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ABSTRACT

By considering the E(Xj, G, N) Darboux, FE,(Xj, X>, X3) Frenet and E;(R;, Ry, R3)
Blaschke trihedrons of a time-like ruled surface R; in a time-like line congruence and by
using dual quantities, we obtain some relatlons between the instantaneous velocities of the
motions (E5/E;), (E»/E,) and (E5/E,) in ID3. Moreover, by using dual instantaneous
vectors, we obtain some theorems on the relations between the dual Steiner vectors of
these trihedrons. Then we give some theorems on the relations between the dual angles of
pitch of space-like and time-like ruled surfaces and dual Lorentzian spherical areas.

1. Introduction

Research on geometry reached new heights with the definition of dual numbers by W.K.
Clifford (1849-79). This improvement showed that the set D of dual numbers is a ring and
led to the consideration of the module D* =D x D x D on that ring. Then E. Study estab-
lished the Study theory, which shows one-to-one correspondence between the directed
lines in R* and the dual points of the dual unit sphere. Hence, ruled surfaces and congru-
ences obtained by the motion of a line, depending on one or two parameters, were exam-
ined more easily.

It is well known that the geometry of ruled surfaces is very important in the study of
kinematics or spatial mechanisms in R> [1; 3]. By using the Lorentzian inner product,
many researchers have defined theorems and definitions in R* for the Minkowski space
[5; 7]. These studies have many applications in engineering and architecture, in the study
of gears, toothed wheels, modern buildings etc.

In this study we consider various relative motions of Blaschke trihedrons
E3{Rq, R, Ry}, dual Frenet trihedrons E,{X;, X5, X3} and dual Darboux trihedrons
E{X1, G, N} depending on a generator of a time-like ruled surface Ry =R(s). Then we
obtain some relations between the instantaneous rotation axes of these motions in the
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Minkowski space. Moreover, in Theorems 2 and 3 we obtain relations between the dual
Lorentzian spherical area, the dual angle of pitch and the total dual geodesic curvature of
the dual Lorentzian spherical indicator curve of the ruled surface. Then we obtain some
relations between the dual Steiner vectors of the relative motions of the trihedrons £/, E»,
E; and the dual spherical areas of the regions drawn by the edges of these trihedrons on the
dual Lorentzian sphere.

In the Minkowski 3-space R}=[R’, (+, +, —)] the Lorentzian inner product of
a=(ay, as, a3) and b=(by, by, b;)€R’ is given as (a, by =a1by +ayb, — asbs. Under this
condition, if x=a=(ay, a, a3)E€R] is a non-zero vector, then, for the situations (x, x) >0,
(x, x) <0 and (x, x) =0, x is called the space-like vector, the time-like vector and the light-
like (null) vector, respectively [4].

We hope that these results will be helpful to physicists and those studying general
relativity theory.

2. The real integral invariants of the closed time-like ruled surfaces

Let a moving space-like line space H be represented by the moving frame {O; ry, 5, r3}
and let H’ be represented by the fixed frame {O’; ey, e,, e3}. We know that any space-like
line in A draws a closed time-like ruled surface in A" along the motion denoted by H/H'.
Thus, the equation of the closed time-like ruled surface can be written as

x(t, v)y=r(t)+or(t), x(t+2m, v)=x(,v), ||rll=1, (1)

where 7(f) is the base curve. During the motion, we assume that 7| and r, are space-like
vectors and that 73 is a time-like vector. This closed time-like ruled surface is generated by
the axis r;. By differentiating (1), we may write the differential equation of the orthogonal
trajectory of the r;-closed time-like ruled surface as follows:

(dx, r1)=0, [r|l=1.

Definition 1. Given a space-like curve (r), the trihedron {¢, n, b} generated by the tangent
t, the principal normal » and the binormal vector b at the parameter value ¢=¢, is called
the Frenet trihedron of the curve.

