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ABSTRACT

We show that under fairly general conditions, forA a commutative unital Banach algebra
and X a Banach space, each a2A�̂�cX admits a compact-open continuous holomorphic
functional calculus and, when X is separable and has the bounded approximation property,
that this is uniquely implemented. Compactness, non-emptiness and polynomial convexity
of the left spectrum, coincidence of left and right spectra, and countably generated uniform
Banach algebras are also discussed.

1. Introduction

The functional calculus for single elements of a Banach algebra is now a standard part of
every graduate course in functional analysis (see, for instance, Conway [5]), and the theory
for the joint spectrum, developed by Šilov [30], Arens and Calderón [1] and Waelbroeck
[33] during the 1950s for a finite number of elements of a commutative Banach algebra is
alsowell known (see for instanceMujica [24, theorem 31.7] andWermer [36]).Waelbroeck
[34] initiated an infinite-dimensional theory in the early 1970s by defining the X-spectrum
of a2A�̂�pX whereA is a commutative unital Banach algebra, X is a Banach space and p
is the projective tensor norm. This theory was further developed by Chidami [4], Ortega
Aramburu [25], Galé [13] and Matos [20; 21].

Our motivation is to develop further the infinite-dimensional spectral theory along
the lines initiated by Waelbroeck so as to include arbitrary tensor norms and non-
commutative Banach algebras. In [8] we considered the basic theory of the left spectrum
of a2A�̂�cX , whereA is a unital Banach algebra, X is a Banach space and c is a uniform
cross-norm.

We defined sleft(a) to be the left Harte spectrum of ([IA � x0](a))x0 2X 0 (see [16]). This
object has been widely discussed in the literature for finite indexing sets (we refer to [31]
for an interesting survey of results that are particularly relevant to this article), but most
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results for finite indexing sets tacitly use the product topology. The introduction of tensor
norms places a much stronger structure on the indexing set, and this in turn leads to a dif-
ferent theory. In this regard we mention the polynomial functional calculus and the one-
way spectral mapping theorem given in [9]. In our case polynomials are defined between
Banach spaces (by using symmetric n-linear mappings [7]) and are different from the poly-
nomials in non-commutative indeterminates considered in [31] and [16]. In this article we
continue our investigations from [8] and [9]. In ·2 we show that sleft(a) is a norm compact
subset of X and that sleft(a)=sright(a)={[h� IX ](a) : h2M(A)} when a generates a
dense subspace of A. In ·3 we show that a commutative unital Banach algebra is a
countably generated uniform algebra if and only if it is isometrically isomorphic to the
closure of the polynomials in C(K ) where K is a polynomially convex compact subset of
a Banach space with the approximation property. In ·4 we prove a holomorphic spectral
mapping theorem.

We use the terminology of the previous two papers in this series but recall for con-
venience some of the more frequently used notation. We refer to [7] for background
information on polynomials and holomorphic mappings between Banach spaces and to
[6; 7] for tensor products of Banach spaces.

All vector spaces are over the complex numbers C. We let A denote a unital Banach
algebra with identity 1A ; X and Y will denote Banach spaces ; P(X ; Y) and P(nX ; Y) will
denote, respectively, the spaces of continuous polynomials and continuous n-homogeneous
polynomials from X to Y ; and c will denote a uniform cross-norm. If a2A�̂�cX then

sleft(a)=

(
x00 2X 00 : 1A 2=

X
i

bi([IA � x0i](a)xx00(x0i)1A)

)
where bi 2A, x0i 2X 0 and finite sums are taken. By [8, proposition 5], sleft(a)5JX (X )
where JX :XpX 00 is the canonical mapping from the Banach space X into its bidual. For
this reason we consider the spectrum as lying in X . Since c is a uniform cross-norm, the
canonical action of A� X 0 on A� X defined for elementary tensors by

(a� x0) � (b� x) := x0(x)ab

extends by linearity and continuity to define an action of A� X 0 on A�̂�cX .
Since

b([IA � x0](ax1A � x))=(b� x0)(ax1A � x))

for b 2A, x 2 X, xk 2 Xk and a2A�̂�cX , we can describe the spectrum in a manner
comparable to that employed in the classical case of a single element of a Banach algebra
(see also [10]).

