, and thus, on the basis of
using the simplest possible model, it is set at zero here. For reference the physical
variables, denoted by primes (0 ), are given as follows: (u0, v0)=U(u, v), w0=Ww, z0=Dz,
kz
0 (vertical coefficient of heat diffusion)=DWk and temperature t0, is given by T=(t0xt0

0)/
t0
0, where t0

0, taken to be the temperature at the ocean bottom (i.e. at 4200m depth) is
2.0xC. For W we take a typical downwelling vertical velocity from the Ekman layer into
the subtropical thermocline, i.e. W=10x6m sx1. In the derivation of the above form for
the hydrostatic equation it is assumed that the physical density, r0, varies only with tem-
perature in the form r0=r0

0[1xa(t0xt0
0)], where r0

0 is the reference density (taken to be
103kg mx3) and a is the coefficient of thermal expansion (taken to be 2r10x4(xC)x1).
The pressure p0 is written as p0=xr0

0gz0+p̄, where g is gravity (taken to be 9.81m sx2)
and p̄=(r0

0aVU )p (where a is the earth’s radius taken to be 6.3r106m and V is the
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earth’s rotation rate taken to be 0.7r10x4 sx1). We also have taken (gat0
0D)/(aVu)=1

and U=aW/D so that the scale depth, D, and the magnitude, U, of the horizontal speed are
given by

D=
a2VW

gat00

� �1
2

= 841m and U=
Wgat00
V

� �1
2

= 7:49r10x3m sx1: (2:4)

Note that z=0 denotes the top of the thermocline, i.e. at depth 150m (thickness of the
Ekman layer) below the ocean surface, and that the bottom of the thermocline (at depth
1500m) is at z=xc, where Dc=1350m, i.e. c=x1.605 and the bottom of the abyss (at
depth 4200m) is at z=x3c.

We take a typical upwelling velocity from the abyss into the thermocline to be Wa=
2r10x7m sx1, based on the following considerations. In [21] Stommel took Wa=3r
10x7m sx1, and later, in [22; 23], Stommel and Arons suggested that this value is prob-
ably too large by a factor of two. An estimate from Yuan et al. [26] gives Wa=2.25r
10x7m sx1. In his two-level model for the wind and buoyancy forced circulation Huang
[7] derives the upwelling velocity at the top of the abyss (these results were later used in
[1]), which varies from 5r10x6m sx1 at the equator to 0.1r10x7m sx1 at 50x N. His
mid-basin values are of order 2r10x7m sx1. Note that this abyssal upwelling velocity
(Wa=2r10x7m sx1) is approximately an order of magnitude smaller than the Ekman
downwelling velocity (W=10x6m sx1), which is consistent with what observations
suggest.

3. The abyssal region

The solutions for the abyss and thermocline can be determined independently since we
have specified a priori the position of their common interface (i.e. at depth 1500m), while
the temperature distribution (at the interface) is specified from the climatological data
given in [10] and the upwelling velocity at the interface between the abyss and ther-
mocline is specified, as above, and is consistent with observations as far as they are known
(if the arguments of [21–23] are accepted). Recently, in [24], Webb and Suginohara
suggested that some of the abyssal mass rises along isothermals in the southern ocean
with the resultant need for a decrease in the diathermal upwelling over the remainder
of the global ocean. This would imply a smaller value for the abyssal upwelling velocity
than is used here. We will return to this issue again later in the paper. We begin with the
abyss since the solution there is easiest to calculate.

3.1. Boundary conditions for abyss
As indicated above:

(i) there is an assigned temperature distribution and upwelling velocity at the top of
the abyss, i.e.

T=Ta(w) and w=(Wa=W )wa(w)=(0:2)wa(w) at z=xc, (3:1:1)

where the physical vertical velocity at the interface, i.e. wa
0(w) is given by

w0
a(w)=Wawa(w);
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(ii) temperature is constant and the normal component of velocity is zero at the (flat)
ocean floor, i.e.