Definition 2. Given a time-like surface x=x(z, v) and a space-like curve () on that
surface, the trihedron {¢, n, g} generated by the tangent ¢, the surface normal » and the
vector g=tAn is called the Darboux trihedron.

Definition 3. The pitch (6ffnungsstrecke) of the closed time-like ruled surface r(¢) is

defined by
L, = %dlz — %(dr,h).

This definition means that, after one period, an orthogonal trajectory of a closed
time-like ruled surface (¢) intersects the axis r; at a point Py, as well as the point Py,
Thus, [, =PyP; is obtained.
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Let us consider the unit time-like vector n, and the space-like vector n3 in the plane
(r, r3), which are defined by

ny=shOry +chlr;, n3=chOr,+shOr;. (2)

The time-like unit vector n, generates a time-like ruled surface along the orthogonal
trajectory of the r;-closed time-like ruled surface during the closed motion, where here 0 is
the real angle between the unit time-like vectors 7, and r3. Thus, the equation of the time-
like ruled surface is

T=x+wny, weclR.

Then, using equation (2), we obtain the following relations:

drz = —r3d0, dr3 =I’2d9. (3)
So, from (3), df is calculated as
d0=<d}"2, r3>=—<dr3, 7‘2>. (4)

If we take an integral, from (4), then during the one-parameter spatial motion H/H’
the real integral 4,, is obtained as
Dy = j{ do

()

Ay = fde: ?{(drz, r3>=—]{<drsy r2)

Q]

or

[6].

3. The dual Lorentzian space D}

Let ID=/{(c, cp)|C=c+¢ecy, ¢, coeR} be a set of dual numbers. Thus, the set of dual
numbers /D is a commutative ring with unit element ¢= (0, 1). Then (ID°, +) is a module
on the dual numbers ring. We call it the /D-module, and dual vectors are the elements of
this module. We write the dual unit vector as 4 =(a, ag) =a + &ay, A*=1, & =0, where a,
ag€IR’.

By considering the Lorentzian inner product, we may write the inner product of 4 and B
as follows:

(4, B)=(a, b) +e((b, ap) +{a, by), =0, a, ap, b and by € IR;.

The pair (ID3, ( )) is called the dual Lorentzian space [7]. The dual Lorentzian sphere and
the dual hyperbolic sphere of radius 1 in R} are defined by

S?={A=a+eay|||A]| =(1, 0); a, ap €R3, and a is space-like}
Hg={A=a~|—aa0| 14]l=(, 0); a, ag GR?,and a is time-like}

respectively [7].
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Definition 4. Let A4 = (a, ag) =a+¢a,y, €ID;. The dual vector 4 is said to be space-like

if the vector a is space-like, time-like if the vector a is time-like, and light-like (or null) if
the vector a is light-like [7].

Definition 5. Let 4, BeID;. We define the Lorentzian cross-product of 4 and B by

E E, —E
ANB=— Al Az A3 , Ei=€i+8€i0 l=1, 2, 3,
B, B, B

where A=(4,, A5, A3), B=(B1, B2, B3), and E\ANE>;=E3, E;AE3= —Ey, EsNE = —E»,
[7].

Definition 6. Let M be a matrix with dual coefficients. M is said to be a dual Lorentzian
orthogonal matrix if

1 0 0
M '=sMTS, S=1|0 1 0],
0 0 —1

where S is the signature matrix in /D3 [8].

4. The closed dual Lorentzian spherical motions in ID;

The closed dual spherical motions and the real integral invariants of the closed ruled
surfaces are investigated in [1; 2; 3]. A motion of a rigid body about a fixed point O
uniquely defines a dual motion K/K’ of the moving dual Lorentzian unit sphere K with the
fixed centre O over the fixed Lorentzian unit sphere K’ of the same centre.