Proposition 1. IfA is a unital Banach algebra, X is a Banach space, c is a uniform cross-
norm and a2A�̂�cX , then

sleft(a)= x2X : 6 9 b2A� X 0 such that b � (ax1A � x)=1Af g:

Suppose (ai)
n
i=15A. Let X0 denote an n-dimensional subspace of X with basis (ei)

n
i=1

and dual basis (eki )i=1
n . A simple calculation shows that the left Harte spectrum of the

n-tuple (a1, . . . ,an) can be identified with the left spectrum of
Pn

i=1 ai � ei in A�̂�cX by
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means of the mapping

(l1, . . . , ln)2C
np

Xn
i=1

liei 2A� X5A�̂�cX :

2. Compactness of the spectrum

Proposition 2. IfA is a unital Banach algebra, X is a Banach space, c is a uniform cross-
norm and a2A�̂�cX , then sleft(a) is a norm compact subset of X.

PROOF. By [8, lemma 3],

sleft(a)5{x : kxkjkak}:

Now suppose that b :=
Pn

i=1 bi � x0i 2A� X 0 and hb, ax1A � xi=1A. If w2X and
kwk<(

Pn
i=1 kbik � kx0ik)x1 then u := 1Axhb, 1A � wi is invertible. Let

~bb :=ux1 �
Xn
i=1

bi � x0i=
Xn
i=1

ux1bi � x0i 2A� X 0:

Then

~bb, ax1A � (x+w)
� �

=ux1 b, ax1A � xh ixux1 b, 1A � wh i
=ux1(1Ax b, 1A � wh i)
=ux1u

=1A:

Hence, if x2= sleft(a), then {y : kxxyk<d} \ sleft(a)=? for some d>0 and sleft(a) is
closed.

Now consider the map Ta : (Ak, s(Ak, A))p(X, ||.||), Ta(Q)=[Q� IX ](a). Since c is
a uniform cross-norm, Ta is well defined. If a2A� X , that is, a=

Pn
i=1 ai � xi, then

Ta(Q)=
Pn

i=1 Q(ai)xi and Ta is continuous.
Let (Qa)a denote a bounded net inAk, kQakjM all a, and suppose QapQ as apO in the

s(Ak, A) topology. If a2A�̂�cX and e>0 are arbitrary, then we can choose b2A� X
such that kbxakje. Hence

kTa(Qa)xTa(Q)k=k[Qa � IX ](a)x[Q� IX ](a)k
jk[(QaxQ)� IX ](b)k+k[(QaxQ)� IX ](axb)k
jk[(QaxQ)� IX ](b)k+ sup

a
kQaxQk � e

je+2Me

for all a sufficiently large, since b2A�X . Hence Ta is continuous on bounded sets for
a2A�̂�cX and Ta({Q2A0, kQkj1}) is a norm compact subset of X.

If x02 sleft(a) let

ax0 ([IA � x0](a))=x0(x0)
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for all xk2Xk. By the one-way spectral mapping theorem [9, proposition 18], ax0 is well
defined. Since Xn

i=1

ci([IA � x0i](a))= IA �
Xn
i=1

cix
0
i

 !" #
(a),

ax0 is defined on a subspace of A. By the one-way spectral mapping theorem [9, prop-
osition 18], x0(x0)2 sleft([IA � x0](a)). Hence |x0(x0)|jk[IA � x0](a)k and ax0 is a con-
tinuous linear mapping of norm j1. By the Hahn–Banach theorem, ax0 extends to define
an element ~aax02A0 and k~aax0kj1. If xk2Xk is arbitrary then

x0(Ta(~aax0 ))=x0([~aax0 � IX ](a))

=ax0 ([IA � x0](a))

=x0(x0):

