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ABSTRACT

By considering the E1(X1, G, N ) Darboux, E2(X1, X2, X3) Frenet and E3(R1, R2, R3)
Blaschke trihedrons of a time-like ruled surface R1 in a time-like line congruence and by
using dual quantities, we obtain some relations between the instantaneous velocities of the
motions (E3/E1), (E2/E1) and (E3/E2) in ID3

1. Moreover, by using dual instantaneous
vectors, we obtain some theorems on the relations between the dual Steiner vectors of
these trihedrons. Then we give some theorems on the relations between the dual angles of
pitch of space-like and time-like ruled surfaces and dual Lorentzian spherical areas.

1. Introduction

Research on geometry reached new heights with the definition of dual numbers by W.K.
Clifford (1849–79). This improvement showed that the set D of dual numbers is a ring and
led to the consideration of the module D3=DrDrD on that ring. Then E. Study estab-
lished the Study theory, which shows one-to-one correspondence between the directed
lines in R3 and the dual points of the dual unit sphere. Hence, ruled surfaces and congru-
ences obtained by the motion of a line, depending on one or two parameters, were exam-
ined more easily.

It is well known that the geometry of ruled surfaces is very important in the study of
kinematics or spatial mechanisms in R3 [1; 3]. By using the Lorentzian inner product,
many researchers have defined theorems and definitions in R3 for the Minkowski space
[5; 7]. These studies have many applications in engineering and architecture, in the study
of gears, toothed wheels, modern buildings etc.

In this study we consider various relative motions of Blaschke trihedrons
E3{R1, R2, R3}, dual Frenet trihedrons E2{X1, X2, X3} and dual Darboux trihedrons
E1{X1, G, N} depending on a generator of a time-like ruled surface R1=R1(s). Then we
obtain some relations between the instantaneous rotation axes of these motions in the
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Minkowski space. Moreover, in Theorems 2 and 3 we obtain relations between the dual
Lorentzian spherical area, the dual angle of pitch and the total dual geodesic curvature of
the dual Lorentzian spherical indicator curve of the ruled surface. Then we obtain some
relations between the dual Steiner vectors of the relative motions of the trihedrons E1, E2,
E3 and the dual spherical areas of the regions drawn by the edges of these trihedrons on the
dual Lorentzian sphere.

In the Minkowski 3-space R3
1=[R3, (+, +, x)] the Lorentzian inner product of

a=(a1, a2, a3) and b=(b1, b2, b3)2R3 is given as ha, bi=a1b1+a2b2xa3b3. Under this
condition, if x=a=(a1, a2, a3)2R3

1 is a non-zero vector, then, for the situations hx, xi>0,
hx, xi<0 and hx, xi=0, x is called the space-like vector, the time-like vector and the light-
like (null) vector, respectively [4].

We hope that these results will be helpful to physicists and those studying general
relativity theory.

2. The real integral invariants of the closed time-like ruled surfaces

Let a moving space-like line space H be represented by the moving frame {O ; r1, r2, r3}
and let Hk be represented by the fixed frame {Ok ; e1, e2, e3}. We know that any space-like
line in H draws a closed time-like ruled surface in Hk along the motion denoted by H/Hk.
Thus, the equation of the closed time-like ruled surface can be written as

x(t, v)=r(t)+vr1(t), x(t+2p, v)=x(t, v), ||r1 ||=1, (1)

where r(t) is the base curve. During the motion, we assume that r1 and r2 are space-like
vectors and that r3 is a time-like vector. This closed time-like ruled surface is generated by
the axis r1. By differentiating (1), we may write the differential equation of the orthogonal
trajectory of the r1-closed time-like ruled surface as follows:

hdx, r1i=0, ||r1 ||=1:

Definition 1. Given a space-like curve (r), the trihedron {t, n, b} generated by the tangent
t, the principal normal n and the binormal vector b at the parameter value t=t0 is called
the Frenet trihedron of the curve.

Definition 2. Given a time-like surface x=x(t, v) and a space-like curve (r) on that
surface, the trihedron {t, n, g} generated by the tangent t, the surface normal n and the
vector g=t^n is called the Darboux trihedron.