T=0 and w=0 at z=x3c: (3:1:2)

An alternative to condition (3.1.2) for the temperature would be to set the vertical heat flux
to zero at the bottom of the abyss. Like Pedlosky in [14], we assume constant tempera-
ture at the bottom of the abyss. At the eastern boundary the integrated mass transport
(from bottom to top of the abyss) is set at zero, i.e. we use a generalised eastern boundary
condition of the form Z z=xc

z=x3c

u dz=0 at l=lE, (3:1:3)

where l=lE (a line of longitude) is the eastern boundary of the North Atlantic with lE=
5p/18.

3.2. Solution for the abyss
When T is assumed to be independent of l then Equations (2.1a) and (2.1c) imply that v is
independent of z, so that (2.2) can be integrated to give (with boundary conditions (3.1.1)
and (3.1.2)) :

w=(0:1)wa(w)(3+z=c), v=(0:1)wa(w)tan w=c: (3:2:1)

Therefore v and w are determined independently of the temperature T and Equation (2.3)
for T is linear. With s=z/c Equation (2.3) for T becomes

wa(w) (3+s)
hT
hs

+tan w
hT
hw

� �
=�kka

h2T
hs2

, (3:2:2)

where k̄a=10k/c and the top of the abyss is at s=x1 with the bottom of the abyss at
s=x3. Equations (2.1a,b,c) together with the eastern boundary condition (3.1.3) give

x2u sin w=c

Z s

x3

hT
hw

ds0x
1

2

Z x1

x3

Z s

x3

hT
hw

ds0 ds

� �
+

0:2

c
(lxlE)

d

dw
[wa(w) sin

2 w]:

(3:2:3)

When the temperature T is determined through solving Equation (3.2.2) numerically,
then u is given by (3.2.3) where the integral terms on the right hand side of (3.2.3)
represent thermal wind effects and the other term represents the effect of upwelling.

From the climatological data in [10, fig. 16, p. 122] showing the annual mean potential
temperature (xC) at 1500m depth, we take the temperature distribution at the top of the
abyss (cf. (3.1.1)) to be given by

Ta(w)=1+1:8238w2 when 0jwjp=6,

Ta(w)=1:75x0:912w2 when
p

6
jwj

p

3
: (3:2:4)

Note that since the reference temperature t0
0=2.0xC, expression (3.2.4) gives the

temperature at the top of the abyss increasing quadratically from 4xC at the equator to 5xC
at 30x N and then decreasing quadratically from there to 3.5xC at 60x N.
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The shape of the upwelling function, wa(w), at the top of the abyss (cf. (3.1.1)) is chosen
as follows. Since the thermocline is shallower at the equator than at 60x N, and since
theoretical predictions give the upwelling velocity varying as kz

0/d, where kz
0 is the co-

efficient of thermal diffusion and d is the thickness of the thermocline layer, this implies a
larger upwelling velocity at the equator than at 60x N. We therefore take wa(w) to decrease
linearly from the equator to 60x N, i.e. given by

wa(w)=mw+c, (3:2:5)

where m (<0) and c are parameters chosen below. The above expression (3.2.5), which
gives the upwelling decreasing continuously towards the north, is consistent with results
from [7], which show upwelling decreasing from the equator northwards (and also
decreasing westwards from the eastern boundary).

We require that the upwelling through the surface of the abyss (i.e. the region 0jljlE
and 0jwjp/3) as given by expression (3.2.5) for wa(w) (scaled with upwelling velocity
Wa=2r10x7m sx1) should equal the Stommel and Arons uniform upwelling given by
wa(w)=1 in [22; 23] (also scaled with respect to Wa). This requires thatZ l=lE

l=0

Z w=p=3

w=0

cos w dw dl=
Z l=lE

l=0

Z w=p=3

w=0

(mw+c)cos w dw dl, (3:2:6)

which yields m=2.1283 (1xc) or c=1x0.4699m, and gives

wa(w)=1+m(wx0:4699): (3:2:7)

In [22; 23] Stommel and Arons took m=0 in (3.2.7). The term on the left in Equation
(3.2.6) represents the upwelling through the surface of the abyss over the total ocean region
in the Stommel–Arons model, while the right-hand side of (3.2.7) represents the same
quantity in the model here.