Let {Ry, Ry, R3} and {E}, E,, E5} be two right-handed sets of orthogonal unit vectors
that are rigidly linked to the unit dual spheres K and K’, respectively, and denoted by

Ry E;
R=|R,|, E=|E;
R E;
We can write the relation
R=MEFE

between these dual orthogonal systems, where

My My, My
M= | My My My
Mz Mz, Ms

is a dual orthogonal matrix and the elements M;; of the matrix M are regarded as
functions of a real single parameter ¢, and we write M = M(¢) to indicate that we restrict the
discussion to one-parameter motions. In this study we assume that R;, R,, E; and E, are
space-like dual vectors and that R; and FE5 are time-like dual vectors.
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Since the matrix M is a dual Lorentzian orthogonal matrix, by Definition 6 we may
write

SMTSM=I, Q)

where 7 is the unit matrix and S is the signature matrix. By differentiating w.r.t. ¢,
equation (5) yields

SdMTS My= —(SM'S dM).

This relation shows that the matrix

Q=(SdM"S M)
has the form
0 Qf O
O=| -0 0 o
Q Qo

Differentiating the orthonormal system {R;, R,, R3} w.r.t. ¢ yields
dR =QiR, +R3Q} dRy=—QiR| +R;Q  dRy =R, +R,Q;. (6)
Thus, we define a dual vector ¥ by the following equation:
Y =R, —QIR, —Q}R;.

Here, QF, Qf, Q3 are non-zero elements of the matrix Q, and ¥ is called the dual
instantaneous Pfaffian vector of the dual motion K/K'. The Pfaffian vector ¥, at a given
instant ¢, of a one-parameter motion on a dual Lorentzian sphere is an analogue to the
Darboux vector in the differential geometry of space curves. Hence, (6) can be written as

dRi=¥YAR;, i=1,2,3.

Definition 7. Let ¥ be a dual Pfaffian vector of the dual motion K/K’. The dual vector W,
which is defined as

W:jfyf:?{QgRl—QﬁRz—QiRFdeO:f9/+8qu0,

is called the dual Steiner vector of the dual motion [6].

5. Time-like congruence in the dual Lorentzian space ID}

A time-like line congruence in the line space R} can be represented by a unit space-like
dual vector that depends on two real parameters u and v as follows:

R(u, v)=r(u, v)+ero(u, v), R>=1.
Definition 8. The time-like ruled surfaces u = constant and v = constant of a time-like line
congruence are called the time-like parameter ruled surfaces.

Definition 9. Let R =R (f) be a time-like ruled surface in a time-like congruence
R=R(u, v). At the generator R; of this ruled surface the dual trihedron {R;, R,, R3},
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consisting of the generator R, the normal R, of the surface at the striction point belonging
to that generator, and the vector RiAR,=Rj3, is called the Blaschke trihedron.

Let us consider a time-like ruled surface R;=R;(f) of the time-like congruence
R=R(u, v), where u and v are functions of ¢.
We write the time-like parameter ruled surfaces as

Riy=Ri1(u, v9) and Raj =Ry(u, v).

The time-like ruled surfaces R;, R;; and R,; have a common space-like line, which is
defined by the relation

Ro=R(uo, vo) =R1(uo, vo) =R11(1o, vo) =Ra1(ug, vp).
Blaschke trihedrons of these time-like ruled surfaces are of the form
(Ro=Ry, Ry, R3), (Ro=Ri1, Riz, Ri3), (Ro=Ry1, Ry, Ra3), (7

where R3, Rj3 and R,; are time-like and R,, R|,, R,, and R, are space-like. Thus, we can
write

Ri=R3=1, Ri=-1, R;AR=—R,, RyAR;=—R,, R ARy=R;,
R, =Ri,=1, Ri;=—1, R;3ARi1=—Rip, RiARi3=—Ru, RiiARn=Rp,
R, =Ry,=1, Ry;=—1, RyyARy=—Rp, RnARyz=—Ra, Ry ARn=Rny.