Definition 3. The pitch (öffnungsstrecke) of the closed time-like ruled surface r1(t) is
defined by

lr1=
I
dl=x

I
hdr, r1i:

This definition means that, after one period, an orthogonal trajectory of a closed
time-like ruled surface r1(t) intersects the axis r1 at a point P1, as well as the point P0.
Thus, lr1=P0P1 is obtained.
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Let us consider the unit time-like vector n2 and the space-like vector n3 in the plane
(r2, r3), which are defined by

n2=shh r2+chh r3, n3=chh r2+shh r3: (2)

The time-like unit vector n2 generates a time-like ruled surface along the orthogonal
trajectory of the r1-closed time-like ruled surface during the closed motion, where here h is
the real angle between the unit time-like vectors n2 and r3. Thus, the equation of the time-
like ruled surface is

T=x+wn2, w2 IR:

Then, using equation (2), we obtain the following relations:

dr2=xr3dh, dr3=r2dh: (3)

So, from (3), dh is calculated as

dh=hdr2, r3i=xhdr3, r2i: (4)

If we take an integral, from (4), then during the one-parameter spatial motion H/Hk
the real integral lr1 is obtained as

lr1=
I
(r)

dh

or

lr1=
I
(r)

dh=
I
hdr2, r3i=x

I
hdr3, r2i

[6].

3. The dual Lorentzian space D3
1

Let ID={(c, c0)|C=c+ec0, c, c02R} be a set of dual numbers. Thus, the set of dual
numbers ID is a commutative ring with unit element e=(0, 1). Then (ID3, +) is a module
on the dual numbers ring. We call it the ID-module, and dual vectors are the elements of
this module. We write the dual unit vector as A=(a, a0)=a+ea0, A

2=1, e2=0, where a,
a02IR3.

By considering the Lorentzian inner product, we may write the inner product of A and B
as follows:

hA, Bi=ha, bi+e(hb, a0i+ha, b0i, e2=0, a, a0, b and b0 2 IR3
1:

The pair (ID3
1, h i) is called the dual Lorentzian space [7]. The dual Lorentzian sphere and

the dual hyperbolic sphere of radius 1 in R3
1 are defined by

S21={A=a+e a0| ||A ||=(1, 0); a, a0 2R3
1, and a is space-like}

H2
0={A=a+e a0| ||A ||=(1, 0); a, a0 2R3

1, and a is time-like}

respectively [7].
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Definition 4. Let A=(a, a0)=a+ea0, 2ID3
1. The dual vector A is said to be space-like

if the vector a is space-like, time-like if the vector a is time-like, and light-like (or null) if
the vector a is light-like [7].

Definition 5. Let A, B2ID3
1. We define the Lorentzian cross-product of A and B by

A^B=x
E1 E2 xE3

A1 A2 A3

B1 B2 B3

������
������, Ei=ei+eei0 i=1, 2, 3,

where A=(A1, A2, A3), B=(B1, B2, B3), and E1^E2=E3, E2^E3=xE1, E3^E1=xE2,
[7].

Definition 6. Let M be a matrix with dual coefficients. M is said to be a dual Lorentzian
orthogonal matrix if

Mx1=SMTS, S=

1 0 0

0 1 0

0 0 x1

2
64

3
75,

where S is the signature matrix in ID3
1 [8].

4. The closed dual Lorentzian spherical motions in ID3
1

The closed dual spherical motions and the real integral invariants of the closed ruled
surfaces are investigated in [1; 2; 3]. A motion of a rigid body about a fixed point O
uniquely defines a dual motion K/Kk of the moving dual Lorentzian unit sphere K with the
fixed centre O over the fixed Lorentzian unit sphere Kk of the same centre.