In Equation (3.2.2) for T there are now two variable parameters, i.e. m (through wa(w))
and k̄a. The parabolic partial differential Equation (3.2.2) for T is solved numerically for
fixed values of m and k̄a (using the NAG FORTRAN Library Routine D03PAF) with
boundary conditions T=Ta(w) at s=x1 and T=0 at s=x3 together with the symmetry
condition hT/hw=0 at w=0 (the equator). Note that at w=0 the partial differential
equation reduces to an ordinary differential equation which is solved numerically to give
the temperature distribution with depth at w=0. A series of numerical experiments, by
varying the values of m and k̄a were performed. The relative error (R.E.) between the
temperature, T (calculated here), and the climatological data (given in [10]) denoted by TL
was calculated with R.E. given by

R:E:=
1

n1=2
T1xT1

L

T1
L

� �2
+. . .+

TnxTn
L

Tn
L

� �2" #1
2

, (3:2:8)

where T1, T2,…, Tn is the temperature at a series of latitude points w1, w2,…, wn (in 0j
wj60x, with n=15) and TL

1, etc., are the equivalent values from [10] and the measure-
ments are at a fixed depth in the abyss. R.E. was calculated at depths as follows: 2000m
(i.e. s=x1.37) with TL from [10, fig. 17, p. 122]; 2500m (i.e. s=x1.74) with TL from
[10, fig. 18, p. 123]; 3000m (i.e. s=x2.11) with TL from [10, fig. 19, p. 123]; 3500m (i.e.
s=x2.48) with TL from [10, fig. 20, p. 123] ; and a combined R.E. from the combination

222 Mathematical Proceedings of the Royal Irish Academy



of these depths. Values of R.E. (as computed using (3.2.8)) are shown in Table 1 for
k̄a=1.2 and m varying between x0.01 (near the Stommel–Arons value in [22; 23]) and
x1.1. The maximum combined R.E. (occurring at m=x1.1) is 0.046, or a relative per-
centage error of 4.6% is acceptable. This says that for all m in the rangex0.01 tox1.1 a
value of k̄a=1.2 equivalent to kz

0=1.62r10x4m2 sx1 [since kz
0=DWk=(Dc)(W/10)k̄a=

1.35r10x4k̄am
2 sx1] gives acceptably small errors between T (calculated here) and TL.

Since the primary focus of this paper is to try to identify possible variations in the mag-
nitude of kz

0 in different regions of the ocean, one value of m, i.e. m=x0.7 (which gives
upwelling velocity at the equator of 2.66r10x7m sx1), was selected, which then de-
termines the meridional variation of upwelling from the abyss into the thermocline. This
is a necessary boundary condition for the thermocline region. Form=x0.7, Table 2 shows
R.E. (at depths : 2000m, 2500m, 3000m, 3500m, and the combined depths) for k̄a in the
range 0.8–1.4. It is seen that the combined R.E. is minimised by choosing k̄a in the range
1.1 (kz

0=1.49r10x4m2 sx1) to 1.25 (kz
0=1.69r10x4m2 sx1). These values are con-

sistent with the value for kz
0 calculated in [11; 12]. Webb and Suginohara [24] suggest that

TABLE 1—Values of the relative error (R.E.) for k̄a=1.2 and values of m between x0.01
and x1.1 at depths of 3500m, 3000m, 2500m, 2000m and the combined depths.

