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ABSTRACT

The main purpose of this paper is to prove a generalisation of the Krasnoselskii cone
compression theorem for the 7/ maps of Park. Our analysis is elementary and relies on the
fact that the unit sphere (in a Cone) is a retract of the unit ball (in a cone).

1. Introduction

In this paper we establish various Krasnoselskii cone compression theorems for the 02/6‘
maps of Park. The result is well known for Kututani maps [1; 9] (and for some other
classes). We note that the usual technique (index or essential map theory) cannot be
extended to ”Z/’C‘ maps. However, using the fact that there exists a retraction from the unit
ball (in a cone) to the unit sphere (in a cone), we are able to present a Krasnoselskii cone
compression theorem for compact OZ/C‘ maps. An added bonus is that the proof is elem-
entary. Also in this paper we discuss compression theorems for countably k-set-
contractive J’/’/;(U , E) maps where U is an open set in an infinite-dimensional normed
linear space E.

For the remainder of this section we present some definitions and known results
that will be needed. Let C be a non-empty, convex subset of a Hausdorff topological
vector space X. Recall that a polytope P in C is any convex hull of a non-empty
finite subset of C. Of particular importance in this paper will be the class 52/'; (see [8]).
X and Y are Hausdorff topological vector spaces. Given a class 2" of maps, Z(X, Y)
denotes the set of maps F: X — 2 (non-empty subsets of ¥) belonging to 2, and Z'.. the set
of finite compositions of maps in Z. A class % of maps is defined by the following
properties:

(1) % contains the class % of single-valued continuous functions;

(i1) each F € %, is upper-semicontinuous and compact-valued; and

(iii) for any polytope P, F € % (P, P) has a fixed point, where the intermediate spaces

of composites are suitably chosen for each %.

Definition 1.1. Fe@/g(X, Y) if for any compact subset K of X there isa G € % (K, Y)
with G(x) < F(x) for each x € K.

Let (E, d) be a pseudo-metric space. For SS E, let B(S, e)={x € E:d(x, S)<e}, >0,
where d(x,S)= inf,c5d(x, y). The measure of non-compactness [5] of the set M = E is
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defined by o(M)=inf Q(M) where

OM)={e>0:M < B(4, ¢) for some finite subset A4 of E}.
Let E be a locally convex Hausdorff topological vector space, and let P be a defining
system of seminorms on E. Suppose F: S—2%; here S < E. The map F is said to be a
countably P-concentrative mapping [5] if F(S) is bounded, and for p € P for each
countably bounded subset X of S we have «,(F(X))<a,(X), and for p € P for each
countably bounded non-p-precompact subset X of S (i.e. X is not precompact in the

pseudo-normed space (E, p)) we have o,(F(X)) <a,(X); here a,(.) denotes the measure of
non-compactness in the pseudo-normed space (E, p).

In [7] we established the following fixed-point theorem.

Theorem 1.1. Let Q be a non-empty, closed, convex subset of a Fréchet space E (P is a
defining system of seminorms). Suppose that F € %IC‘(Q, Q) is a countably P-concentrative
mapping. Then F has a fixed point in Q.

Remark 1.1. Theorem 1.1 was established by Park [8] for compact @/f, maps.

Finally for completeness we also give the definition of countably k-set-contractive
maps. Let X be a metric space and Pg(X) the bounded subsets of X. The Kuratowskii
measure of non-compactness is the map o: Pg(X)— [0, c0) defined by

oc(A):inf{s>0:A < | JX and diam(X,»)g,g};
i=1

i=

here 4 € Pg(X). Let S be a non-empty subset of X and let H: S — 2%, H is called countably
k-set-contractive (k>0) if H(S) is bounded and a(H(Q))<ko(Q) for all countably
bounded sets Q of S.

2. Fixed-point theory

Let E=(E, ||.||) be a normed linear space and let C < E be a cone (i.e. C is a closed,
convex invariant under multiplication by non-negative real numbers, and CN(—C)=
{0}). For p>0 let
B,={xeC:llx|| < p}, B,={xeC:|x||< p}
with
S,={xeC:||x||=p} and EB,={xeC:|x||=p}.

Our first result is a Krasnoselskii cone compression theorem for %Ic‘ maps.