Let {R1, R2, R3} and {E1, E2, E3} be two right-handed sets of orthogonal unit vectors
that are rigidly linked to the unit dual spheres K and Kk, respectively, and denoted by

R=
R1

R2

R3

2
4

3
5, E=

E1

E2

E3

2
4

3
5:

We can write the relation

R=M E

between these dual orthogonal systems, where

M=

M11 M12 M13

M21 M22 M23

M31 M32 M33

2
64

3
75

is a dual orthogonal matrix and the elements Mij of the matrix M are regarded as
functions of a real single parameter t, and we writeM=M(t) to indicate that we restrict the
discussion to one-parameter motions. In this study we assume that R1, R2, E1 and E2 are
space-like dual vectors and that R3 and E3 are time-like dual vectors.
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Since the matrix M is a dual Lorentzian orthogonal matrix, by Definition 6 we may
write

S MTS M=I , (5)

where I is the unit matrix and S is the signature matrix. By differentiating w.r.t. t,
equation (5) yields

(S dMTS M)=x(S MTS dM):

This relation shows that the matrix

V=(S dMTS M)

has the form

V=
0 V2

1 V3
1

xV2
1 0 V3

2

V3
1 V3

2 0

2
64

3
75:

Differentiating the orthonormal system {R1, R2, R3} w.r.t. t yields

dR1=V2
1R2+R3V

3
1 dR2=xV2

1R1+R3V
3
2 dR3=V3

1R1+R2V
3
2: (6)

Thus, we define a dual vector Y by the following equation:

Y=V3
2R1xV3

1R2xV2
1R3:

Here, V2
1, V

3
1, V

3
2 are non-zero elements of the matrix V, and Y is called the dual

instantaneous Pfaffian vector of the dual motion K/Kk. The Pfaffian vector Y, at a given
instant t, of a one-parameter motion on a dual Lorentzian sphere is an analogue to the
Darboux vector in the differential geometry of space curves. Hence, (6) can be written as

dRi=Y ^Ri, i=1, 2, 3:

Definition 7. Let Y be a dual Pfaffian vector of the dual motion K/Kk. The dual vector W,
which is defined as

W=
I

Y=
I

V3
2R1xV3

1R2xV2
1R3=d+ed0=

I
Y+e

I
Y0,

is called the dual Steiner vector of the dual motion [6].

5. Time-like congruence in the dual Lorentzian space ID3
1

A time-like line congruence in the line space R3
1 can be represented by a unit space-like

dual vector that depends on two real parameters u and v as follows:

R(u, v)=r(u, v)+er0(u, v), R2=1:

Definition 8. The time-like ruled surfaces u=constant and v=constant of a time-like line
congruence are called the time-like parameter ruled surfaces.

Definition 9. Let R1=R1(t) be a time-like ruled surface in a time-like congruence
R=R(u, v). At the generator R1 of this ruled surface the dual trihedron {R1, R2, R3},
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consisting of the generator R1, the normal R2 of the surface at the striction point belonging
to that generator, and the vector R1^R2=R3, is called the Blaschke trihedron.

Let us consider a time-like ruled surface R1=R1(t) of the time-like congruence
R=R(u, v), where u and v are functions of t.

We write the time-like parameter ruled surfaces as

R11=R11(u, v0) and R21=R21(u0, v):

The time-like ruled surfaces R1, R11 and R21 have a common space-like line, which is
defined by the relation

R0=R(u0, v0)=R1(u0, v0)=R11(u0, v0)=R21(u0, v0):

Blaschke trihedrons of these time-like ruled surfaces are of the form

(R0=R1, R2, R3), (R0=R11, R12, R13), (R0=R21, R22, R23), (7)

where R3, R13 and R23 are time-like and R2, R12, R22 and R0 are space-like. Thus, we can
write

R2
1=R2

2=1, R2
3=x1, R3 ^R1=xR2, R2 ^R3=xR1, R1 ^R2=R3,

R2
11=R2

12=1, R2
13=x1, R13 ^R11=xR12, R12 ^R13=xR11, R11 ^R12=R13,

R2
21=R2

22=1, R2
23=x1, R23 ^R21=xR22, R22 ^R23=xR21, R21 ^R22=R23:

On the other hand, if we choose the time-like parameter ruled surfaces as time-like
principal ruled surfaces, we may write f=0 and f0=0. Thus,

F=Ru :Rv=f+ef0

can be written.
The derivative formulas of these Blaschke trihedrons, defined by (7), are

R0
1=PR2, R0

2=xPR1+QR3, R0
3=QR2

R0
11=P1R12, R0

12=xP1R12+Q1R13, R0
13=Q1R12

R0
21=P2R22, R0

22=xP2R21+Q2R23, R0
23=Q2R22

Hence, the Blaschke vectors of the Blaschke trihedrons can be given by the relations

B=QR0xPR3, B1=Q1R0xP1R13, B2=Q2R0xP2R23:

respectively [5].