m 3500m 3000m 2500m 2000m Combined

x1.1 0.046 0.030 0.047 0.056 0.046
x0.9 0.043 0.025 0.039 0.051 0.041
x0.7 0.041 0.021 0.032 0.045 0.036
x0.5 0.040 0.019 0.026 0.041 0.033
x0.3 0.039 0.020 0.021 0.037 0.031
x0.1 0.039 0.023 0.018 0.033 0.030
x0.01 0.039 0.025 0.017 0.032 0.030

TABLE 2—Values of the relative error (R.E.) for m=x0.7 and values of k̄a between 0.8
and 1.4 at depths of 3500m, 3000m, 2500m, 2000m and the combined depths.

k̄a 3500m 3000m 2500m 2000m Combined

0.8 0.046 0.078 0.10 0.098 0.083
0.9 0.037 0.054 0.072 0.076 0.062
0.95 0.034 0.044 0.060 0.067 0.053
1.0 0.033 0.035 0.050 0.060 0.046
1.05 0.034 0.027 0.042 0.055 0.041
1.1 0.035 0.022 0.036 0.050 0.037
1.15 0.038 0.020 0.033 0.047 0.036
1.2 0.041 0.021 0.032 0.045 0.036
1.25 0.044 0.025 0.034 0.045 0.038
1.3 0.047 0.030 0.037 0.045 0.040
1.4 0.054 0.040 0.045 0.047 0.047
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a value of kz
0=0.3r10x4m2 sx1 is more consistent with existing observations of mixing

in the ocean. Their argument is that some of the abyssal mass rises along isothermals in
the southern ocean, with the resultant need for a decrease in the diathermal upwelling over
the remainder of the global ocean. This implies a smaller value for the typical abyssal
upwelling velocity (Wa) than is used here with a related reduction in the typical Ekman
downwelling velocity (W ), since to be consistent with observations W is approximately
5Wa (as assumed here). Indeed if W is appropriately reduced from its value here of
10x6m sx1 it is seen that values of kz

0, as advocated by Webb and Suginohara in [24],
do occur since kz

0=DWk=(Dc)(W/10)k̄a=(1350m)(W/10)k̄am
2 sx1. As reported by Polzin

et al. in [15], much larger values of kz
0 (reaching 10x3m2 sx1) are measured in local-

ised regions near the rough bottom topography of the mid-Atlantic ridge. These are ex-
treme local values for kz

0, not to be compared with the averaged kz
0 (averaged over the depth

of the abyss) calculated here and in [11; 12; 24].
With temperature, T, now determined the zonal component of velocity, u, is given

numerically through expression (3.2.3). The velocity field is then fully determined. The
resulting flow field is not presented here for the following reasons. The model here is a
modification of the Stommel–Arons model [22; 23] of the circulation in the abyssal ocean
by allowing temperature (homogeneous in Stommel–Arons) to vary with depth and
latitude. The model here (similar to Stommel–Arons) for the North Atlantic is fed from a
southward-flowing western boundary current whose source is a downwelling point at the
northern extremity of the basin. Some of the source fluid upwells through the top of the
abyss and the remaining fluid recirculates in the abyssal region. The detailed structure of
the velocity field determined here is available in Hodnett and McNamara [5], which treats
the abyssal circulation in both the North Atlantic and North Pacific. The changes from the
Stommel–Arons flow field are briefly as follows. The Stommel–Arons flow field is an anti-
cyclonic gyre (fed from the western boundary current and with zonal velocity vanishing
at the eastern boundary), which closes at the northern extremity source point and with
uniform upwelling from the abyss into the thermocline. Here, at the ocean bottom, fluid
emerging from the southward-flowing western boundary current, between w=0 and
w=30x N approximately, flows directly into the eastern boundary from where it re-
emerges, higher up the water column, to flow back to the western boundary. The fluid
emerging from the western boundary current, between w=30x N approximately and
w=60x N, recirculates in a Stommel–Arons type anticyclonic gyre except that some of
this fluid also enters the eastern boundary to re-emerge higher up the water column.