On the other hand, if we choose the time-like parameter ruled surfaces as time-like
principal ruled surfaces, we may write =0 and f,=0. Thus,

F=Ry,.R,=f+¢fs

can be written.
The derivative formulas of these Blaschke trihedrons, defined by (7), are

R,=PR,,  R,=—PR,+0Rs, R,=0R,
R|y=PiRi», R;,=—PRx+0iRi5, Rj3;=0R;
R, =P3Ry, R)%y=—PRy+0QsRx3, Ryy=0sR»
Hence, the Blaschke vectors of the Blaschke trihedrons can be given by the relations
B=QRo—PR;, Bi=01Ro—PiRi3, By=0:Ro—P2Rz;.
respectively [5].

Theorem 1. Let a time-like ruled surface R, and time-like parameter ruled surfaces R,
and R, of a time-like congruence R(u,v) pass through a space-like line Ry of the
congruence. Let B, By and B, be Blaschke vectors of these ruled surfaces, respectively,
and let © be the dual angle between the edges R, and R, of the Blaschke trihedrons of the
time-like ruled surfaces R and Ry, respectively. The following relation holds between the
Blaschke vectors and the common line Ry of these three time-like ruled surfaces:

cos ® sin ® de
B=P Bi+——B,+—R 8
( 2 1+ P, 2+ s o>, ®
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where P, Py and P, are dual curvatures of the time-like ruled surfaces R, Ry, and R,
respectively, and S is the dual arc length of the time-like ruled surface Ry [5].

6. Some new relations and theorems

Let Ry =R, (s) be a time-like ruled surface where s represents the arc length of the striction
curve. Let us denote the dual Darboux and Frenet trihedrons of a striction curve by
E\(X; Xy, G, N) and E,(X; X}, X5, X3), respectively, and the Blaschke trihedron of the
ruled surface by E5(X; Ry, R,, R3). By considering these orthonormal systems, we find that
the instantaneous velocities of the Darboux, Frenet and Blaschke trihedrons that are
moving w.r.t. a fixed trihedron E, are

D=—(t1,+&)X1—p,G+pgN, F=—(t+eXi+pX;, B=—(13+8X1—p,G, 9)
respectively. The relations
B=D—p,N, B=F+(t—19)X1—p,N, D=F+(t—19)X, (10)

hold between these instantaneous velocities [7]. If we consider the time-like ruled
surface Ry in the composite motion (E3/Eg) =(E3/E1)(E1/Ey), we may write the relation

B=T;,+D (11)

between the instantaneous velocities of this motion, and, similarly, if the time-like
ruled surfaces R;; and R, are considered, the relations

Bi=T3,+Di, By=T3,+Dy, (12)

are obtained. Here, I'5, Ig/l and 1"%/1 are the instantaneous velocities in the motion
Ej; relative to £ for the time-like ruled surfaces Ry, Ry, and R,, respectively. If (11) and
(12) are replaced in (8), the relation
P P doe P P

F3/1——c0s®r3/1 51n®F§/1+ dSR D—P—lcos@Dl—P—2 sin®D,| (13)
is obtained between the instantaneous velocities I'3q, l"é/l and Fg/l.

In the composite motion (E3/Ey)=(E3/E,)(E2/Ep) of trihedrons, the instantaneous
velocities for the time-like ruled surfaces R;, R;; and R, are

B=T3p+F, Bi=T3,+F, By=T3,+F, (14)
respectively. If these are used in (8), the relation

P P d® P P
F3/2——1COS®F3/2 51n®F3/2 dSR F—P—lcosG)Fl—Fzmn@Fz (15)
between the instantaneous velocities ', ri 2 and F_%/z of the motion of E5 w.r.t. E,
is obtained. The first relation of (10) written for the time-like ruled surface R; is in
the form

Bi=Di—p1gNi, Bry=D—p;y, Na, (16)
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for the time-like ruled surfaces R;; and R,;. If the first relations of (10) and (16) are
replaced in (8),

P P . doe
D—p,N= P cos O(Dy —pi N1) + 7 sinO@(Dy — ppe N2) + — < Ro (17)

ds
is obtained.
By considering the composite motion (E,/Ey) =(E»/E)(E/Ey) of the trihedrons, for the
instantaneous velocities of the time-like ruled surfaces R, R;; and R,;, we obtain the
relations