Theorem 1. Let a time-like ruled surface R1 and time-like parameter ruled surfaces R11

and R21 of a time-like congruence R(u, v) pass through a space-like line R0 of the
congruence. Let B, B1 and B2 be Blaschke vectors of these ruled surfaces, respectively,
and letH be the dual angle between the edges R2 and R12 of the Blaschke trihedrons of the
time-like ruled surfaces R1 and R11, respectively. The following relation holds between the
Blaschke vectors and the common line R0 of these three time-like ruled surfaces :

B=P
cosH

P1
B1+

sinH

P2
B2+

dH

dS
R0

� �
, (8)
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where P, P1 and P2 are dual curvatures of the time-like ruled surfaces R1, R11 and R21,
respectively, and S is the dual arc length of the time-like ruled surface R1 [5].

6. Some new relations and theorems

Let R1=R1(s) be a time-like ruled surface where s represents the arc length of the striction
curve. Let us denote the dual Darboux and Frenet trihedrons of a striction curve by
E1(X ; X1, G, N) and E2(X ; X1, X2, X3), respectively, and the Blaschke trihedron of the
ruled surface by E3(X ; R1, R2, R3). By considering these orthonormal systems, we find that
the instantaneous velocities of the Darboux, Frenet and Blaschke trihedrons that are
moving w.r.t. a fixed trihedron E0 are

D=x(tr+e)X1xrnG+rg N , F=x(t+e)X1+rX3, B=x(tg+e)X1xrnG, (9)

respectively. The relations

B=Dxrg N , B=F+(txtg)X1xrg N , D=F+(txtg)X1, (10)

hold between these instantaneous velocities [7]. If we consider the time-like ruled
surface R1 in the composite motion (E3/E0)=(E3/E1)(E1/E0), we may write the relation

B=C3=1+D (11)

between the instantaneous velocities of this motion, and, similarly, if the time-like
ruled surfaces R11 and R21 are considered, the relations

B1=C1
3=1+D1, B2=C2

3=1+D2, (12)

are obtained. Here, C3/1, C
1
3/1 and C2

3/1 are the instantaneous velocities in the motion
E3 relative to E1 for the time-like ruled surfaces R1, R11 and R21, respectively. If (11) and
(12) are replaced in (8), the relation

C3=1=
P

P1
cosHC1

3=1+
P

P2
sinHC2

3=1+
dH

dS
R0x

�
Dx

P

P1
cosHD1x

P

P2
sinHD2

�
(13)

is obtained between the instantaneous velocities C3/1, C
1
3/1 and C2

3/1.
In the composite motion (E3/E0)=(E3/E2)(E2/E0) of trihedrons, the instantaneous

velocities for the time-like ruled surfaces R1, R11 and R21 are

B=C3=2+F, B1=C1
3=2+F1, B2=C2

3=2+F2, (14)

respectively. If these are used in (8), the relation

C3=2=
P

P1
cosHC1

3=2+
P

P2
sinHC2

3=2+
dH

dS
R0x

�
Fx

P

P1
cosHF1x

P

P2
sinHF2

�
(15)

between the instantaneous velocities C3/2, C
1
3/2 and C2

3/2 of the motion of E3 w.r.t. E2

is obtained. The first relation of (10) written for the time-like ruled surface R1 is in
the form

B1=D1xr1g N1, B2=D2xr2g N2, (16)
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for the time-like ruled surfaces R11 and R21. If the first relations of (10) and (16) are
replaced in (8),

Dxrg N=
P

P1
cosH(D1xr1g N1)+

P

P2
sinH(D2xr2g N2)+

dH

dS
R0 (17)

is obtained.
By considering the composite motion (E2/E0)=(E2/E1)(E1/E0) of the trihedrons, for the

instantaneous velocities of the time-like ruled surfaces R1, R11 and R21, we obtain the
relations

D=FxC2=1, D1=F1xC1
2=1, D2=F2xC2

2=1: (18)

If relation (18) is replaced in (17), in the motion of E2 w.r.t. E1, for the instantaneous
velocities C2/1, C