Since the structure of the v, w field is so simple here we later present a schematic
diagram of the v, w field which is of interest in its own right.

4. The thermocline region

For the thermocline region (between z=0 and z=xc) the boundary conditions at the
bottom of the thermocline (z=xc) are those at the top of the abyss, i.e. conditions (3.1.1)
with Ta(w) given by (3.2.4) and wa(w) given by (3.2.7) with m=x0.7.

The boundary conditions at the top of the thermocline (i.e. at depth 150m, which is the
thickness of the Ekman layer) are :

T=Te(w) and w=we(w) at z=0, (4:1)
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where Te(w) and we(w) are specified as follows. From the climatological data in [10,
fig. 13, p. 121] showing annual mean potential temperature (xC) at 150m depth, we take
the temperature distribution at the top of the thermocline to be given by

Te(w)=5+14:588w2 when 0jwjp=6

Te(w)=11:334x8:512w2 when p=6jwjp=3: (4:2)

Note that (since the reference temperature, t0
0=2.0xC), then (4.2) gives the temperature

at the top of the thermocline increasing quadratically from 12xC at the equator to 20xC
at 30x N and then decreasing quadratically from there to 6xC at 60x N.

The shape of the non-dimensional vertical velocity, we(w), at the top of the thermo-
cline (bottom of the Ekman layer) is chosen (following [4]) to be

we(w)=c[6cos 6wx sin 6w tan w], (4:3)

where c is a non-dimensional constant with value c=0.1272. This distribution of vertical
velocity results from a reasonable model of the mean wind stress (at the ocean surface) as
given in [2] in representation of the observed westerlies and trade winds in the latitude
range 0jwj60x N for the North Atlantic. It is noted that we(w) is zero at w=14.5x N and
w=43.5x N and that there is upwelling (we(w)>0) through the top of the thermocline
in the range 0jw<14.5x N; downwelling in the range 14.5x N<w<43.5x N; and up-
welling in the range 43.5x N<wj60x N.

Applied at the eastern boundary l=le, is the generalised eastern boundary conditionZ z=0

z=xc

u dz=0 (4:4)

4.1. Solution for the thermocline
Since T is assumed to be independent of l then v and w are determined indepen-
dently of temperature T, and in similar fashion to that described for the abyss, are derived
to be

w=we(w)+[we(w)x(0:2)wa(w)](z=c), and

v=[we(w)x(0:2)wa(w)](tan w=c): (4:1:1)

Note that the solutions for w and v as given by (4.1.1) are similar in structure to w
and v (in the abyss) as given by (3.2.1), and that on comparing v (in the thermocline) as
given in (4.1.1) with v (in the abyss) as given in (3.2.1), there is a discontinuity in v at
the thermocline/abyss interface. In contrast to these piecewise linear solutions for w in the
thermocline/abyss one of the similarity solutions (considered in detail) in [18] has
quadratic variation for w and hence linear variation for v over the total ocean depth.

Then Equation (2.3) for T becomes the linear equation

{we(w)+[we(w)x(0:2)wa(w)]s}
hT
hs

+[we(w)x(0:2)wa(w)]tan w
hT
hw

=�kkt
h2T
hs2

, (4:1:2)

where s=z/c and k̄t=k/c and the top of the thermocline is s=0 while the bottom of
the thermocline is at s=x1. Following the same procedure as described for the abyss
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the zonal velocity component, u, is given by

x2u sin w=c

Z s

x1

hT
hw

ds0x
Z 0

x1

Z s

x1

hT
hw

ds0ds

� �

+2
(lxlE)

c

d

dw
{[we(w)x(0:2)wa(w)] sin

2 w}: (4:1:3)

When the temperature, T, is determined through solving Equation (4.1.2) numerically,
then u is given by (4.1.3).