By the Hahn–Banach theorem, x0=Ta(~aax0 ), and hence

sleft(a)5Ta({Q2A0, kQkj1}):

This shows that sleft(a) is a norm compact subset of X and completes the proof. &

If X and Y are Banach spaces and P2P(nX ; Y), let P̌ denote the symmetric n-linear
form associated with P, that is, �PP(x, . . . , x)=P(x) for all x2X. If P :=

Pn
j=0 Pj 2P(X ; Y ),

Pj 2P(jX ; Y ) for 0j jjn, A is a unital Banach algebra and c is a uniform cross-norm,
then we say that P can be adapted toA�̂�cX if there exists for each j a (necessarily unique)
(Pj)A 2P(jA�̂�cX ; A�̂�cY ) such that

[(Pj)A]_(a1� x1, . . . ,aj � xj)=a1 . . .aj � �PPj(x1, . . . , xj)

for all (ai)
n
i=15A and all (xi)i=1

n 5X. Examples of unital Banach algebras and uniform
cross-norms c such that all P2P(X ; Y), X and Y arbitrary Banach spaces, can be adapted
toA�̂�cX are given in [9]. We let PA=

Pn
j=0 (Pj)A, and if all P2P(X) :=P(X ;C) can be

adapted to A�̂�c X let

PX [a]={PA(a) :P2P(X )}:

IfA is commutative thenPX[a] is a subalgebra ofA ([9, proposition 4]), and, in addition,
if X has the bounded approximation property then the same closed subalgebra of A is
generated by {[IA � x0](a)}x0 2X 0 as byPX[a] ([9, proposition 19]). In the general case we
have

2(x0y0)A (a)=(x0)A (a) (y0)A (a)+(y0)A (a) (x0)A(a),

and this suggests that PX[a] may not always be a subalgebra of A.
The following result extends [9, proposition 7].

Proposition 3. IfA is a unital Banach algebra, X is a Banach space, c is a uniform cross-
norm, all P2P(X) can be adapted to A�̂�cX , and PX[a] is a dense subspace of A, then

sleft(a)=sright(a)={[h� IX ](a) : h2M(A)}:

64 Mathematical Proceedings of the Royal Irish Academy



PROOF. If h2M(A) then, by considering finite sums, a density argument and continuity,
one sees easily that

h(b � (ax1A � ([h� IX ](a))))=0

for all b2A� X 0 and a2A�̂�cX . Hence [h� IX ](a)2sleft(a) for all h2M(A).
Now suppose x0 2sleft(a). Let Q : PX[a]pC be defined by

Q(PA(a))=P(x0):

If PA(a)=QA(a) then (PxQ)A(a)=0. By the one-way spectral mapping theorem [9,
proposition 17],

(PxQ)(x0)2 sleft((PxQ)A(a))=sleft(0)=0:

Hence P(x0)=Q(x0) and Q is well defined. A further application of the one-way spectral
mapping theorem implies that P(x0)2sleft(PA(a)), and [8, lemma 3] shows that

|Q(PA(a))|=|P(x0)|jkPA(a)k

for all PA(a)2PX [a]. Hence Q is continuous and, by hypothesis, defined on a dense
subspace ofA. Let ~QQ denote the continuous linear extension of Q toA. If a2PX [a] then
Q(a)2 sleft(a).

If bn := (Pn)A(a)pb2A as npO then (Pn)A(a)xPn(x0)1Apbx~QQ(b)1A as npO.
Since (Pn)A(a)xPn(x0)1A is not left-invertible and the left invertibles form an open
subset of A, bx~QQ(b)1A is not left-invertible. Hence ~QQ(b)2 sleft(b)5s(b) for all b2A.
A result of Gleason [14] and Kahane and Żelazko [17] (see also [3, p. 80] and [28]) implies
that ~QQ2M(A). If xk2Xk then (x0)A(a)=[IA � x0](a). Hence

x0([~QQ� IX ](a))=~QQ ([IA � x0](a))=x0(x0)

for all xk2Xk. By the Hahn–Banach theorem, x0=[~QQ� IX ](a). We have proved that
sleft(a)={[h� IX ](a) : h2M(A)}. The result for sright(a) is proved in the same way, and
this completes the proof. &