1
2/1 and C2

2/1, the equation

C2=1=
P

P1
cosHC1

2=1+
P

P2
sinHC2

2=1x
dH

dS
R0+

�
Fx

P

P1
cosHF1x

P

P2
sinHF2

�

xrg N+
P

P1
cosHr1g N1+

P

P2
sinHr2g N2 (19)

is obtained.
Now let us replace (18) in (13). Here, between the instantaneous velocities in the

motions of E3 w.r.t. E1 and E2 w.r.t. E1, we obtain the relation

C3=1xC2=1=
P

P1
cosH(C1

3=1xC1
2=1)+

P

P2
sinH(C2

3=1xC2
2=1)

+
dH

dS
R0x

�
Fx

P

P1
cosHF1x

P

P2
sinHF2

�
: (20)

If (18) is replaced in (15), the relation

C3=2+C2=1=
P

P1
cosH(C1

3=2+C1
2=1)+

P

P2
sinH(C2

3=2+C2
2=1)

+
dH

dS
R0x

�
Dx

P

P1
cosHD1x

P

P2
sinHD2

�
(21)

is obtained for the instantaneous velocities of the motions E3 w.r.t. E2 and E2 w.r.t. E1.
By using (11), (12) and (18), relations between the instantaneous velocities of the

motions E3 w.r.t. E1 and E2 w.r.t. E1, as well as (20), we also obtain the relations

BxF=C3=1xC2=1, B1xF1=C1
3=1xC1

2=1, B2xF2=C2
3=1xC2

2=1: (22)

Similarly, from (14) and (18), relations between the instantaneous velocities of E3

w.r.t. E2 and E2 w.r.t. E1, as well as (21), we obtain the relations

BxD=C3=2+C2=1, B1xD1=C1
3=2+C1

2=1, B2xD2=C2
3=2+C2

2=1: (23)

From (11), (12) and (14), relations between the instantaneous velocities of the
motions E3 w.r.t. E1 and E2, we obtain the relations

DxF=C3=2xC3=1, D1xF1=C1
3=2xC1

3=1, D2xF2=C2
3=2xC2

3=1: (24)
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Thus, from (22), (23) and (24), the relation

C3=1xC2=1=C3=2 (25)

is obtained. Similarly, the relations

C1
3=1xC1

2=1=C1
3=2 and C2

3=1xC2
2=1=C2

3=2 (26)

are obtained. These give us the relations between the instantaneous velocities of the
motions E3 w.r.t. E1, E2 w.r.t. E3 and E2 w.r.t. E1, respectively, for the trihedrons of the
time-like ruled surfaces R1, R11 and R21. Finally, when (25) and (26) are replaced in (19),
for the instantaneous velocities of the motions of E3 w.r.t. E1 and E2, the relation

C3=1xC3=2=
P

P1
cosH(C1

3=1xC1
3=2)x

P

P2
sinH(C2

3=1xC2
3=2)x

dH

dS
R0

+
�
Fx

P

P1
cosHF1x

P

P2
sinHF2

�
xrgN+

P

P1
cosHr1g N1

+
P

P2
sinHr2g N2

is obtained.
Let (C*) be a dual Lorentzian spherical closed indicatrix curve of the closed time-like

ruled surface (R1). Then, using the Gauss–Bonnet theorem, for the dual Lorentzian
spherical image of the ruled surface R1(t), we may write

x
I

Ggds*=2p+
ZZ

dA*, (27)

where Gg is the geodesic curvature of (C*).

Theorem 2. Let S21 be a dual Lorentzian sphere and (C*) a dual Lorentzian spherical
indicatrix curve of the closed time-like ruled surface (r1). ThenI

Gg1ds*=xLr1 ,

where Gg1
is the dual geodesic curvature of (C*) and Lr1 is the dual angle of pitch.

PROOF. By considering the total geodesic curvature along the closed indicatrix curve (C*),
we may writeI

Gg1ds*=
I

(R1,R
00
1,R

00
1)

||R0
1 ||3

ds*=x
I

hR1 ^R2, dR2i=x
I

hR3, dR2i=xLr1 (28)

Thus, we have the following theorem.