Theorem 2.1. Let E and C be as above and let r, R be constants with 0 <r<R. Suppose
that F € U*(Bg, C) is compact, with

F(S,)S EB, and F(Sg)< Bg. (2.1
Then F has a fixed point in B, p={x€ C:r<||x|| <R}.
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Proor. We know that there exists a continuous retraction rq:B, — S, (indeed if we fix
Xo € S, then

r{(r—Ilx[)xo +x}

11— [lx[])xo 4+l

ro(x)=

will do; note that (r— ||x||)xo +x7#0 since C N (—C)={0}). Now let
ro(x) if x€B,
xif xeB, r

R—_if xc EBp.
[Ix]]

glx)=

Clearly g: C — By is continuous, and since %]f is closed under compositions we have
that G=Fogec %’j(C, C) is a compact map. Now Theorem 1.1 guarantees that there
exists x € C with x € G(x). If ||x|| < r then

xe€Fry(x)=F(S,) SEB,,

a contradiction. If ||x|| >R then
X __
X

a contradiction. Thus x € B, g and x € G(x)=F(x). W

Remark 2.1. Let .o/ be a subclass of the 2 maps of Park [2; 8] such that, for any Hausdorff
topological spaces X;, X; and Xj, if Fe.@/(X|, X3) and g € (X5, X;) then Foge
A*(X>, X3). Then the result in Theorem 2.1 is again true if F'e %’;(B_R, C) is replaced by
F €.o/(Bg, C).
Remark 2.2. In (2.1) it is clear that F(Sg) =B could be replaced by

x¢ AFx for xeSg and 1€(0, 1). (2.2)

To see this, note as in Theorem 2.1 that x € G(x) forx € C. If ||x|| >R thenx € F(R ﬁ)
and so

R
yeIF(y) withy=R—— and j=

llx]] lIx]l
Next let E=(E, ||.||) be an infinite-dimensional normed linear space. For this case with
p>0 let
B,={xeE:||xl|<p}, B,={xeE:|lx|<p)
with

S,={xcE:|lx]|=p} and EB,={xcE:|x||=p}.

We know [4] that there exists a continuous retraction ry: B, — S,.. Essentially the same
reasoning as in Theorem 2.1 establishes our next result.
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Theorem 2.2. Let E=(E, ||.||) be an infinite-dimensional normed linear space and let r,
R be constants with 0 <r<R. Suppose that F € ”Z/]C‘(BR, E) is compact with (2.1) holding.
Then F has a fixed point in B, p={x€ E:r <||x|| <R}.

Remark 2.3. In (2.1) we could replace F(Sg) < By with (2.2).
In fact we could obtain a more general version of Theorem 2.2, as we now show.

Theorem 2.3. Let E be an infinite-dimensional normed linear space, and let Uy and U, be
open convex subsets of E with 0 € U, and with Uy = U, (proper). Suppose that F €
U*(U,, E) is compact with

F(OU,)SE\U, and F(0Uy)<U,. (2.3)
Then F has a fixed point in U,\Uj.
Proor. It is easy to see [3] that there exists a continuous retraction 7,: U; — 0U,. Now let

ri(x) if xelU;

x if xe Up\U,

x
X it xeE\U,
f(x) \

gx)=

where p is the Minkowski functional on U,. Notice that g:E — U, is continuous, so
G=Foge J/ZIC‘(E, E) is a compact map. Now Theorem 1.1 guarantees that there exists
x € E with x € G(x). If x € U; then

x€Fri(x)cF(U)<E\U,

a contradiction. If E\U, then
x —
xEF(—) CFU))cU,,
fux)

a contradiction. H
Remark 2.4. In (2.3) it is clear that F(0U,)< U, could be replaced by
x¢ AFx  forxedU, and A€(0,1). (2.4)

In fact in [4] the authors showed that if E is infinite-dimensional then there exists a
Lipschitzian retraction ry: B, — S, with Lipschitz constant, say, ky. We refer the reader to
[6, chapter 21] for a discussion of upper and lower bounds for kq; note in particular that

ko>1. We can now improve Theorem 2.2.

Theorem 2.4. Let E=(E, ||.||) be an infinite-dimensional normed linear space and let
r, R be constants with 0<r<R. Suppose that F E%Ig(ﬂ, E) is a countably k-set-
contractive map, 0<k< %, with (2.1) holding. Then F has a fixed point in B, p=
{xeE:r<|Ix|| <R}.
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Proor. Let o: B, — S, be the retraction with Lipschitz constant k, (note that k> 1), and let

ro(x) if x€B,

_)xifxeB,p
g(x) .
R—— if x€EBp.
[l

Notice that g is ky-set-contractive; if Q is a bounded subset of £ then Q=0Q; U Q, U Q;
where Q=QN B, Q=QNB, g, Q3 =QNABg (here ABr={x€E:||x|| >R}) and

(g(Q)) <max{a(g(Q)), u(g()), u(g(23))}
<max {koo(€21), 2(€22), 2(€23) } <koo(Q),

since g(£23) Sco(Q3U{0}). Thus G=Foge%’g(E, E) is a countably kkg-contractive
map. Now Theorem 1.1 guarantees that there exists x € C with x € G(x). Also (2.1)
implies x€B, . W
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