In Proposition 3 we saw that the right and left spectra of certain elements coincided, and
it is natural to ask if this ever occurs for all elements in the tensor product. Clearly this
will be the case if A is commutative. If A is an arbitrary unital Banach algebra, let
R :=R(A) denote the radical of A, that is,

R(A) :=
\

{M :M is a maximal left ideal in A}:

Let j :ApA=R. We claim that a2A�̂�cX is left-invertible if and only if [j� IX ]
(a)2A=R�̂�cX is left-invertible. Since j is an algebra homomorphism, a left-invertible
implies that [ j� IX ](a) is left-invertible.

Conversely, suppose that [ j� IX ](a) is left-invertible. Then there exists b2A� X 0

such that

[ j� IX 0 ](b), [ j� IX ](a)h i=1A=R:

A density argument and the fact that c is a uniform cross-norm imply that

j( b, ah i)=j(1A):
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Hence there exists m2R(A) such that

b, ah i=1A+m:

By [2, theorem 3.3], 1A+m is left-invertible in A. Hence a is left-invertible in A�̂�cX
and sleft(a)=sleft([ j� IX ](a)). Since a similar result holds for the right spectrum, it
follows that sleft(a)=sright(a) for all a2A�̂�cX if A/R is commutative. The converse
follows from the following result of Fong and Sołtysiak [12] :

sright(a1, . . . ,an)=sleft(a1, . . . ,an)

for any finite set {a1, . . . ,an} of elements in A implies that A/R (A) is commutative
and the fact, noted at the end of ·1, that, when X is infinite-dimensional, the set
{sleft(a) | a2A�̂�cX} contains the set of all left joint spectra of finite sets of elements in
A. We have proved the following result, which extends results in [12].

Proposition 4. If A is a unital Banach algebra then sleft(a)=sright(a) for all a2A�̂�cX ,
where X is an infinite-dimensional Banach space, c is uniform cross-norm and all
P2P(X ) can be adapted to P(A�̂�cX ) if and only if A/R is commutative.

We remark that the above shows the following: if the left and right spectra agree for all
a2A�̂�cX for one infinite-dimensional Banach space X and one uniform cross-norm c,
then they agree for all a2A�̂�c0Y , Y an arbitrary Banach space and ck an arbitrary uniform
cross-norm, provided that all P2P(Y) can be adapted to P(A�̂�c0Y ).

Proposition 5. If A is a unital Banach algebra, X is an infinite-dimensional Banach
space, c is a uniform cross-norm and all P2P(X ) can be adapted to P(A�̂�cX ), then

sleft(a)l? for all a2A�̂�cX

if and only if A admits a non-zero multiplicative functional.

PROOF. IfM(A)l?, the proof of Proposition 4 shows that sleft(a)l? for all a2A�̂�cX .
Conversely, if sleft(a)l? for all a2A�̂�cX , then the left Harte spectrum of any n-tuple of
elements ofA is non-empty. By [11] this implies thatA admits a non-zero multiplicative
functional. This completes the proof. &

Examples of infinite-dimensional Banach spaces X such that L(X), the (non-
commutative) Banach algebra of continuous linear mappings from X into itself, admits
non-zero multiplicative functionals can be found in [19; 22; 27; 29; 31].

3. Polynomial convexity and countably generated commutative Banach algebras

The polynomially convex hull ÛUP(X ) of a subset U of a Banach space X is defined as
follows:

ÛUP(X )={x2X : |P(x)|jkPkU for all P2P(X )}:

Clearly U5ÛUP(X ), and if U=ÛUP(X ) we say that U is polynomially convex.
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If A is a unital Banach algebra we let r(a) denote the spectral radius of a2A. We
have

r(a)=sup{|l| : l2 s(a)}= lim
npO

kank1=n,

and, if A is commutative, then

r(a)= sup {|h(a)| : h2M(A)}:

Moreover, r(a)jkak for all a2A and r is a norm on A if and only if

R(A)=
\

h2M(A)

h�1(0)={0}:

In this case we say that A is semi-simple.
The following two propositions generalise [9, proposition 22] in different ways.