D=F—Ty,, Di=Fi—Ty,, D2=F2—r§/1. (18)

If relation (18) is replaced in (17), in the motion of E, w.r.t. £}, for the instantaneous
velocities I'q, I'3; and I3, the equation

P P do® P P .
Fz/l— cos@l“é/l—i- s1n®F2/1 7S —Ro+ F—P—ICOS®F1—]TZ sin OF,
P P
—pg N+ P cos Op, Ny + 2 - sin©@py, N> (19)

is obtained.
Now let us replace (18) in (13). Here, between the instantaneous velocities in the
motions of E3 w.r.t. £y and E, w.r.t. E;, we obtain the relation
P P .
31—y =5 cos O(T3, — T3 ) + 7, Sin CIUEIE B
d@ P P
+ﬁRo— {F—Plcos(DFl—P2 sm@Fz} (20)

If (18) is replaced in (15), the relation
P P
F3/2+F2/1=P—1cos@(l";/z—kl";/l)—k 51n®(F3/2+F /)
do P P
+ﬁRO_ |:D—P—ICOS®D1—P—ZSin®D2:| (21)

is obtained for the instantaneous velocities of the motions E5 w.r.t. E; and E, w.r.t. E;.
By using (11), (12) and (18), relations between the instantaneous velocities of the
motions E; w.r.t. £y and E, w.r.t. Ey, as well as (20), we also obtain the relations

B—F=T3—Ty, Bi—Fi=T3,-Ty,, B—F=T3,-T;,. (22)

Similarly, from (14) and (18), relations between the instantaneous velocities of E;
w.r.t. B, and E, w.r.t. £, as well as (21), we obtain the relations

B—D=T3,+To, Bi—Di=T3,+Ty,, Bi—Dy=T3,+I3,. (23)

From (11), (12) and (14), relations between the instantaneous velocities of the
motions E3 w.r.t. E; and E,, we obtain the relations

D—F=T3,—T3,, Di—F=T3,-T3,, Dy—F=I3,-T3, (24
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Thus, from (22), (23) and (24), the relation
I3 =1y =03, (25)
is obtained. Similarly, the relations
I3, -0y, =03, and T3,-T3,=T3, (26)

are obtained. These give us the relations between the instantaneous velocities of the
motions E; w.r.t. Eq, E; w.r.t. E5 and E, w.r.t. Eq, respectively, for the trihedrons of the
time-like ruled surfaces R, Ry, and R,;. Finally, when (25) and (26) are replaced in (19),
for the instantancous velocities of the motions of E5 w.r.t. E; and E,, the relation

d®

P P .
I3 —Ts= B 08 O3, —T3,)— p; Sin @(rg/1 —rg/z)— ﬁRo

P P P
+ F—P—1 cos@Fl—P—2 sin ®F, —pgN—i—P—1 cos@plgNl

P
+ P sin ©@p,, Ny

is obtained.

Let (C*) be a dual Lorentzian spherical closed indicatrix curve of the closed time-like
ruled surface (R;). Then, using the Gauss—Bonnet theorem, for the dual Lorentzian
spherical image of the ruled surface R(¢), we may write

—%ngs*=2n+ // dA*, 27)

where G, is the geodesic curvature of (C*).

Theorem 2. Let ST be a dual Lorentzian sphere and (C*) a dual Lorentzian spherical
indicatrix curve of the closed time-like ruled surface (ry). Then

}I{Gglds*z A,

where Gy, is the dual geodesic curvature of (C*) and A,, is the dual angle of pitch.

Proor. By considering the total geodesic curvature along the closed indicatrix curve (C*),
we may write

R ,R”,R”
j{Gglds*z ]fwazs*: — 74 (Ry ARy, dRy) = — 7§ (Rs, dR)) = —A,, (28)
1

Thus, we have the following theorem.