Note from (4.1.1) that v=0 at latitudes where we(w)=(0.2)wa(w) (at these latitudes
it is necessary that we(w)>0 since wa(w)>0 everywhere). There are two such latitudes.
One is north of w=43.5x N (where we(w)=0) and occurs at wn=45xC and the other is
south of w=14.5x N (where we(w)=0) and occurs at ws=12.05x N. There is no flow
across the latitude lines w=ws and w=wn. There are, therefore, separate solutions for the
tropical thermocline (0jwjws), the sub-tropical thermocline (wsjwjwn), and the sub-
polar thermocline (wnjwj60x N). However, the sub-tropical and sub-polar thermoclines
are linked through the distribution, with depth of temperature at their common interface,
w=wn. Note also from (4.1.1) that (when we(w)<0, i.e. in 14.5x Njwj43.5x N)

w=0 when s=xwe(w)=[we(w)x(0:2)wa(w)] (4:1:4)

for s values in the range 0jsjx1. Figure 1 shows a schematic of the different regions
with the broken curve marking w=0 (in the sub-tropical thermocline).

4.1.1. The tropical thermocline
The parabolic partial differential (4.1.2) for T is solved numerically for fixed values of k̄t
(as before using the NAG FORTRAN Library Routine DO3PAF) with boundary condition
T=Te(w) (given by (4.2)) at s=0, T=Ta(w) given by (3.2.4) at s=x1 and with we(w) and
wa(w) specified, respectively, by (4.3) and (3.2.7), with m=x0.7, for w in the range
0jwjws=12.05x N. At w=0 the symmetry condition hT/hw=0 is applied and also the
partial differential equation (4.1.2) reduces to an ordinary differential equation that is

FIG. 1—Shows the thermocline region between 0isix1 and 0jwj60x N, where point A denotes
w=14.5x N (we(w)=0) and point B denotes w=43.5x N (we(w)=0). In the range
0jw<14.5x N, we(w)>0 (i.e. there is upwelling into the Ekman layer), while in the range
14.5x N<w<43.5x N, we(w)<0 (i.e. there is downwelling from the Ekman layer) and in
the range 43.5x N<wj60x N, we(w)>0 (i.e. there is upwelling into the Ekman layer).
There is no flow across the latitude lines w=wsw12.05x N and w=wnw45x N. The broken
curve indicates where w=0 (in the sub-tropical thermocline).
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solved to yield the temperature distribution, over x1jsj0, at w=0. The relative error
(R.E. defined by (3.2.8)) between the temperature, T (calculated here) and the climato-
logical data, TL (given in [10]) is calculated at fixed depths 500m (i.e. s=x0.259) and
1000m (i.e. s=x0.63). TL at 500m depth is taken from [10, fig. 14, p. 121) and TL at
1000m depth is from [10, fig. 15, p. 122]. Values of R.E. are shown in Table 3 for a series
of k̄t values in the range 0.025jk̄tj1.0. It is shown that in the tropical thermocline, R.E.
is minimised at the combined depths of 500m and 1000m by choosing k̄t=0.1 equivalent
to kz

0=1.35r10x4m2 sx1 [since kz
0=DWk=(Dc)Wk̄t=1.35r10x3k̄tm

2 sx1]. The cor-
responding relative percentage errors of 16% at 500m and 4% at 1000m are larger than
the minimised errors in the abyss, and this reflects the fact that here (in the thermocline)
the parameters we(w) and wa(w) in Equation (4.1.2) for T are specified a priori, but in the
abyss the parameter wa(w) is allowed to vary (through variable values of m ; cf. Table 1).
The value here of kz

0=1.35r10x4m2 sx1, is similar in magnitude to the value of kz
0 for

the abyss (as calculated in Section 3.2) and consistent with the value for kz
0 advocated

in [11; 12]. However, if the arguments in [24] are accepted, then the value of Wa (abyssal
upwelling) used here should be reduced. Since in this paper we also assumed that W
(Ekman downwelling) is 5Wa, this implies that W is also reduced. Then since kz