Theorem 3. Let S21 be a dual Lorentzian sphere and (C*) a dual Lorentzian spherical
closed indicatrix curve of the time-like ruled surface (R1). Then, there is the relation

xLr1=2p+Ar1 (29)

between the dual angle of pitch of the closed time-like ruled surface (R1) and the real
Lorentzian spherical area Ar1 .
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PROOF. From (27),

x
I

Ggds*=2p+
ZZ

dA*

holds for the dual Lorentzian sphere S21, where
RR

dA* is the area of the closed space-like
curve (C*) on S21. Thus, if we consider relation (28), the relation (29) is easily derived.

Theorem 4. During the closed motion K/Kk the dual space-like vector X1, which is fixed
in the trihedron {E1, E2, E3}, draws a closed time-like ruled surface. The dual angle of
pitch of this time-like ruled surface is

LX1
=xhW , X 1i=lX 1

+elX 1
,

where W is the dual Steiner vector of the motion K/Kk, lX 1
is the real angle of pitch, and lX 1

is the pitch of the time-like ruled surface R1 [6].

Theorem 5. Let the dual Darboux, dual Frenet and fixed trihedrons belonging to the
striction curve of the closed time-like ruled surface be given by the unit dual vector
R1(s)=r1(s)+er10(s) be E1(X1, G, N ), E2(x1=X1, X2, X3) and E0, respectively. Let the unit
dual Lorentzian spheres corresponding to these trihedrons be K1, K2 and K0, respectively.
Since the instantaneous rotation vectors and the dual Steiner vectors of the motions K1/K0,
K2/K0 and K2/K1 are D, F, C21 and Wd, Wf, W, respectively, between the Steiner vectors
belonging to the composite motion

K2=K0=(K2=K1)(K1=K0)

the relation

W=WfxWd (30)

holds.

PROOF. By integrating equation (18)1, which holds between the instantaneous dual rotation
vectors of the composite motion (K2/K0)=(K2/K1)(K1/K0), we obtainI

C2=1=
I

Fx
I

D:

By considering Definition 7, we obtain (30).

Theorem 6. Since the first edge of the trihedron E1 (the dual Darboux trihedron) and E2

(the dual Frenet trihedron) considered in Theorem 5 is common, then in the composite
motion considered between the dual angles of pitch of the ruled surfaces drawn by the
common edge in the line space the relation

Lx1=Lx1f xLx1d (31)

holds.

PROOF. From equation (30),

hW , X1i=hWf , X1ixhWd , X1i
is obtained. Then, by using Theorem 4, we obtain (31).
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Theorem 7. Let Wd be the dual Steiner vector in the motion of the dual Darboux trihedron
E1 w.r.t. the fixed trihedron E0. Between the areas drawn by the edges of the trihedron E1

on the E0 dual fixed sphere and Wd the following relation holds

Wd=(Ax1+2p)X1+(Ag+2p)Gx(An+2p)N : (32)

Also, between the dual spherical areas Ax1 , Ag and An and the dual angles of pitch Lx1 ,
Lg and Ln the relations

Ax1xAg=LgxLx1 , Ax1xAn=LnxLx1 , AgxAn=LnxLg, (33)

hold.

PROOF. By considering the first relation of (9) in the motion E1/E0, we obtain the dual
Steiner vector as

Wd=
I

D=x
I

(tg+e)X1x
I

rnGx
I

rgN , (34)

and the dual angles of pitch of the ruled surfaces drawn by the edges of the trihedron
(X1, G, N ) are obtained as

Lx1=xhWd , X1i=x
I

(tg+e), Lg=xhWd , Gi=
I

rn,

Ln=xhWd , Ni=x
I

rg: (35)

Moreover, by considering (29), we obtain the areas drawn by the moving trihedron
(X1, G, N ) on the fixed unit dual Lorentzian sphere as

xLx1=2p+Ax1 , xLg=2p+Ag, xLn=2p+An, (36)

or

2p+Ax1=
I

(tg+e), 2p+Ag=x
I

rn, 2p+An=
I

rg: (37)

If (35) is replaced in (36), then (37) is obtained. Then, by considering (34) and (37), we
derive (32). Moreover, from (36), (33) can be obtained.