Theorem 3. Let ST be a dual Lorentzian sphere and (C*) a dual Lorentzian spherical
closed indicatrix curve of the time-like ruled surface (R,). Then, there is the relation

— A, =21+A, (29)

between the dual angle of pitch of the closed time-like ruled surface (R,) and the real
Lorentzian spherical area A,,.
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—]{ngs*=2n+//dA*

holds for the dual Lorentzian sphere S7, where [[ d4* is the area of the closed space-like
curve (C*) on 5. Thus, if we consider relation (28), the relation (29) is easily derived.

Proor. From (27),

Theorem 4. During the closed motion K/K' the dual space-like vector Xy, which is fixed
in the trihedron {E\, E,, E5}, draws a closed time-like ruled surface. The dual angle of
pitch of this time-like ruled surface is

AX] = — <W, X1> =;‘X1 +81X1,
where W is the dual Steiner vector of the motion K/IK', Ax, is the real angle of pitch, and lx,
is the pitch of the time-like ruled surface R, [6].

Theorem 5. Let the dual Darboux, dual Frenet and fixed trihedrons belonging to the
striction curve of the closed time-like ruled surface be given by the unit dual vector
Ri(s)=r1(s)+erio(s) be E1(X7, G, N), E>(x; =X1, X5, X3) and E,, respectively. Let the unit
dual Lorentzian spheres corresponding to these trihedrons be K, K, and K, respectively.
Since the instantaneous rotation vectors and the dual Steiner vectors of the motions K,/K,,
K>/Ky and KK, are D, F, I'5y and Wy, Wy, W, respectively, between the Steiner vectors
belonging to the composite motion

K> /Ko =(K2/K1)(K1/Ko)
the relation
W=Wr—W, (30)
holds.

Proor. By integrating equation (18),, which holds between the instantaneous dual rotation
vectors of the composite motion (K,/Ky) =(K,/K;)(K1/Ky), we obtain

fro-frfo

By considering Definition 7, we obtain (30).

Theorem 6. Since the first edge of the trihedron E\ (the dual Darboux trihedron) and E,
(the dual Frenet trihedron) considered in Theorem 5 is common, then in the composite
motion considered between the dual angles of pitch of the ruled surfaces drawn by the
common edge in the line space the relation

Ay, zAw —Ay, (31
holds.

Proor. From equation (30),
(W, X0)= Wy, X1) —(Wa, Xi)
is obtained. Then, by using Theorem 4, we obtain (31).
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Theorem 7. Let W, be the dual Steiner vector in the motion of the dual Darboux trihedron
E w.r.t. the fixed trihedron E. Between the areas drawn by the edges of the trihedron E;
on the Ey dual fixed sphere and W, the following relation holds

Wy =(Ay, +2m)X, +(4g +21)G — (4, +21)N. (32)

Also, between the dual spherical areas A, A, and A, and the dual angles of pitch A,
Ag and A, the relations

Ay —Ag=Ag— Ay, A, —A,=A,—A,, A;—A4,=A,—A,, (33)

1

hold.

Proor. By considering the first relation of (9) in the motion E,/E,, we obtain the dual

Steiner vector as
Wi= § D=~ § +oxi— §0.G— §pN. (34)

and the dual angles of pitch of the ruled surfaces drawn by the edges of the trihedron
(X1, G, N) are obtained as

A== Xi) == f o A== G)= § .
Au== W N) =~ ¢ (33)
Moreover, by considering (29), we obtain the areas drawn by the moving trihedron
(X1, G, N) on the fixed unit dual Lorentzian sphere as
—Ay =214 A4y, —Ag=2n+Ad, —A,=2n+4, (36)

or

2n+A4,, = j{(fg—i-e), 2n+A,=— j{pn, 2n+A4,= j{pg. (37)

If (35) is replaced in (36), then (37) is obtained. Then, by considering (34) and (37), we
derive (32). Moreover, from (36), (33) can be obtained.