0=DWk=
(Dc)Wk̄t=(1350m)Wk̄tm

2 sx1, we see that if W is reduced from its value here of
10x6m sx1 by say a factor of 5, then kz

0 is reduced to 2.7r10x5m2 sx1, which is close
to the value advocated by Webb and Suginohara in [24]. Alternatively, we might have
reduced Wa (abyssal upwelling) and left W (Ekman downwelling) unchanged. In which
case there would have been a change in structure for the equation determining tem-
perature, T, in both the abyss and thermocline.

4.1.2. Combined subtropical/subpolar thermocline
To solve for the temperature, T, in either of these regions it is necessary to determine the
distribution of T with depth at their common interface, w=wn=45x N, where v=0 and
w=we(wn). This distribution is given by the numerical solution of the ordinary differential
equation, we(wn)(dT/ds)=k̄t(d

2T/ds2), with boundary conditions. T=Te(wn) at s=0 and
T=Ta(wn) at s=x1. With T(wn) so determined the partial differential Equation (4.1.2) for

Table 3—Values of the relative error (R.E.) at depths of 500m and 1000m in (a) the
tropical thermocline, (b) the subtropical thermocline and (c) the subpolar thermocline for a
range of values of k̄t between 0.025 and 1.0.

k̄t 0.025 0.05 0.1 0.25 0.75 1.0

Tropical
500m 0.45 0.37 0.16 0.15 0.30 0.28
1000m 0.14 0.13 0.04 0.24 0.45 0.43

Subtropical
500m 0.34 0.22 0.17 0.13 0.11 0.10
1000m 0.26 0.25 0.36 0.44 0.42 0.42

Subpolar
500m 0.22 0.11 0.28 0.33 0.24 0.22
1000m 0.11 0.18 0.36 0.50 0.47 0.45
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T is solved for a fixed value of k̄t in the subpolar thermocline by integrating northward
from w=wn to w=60x N, with the same boundary conditions as before and by the same
procedure as described before. In a similar manner, the solution for T in the subtropical
thermocline is determined by integrating southward (with the same value k̄t) from w=wn
to w=ws=12.05x N. As before, R.E. at depths 500m and 1000m is calculated for each of
these regions and the results are shown in Table 3 for a series of values of k̄t in the range
0.025jk̄tj1.0. The relative error (R.E.) can be minimised at the combined depths of
500m and 1000m by choosing (for the combined subpolar and subtropical thermocline
regions) k̄t=0.05, equivalent to kz

0=0.675r10x4m2 sx1, since kz
0=DWk=(Dc)Wk̄t=

1.35r10x3k̄tm
2 sx1. The corresponding relative percentage errors (e.g. 25% at 1000m in

the subtropical thermocline) are relatively large and can only be decreased by changing
the distribution of we(w), which is a significant parameter in Equation (4.1.2) for T. It is
significant that the model here determines a value for kz

0, in the combined subpolar/
subtropical thermocline that is half its value in the tropical thermocline. This represents
the major spatial variation in kz

0 (as determined by the model here) since the magnitudes of
kz
0 in the tropical thermocline and the abyss are similar. We also note that if W is again

reduced from its value here of 10x6m sx1 by a factor of 5 (following the arguments
in [24]), then kz

0 is reduced to 0.135r10x4m2 sx1, which is close to the values of kz
0

measured by Ledwell et al. [9] in the open ocean region of the subtropical thermocline (i.e.
distant from the ocean side boundaries). However, the elevated values for kz

0 that occur
locally above the rough topography of the mid-Atlantic ridge (as measured by Polzin et al.
[15]) also occur locally above the rough topography of the continental slope side-
boundaries of the ocean. Indeed Samelson [19] considered the influence of localised
regions of enhanced vertical mixing (near the ocean eastern boundary) in a numerical
experiment on the stratification and circulation in a large-scale ocean model. These factors
would suggest that the zonally averaged value for kz

0, as determined by the model here,
should lie between the open ocean value measured by Ledwell et al. [9] and the enhanced
values observed over the ocean eastern continental slope. This average value is likely to be
closer to the value determined by the model here (i.e. kz

0=0.675r10x4m2 sx1) than the
open ocean value measured by Ledwell et al. [9] of kz

0=0.11r10x4m2 sx1.