Theorem 8. Let Ar1 , Ar2 and Ar3 be the areas of the region drawn by the edges of the
Blaschke trihedron (R1, R2, R3) on the fixed unit dual Lorentzian sphere, respectively, and
let Lr1 , Lr2 and Lr3 be the dual angles of pitch of the ruled surfaces drawn by these edges.
Between the dual Steiner vector Wb and the dual spherical areas the relation

Wb=(Ar1+2p)R1+(Ar3+2p)R3 (38)

holds. Also, between the dual angles of pitch of the edges R1 and R3 and the dual spherical
areas enclosed by these edges on the fixed unit dual Lorentzian sphere the relations

Ar1xAr3=Lr3xLr1 , xAr1=Lr1+Ar2 , Ar2+Lr1=xAr3 (39)

hold.
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PROOF. Since the Blaschke vector belonging to the Blaschke trihedron (R1, R2, R3) is
known from (14), the Steiner vector of the motion is

Wb=
I

B=
I

QR1x
I

PR3: (40)

The areas drawn on the fixed unit dual Lorentzian sphere by the edges of the Blaschke
trihedron are obtained as

xLr1=2p+Ar1 , Ar2=2p, xLr3=2p+Ar3 : (41)

Here,

Lr1=xhWb, R1i=x
I

Q, Lr2=xhWb, R2i=0, Lr3=xhWb, R3i=
I

P, (42)

can be written. From (41) and (42),I
Q=2p+Ar1 , x

I
P=2p+Ar3 , (43)

are found. If (41) is replaced in (42), then (43) is obtained. Then, by considering (40)
and (43), we obtain (38). Moreover, from (41), (39) can be derived.

Theorem 9. If Lx1 , Lx2 and Lx3 are the dual angles of pitch of time-like and space-like
ruled surfaces drawn by the edges of the Frenet trihedron moving on the closed striction
curve of the ruled surface R1, and Ax1 , Ax2 , Ax3 are the closed dual Lorentzian spherical
areas drawn by these edges on the fixed unit dual Lorentzian sphere, then, between the
areas drawn by the edges of the trihedron and the dual Steiner vector Wf of the motion, the
relation

Wf=x(2p+Ax1 )X1+(2p+Ax3 )X3 (44)

holds ; and between the dual angles of pitch and the dual Lorentzian spherical areas of the
closed regions drawn on the unit dual Lorentzian sphere by the edges X1 and X3, the
relations

Ax1xAx3=Lx3xLx1 , xAx1=Lx1xAx2 , xAx3=Lx3xAx2 , (45)

hold.

PROOF. The dual instantaneous velocity of the dual Frenet trihedron is known from the
second relation of (9). The Steiner vector of the motion is

Wf=
I
F=x

I
(t+e)X1+

I
rX3: (46)

The areas on the fixed unit dual Lorentzian sphere drawn by the edges are obtained as

xLx1=2p+Ax1 , Ax2=2p, xLx3=2p+Ax3 : (47)

Here,

Lx1=xhWf , X1i=x
I

(t+e), Lx2=xhWf , X2i=0, Lx3=xhWf , X3i=x
I

r,

(48)
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can be written. From (47) and (48),I
(t+e)=2p+Ax1 ,

I
r=2p+Ax3 (49)

are obtained. If (48) is inserted into (47), then (49) is obtained. Then, considering (46)
and (49), we obtain (44). Moreover, from (47), (45) is obtained.

Theorem 10. Let Kf , Kd and Kb be the dual spheres represented by the dual Frenet, dual
Darboux and Blaschke trihedrons, respectively, moving on the closed striction curve of the
ruled surface R1, and let K0 be the fixed unit dual Lorentzian sphere. The instantaneous
velocity vectors belonging to the motions Kf/K0, Kd/K0 and Kb/K0 are F, D and B,
respectively. Also, between the dual Steiner vectors of these motions the relations

Wd=Wf+
I

(txtg)X1, Wb=Wfx
I

rgNx(tgxt)X1, Wb=Wdx
I

rgN , (50)

hold. Moreover, between the dual Steiner vectors in the motion of the unit Lorentzian
spheres Kf, Kd and Kb w.r.t. each other the relation

W3=1=W3=2+W2=1 (51)

holds.

PROOF. By applying a line integral to equation (10), we obtain (50). Moreover, by adding
(50) side by side, we obtain (51).
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