Theorem 8. Let 4,,, A, and A,, be the areas of the region drawn by the edges of the
Blaschke trihedron (R, R», R3) on the fixed unit dual Lorentzian sphere, respectively, and
let A,,, Ay, and A, be the dual angles of pitch of the ruled surfaces drawn by these edges.
Between the dual Steiner vector W), and the dual spherical areas the relation

Wy =4y, +21)R) + (A4, +2m)Rs (38)

holds. Also, between the dual angles of pitch of the edges R, and Rz and the dual spherical
areas enclosed by these edges on the fixed unit dual Lorentzian sphere the relations

Arl 7AF3 :Ar3 *Arl ) *Arl :Arl +Arza Ar2 +Ar1 = *Ar (39)

3

hold.
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Proor. Since the Blaschke vector belonging to the Blaschke trihedron (R;, R», R3) is
known from (14), the Steiner vector of the motion is

W;,zj[sz{QRl—j{PR} (40)

The areas drawn on the fixed unit dual Lorentzian sphere by the edges of the Blaschke

trihedron are obtained as
—A;, =2n+4,, A,=2n, —A,=2n+4,,. (41)

2

Here,
Ar|:_<VVb» Rl fQ Arz__<VI/b5 R2> O: Ar3:_<VI/b’ R3>:fp9 (42)
can be written. From (41) and (42),

fQ=2n+A,l, - 7{P=2H+A,3, (43)

are found. If (41) is replaced in (42), then (43) is obtained. Then, by considering (40)
and (43), we obtain (38). Moreover, from (41), (39) can be derived.

Theorem 9. If A,,, A, and A,, are the dual angles of pitch of time-like and space-like
ruled surfaces drawn by the edges of the Frenet trihedron moving on the closed striction
curve of the ruled surface Ry, and Ay, Ax,, Ay, are the closed dual Lorentzian spherical
areas drawn by these edges on the fixed unit dual Lorentzian sphere, then, between the
areas drawn by the edges of the trihedron and the dual Steiner vector Wy of the motion, the
relation

Wy=—Qu+4,) X +Qn+4,:,)X; (44)

holds ; and between the dual angles of pitch and the dual Lorentzian spherical areas of the
closed regions drawn on the unit dual Lorentzian sphere by the edges X, and X, the
relations

A, —

1

AX3 =AX3 _Axl’ _Ax1 =Ax1 _sz9 _AX3 =AX3 _szs (45)
hold.

Proor. The dual instantaneous velocity of the dual Frenet trihedron is known from the
second relation of (9). The Steiner vector of the motion is

W= sz—j{(‘E-i-S)X]-l- 7{,0)(3. (46)

The areas on the fixed unit dual Lorentzian sphere drawn by the edges are obtained as
—Ay =21+ 4y, Ay, =2n, —Ay=2n+A4,,. (47)

Here,
(48)
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can be written. From (47) and (48),

j{(‘c+8)=2n~l—Axl, j{p=2n+Ax3 (49)

are obtained. If (48) is inserted into (47), then (49) is obtained. Then, considering (46)
and (49), we obtain (44). Moreover, from (47), (45) is obtained.

Theorem 10. Let Ky, K; and K;, be the dual spheres represented by the dual Frenet, dual
Darboux and Blaschke trihedrons, respectively, moving on the closed striction curve of the
ruled surface Ry, and let K, be the fixed unit dual Lorentzian sphere. The instantaneous
velocity vectors belonging to the motions Ky/K,, K;/Ko and K,/K, are F, D and B,
respectively. Also, between the dual Steiner vectors of these motions the relations

Wi+ §e=t)Xi W= § pN = =0Xie Wi=ti— § p,N. (50)

hold. Moreover, between the dual Steiner vectors in the motion of the unit Lorentzian
spheres K, K; and K, w.r.t. each other the relation

Wij=Wspn+ W (51)
holds.

Proor. By applying a line integral to equation (10), we obtain (50). Moreover, by adding
(50) side by side, we obtain (51).
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