5. Discussion

The reduced model of the ocean used here assumes that zonal variations in temperature
are negligible, and makes use of a generalised eastern boundary condition requiring the
integrated mass transport (over the ocean depth) rather than the zonal velocity component
itself to be zero at the eastern boundary. The consequence of the zonally invariant tem-
perature is that the velocity components v and w are independent of l (longitude), and only
the zonal velocity component, u, varies with l and then linearly. Such a restricted model
cannot, with confidence, be used to predict the magnitude for kz

0 (vertical thermal diffusion
coefficient) in a large-scale ocean. However, the primary focus of the paper was to identify
possible spatial variations in the magnitude of kz

0 (consistent within the model) in different
regions of the ocean. In this sense the significant result from the model is that the value of
kz
0 in the combined subpolar/subtropical thermocline is half its value in the tropical

thermocline and approximately 40% of its value in the abyssal region. It transpires that the
resultant ocean average value for kz

0 is near the value of 10x4m2 sx1 as calculated in
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[11; 12]. This is a consequence of assuming (following [22; 23] and others) that the
abyssal upwelling velocity, Wa=2r10x7m sx1 and (to be consistent with observations)
that the Ekman downwelling velocity, W=10x6m sx1. In [24], Webb and Suginohara
suggest that Wa (and hence W based on the assumption made in this paper) should be
reduced, and if bothWa andW are reduced by a factor of 5 then the average value for kz

0 is
close to the value of 3r10x5m2 sx1 as advocated by Webb and Suginohara in [24].

It is instructive to plot the (v, w) element of the flow field from expression (3.2.1)
for v and w in the abyss and expression (4.1.1) for v and w in the thermocline, and this is
done schematically in Fig. 2, where the broken curve (in the subtropical thermocline)
represents w=0. It is interesting to note that the variation with depth of w (vertical
velocity) in the subtropical region, where the magnitude of the downward vertical velocity
decreases linearly from its surface value to zero (at the curve w=0) and from there
increases linearly to a maximum upward vertical velocity at the top of the abyss from
where it decreases linearly to zero at the bottom of the abyss, is similar to that reported by
Samelson and Vallis [20] in the centre of their subtropical gyre. In their paper Samelson
and Vallis considered large-scale circulation with small vertical thermal diffusion (i.e.
kz
0=0.1x0.5r10x4m2 sx1) and identified, in the subtropical region (i.e. region of

Ekman downwelling), two thermocline regions with an upper advectively-dominated
region above a lower diffusively-dominated region. The significance of these similarities
in the structure for w (here and in [20]), lies in the fact that when w varies linearly with
depth (as here) then v is independent of depth and this structure for the v, w field is a result
of the assumption that hT/hl is zero, although Samelson and Vallis [20] make no such
global assumption with respect to the distribution of T.

FIG. 2—A schematic representation of the v, w flow field in the thermocline (0isix1) and abyss
(x1isix3). The relative depths of the thermocline and abyss are not drawn to scale.
The broken curve shown in the subtropical thermocline is where w=0. Points A, B, wn, ws
are as defined in Figure 1. There is no flow (in the thermocline) across the latitude
lines w=wsw12.05x N and w=wnw45x N. Note that v is discontinuous at s=x1 (in
fact v reverses sign there when w is in the range ws<w<wn).
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