Proposition 6. IfA is a commutative unital Banach algebra, c is a uniform cross-norm, X
is a Banach space and all P2P(X ) can be adapted to A�̂�cX , thends(a)s(a)P(X )={x2X : |P(x)|jr(PA(a)) for all P2P(X )}

={x2X : |P(x)|jkPA(a)k for all P2P(X )}

for all a2A�̂�cX .

PROOF. By [8, proposition 7],

r(PA(a))= sup
h2M(A)

|h(PA(a))|= sup
h2M(A)

|PA([h� IX ](a))|

=kPks(a)
for all P2P(X ). Hence

x2ds(a)s(a)P(X ) , |P(x)|j kPks(a) for all P2P(X )

, |P(x)|j r(PA(a)) for all P2P(X ):

Since r(PA(a))jkPA(a)k, this also shows |P(x)|jkPA(a)k for all P2P(X ) and all

x2ds(a)s(a)P(X ). If |P(x)|jkPA(a)k for all P2P(X ), then for any positive integer n we may
apply [9, proposition 4] to obtain

|Pn(x)|jk(Pn)A(a)k=k(PA)n(a)k=k(PA(a))nk
for all P2P(X ). Hence

|P(x)|=|Pn(x)|1=njk(PA(a))nk1=n

and

|P(x)|j lim
npO

k(PA(a))nk1=n=r(PA(a)):

This shows that x2 ds(a)s(a)P(X ) by the first part of the proof. Henceds(a)s(a)P(X )={x2X : |P(x)|jkPA(a)k for all P2P(X )}:

This completes the proof. &

DINEEN AND OTHERS—Tensor spectra III : holomorphic properties 67



The commutator ideal C :=CA of a Banach algebra A is the closed ideal generated by
{abxba |a,b2A}. Following [31, proposition 2.3] and the results above, we generalise
[9, proposition 22] to the non-commutative setting.

Proposition 7. IfA is a unital Banach algebra, X is a Banach space, c is a uniform cross-
norm, all P2P(X ) can be adapted to A�̂�cX and PX [a] is a dense subspace of A, then
sleft(a) is a polynomially convex compact subset of X.

PROOF. IfM(A)=? then, by Proposition 3, sleft(a)=? is polynomially convex. IfM(A)
is non-empty and h2M(A), then hw0 on the commutator ideal C in A. Hence there
exists ~hh2M(A=C) such that h=~hh � q where q denotes the quotient mapping from A
onto A/C. Since h� IX=(~hh� IX ) � (q� IX ), our remarks above imply that

sleft(a)=sleft([q� IX ](a)):

Since [q� IX ](a)2A=C�̂�cX and A/C is a commutative unital Banach algebra, [9,
proposition 22] implies that sleft([q� IX ](a)) and hence sleft(a) is a polynomially convex
subset of X. An application of Proposition 2 completes the proof. &

Our next result will be required in ·4 and shows that s(a) can be realised as the
intersection of projections of a collection of polynomially convex sets. The result is well
known in finite dimensions as the ‘Arens–Calderón trick’ and is, perhaps, implicit in [34],
but we include it for the sake of completeness.

Proposition 8. IfA is a commutative unital Banach algebra, c is a uniform cross-norm, X
is a Banach space, a2A�̂�cX and U is a neighbourhood of s(a), then there exists a finite-
dimensional space Y and b2A�̂�cY such that

s (a)5pX (s( da� ba� b)P(X�Y ))5U

where pX is the canonical projection from X � Y onto X.

PROOF. If Y is a finite-dimensional space and b2A� Y , then

s(a� b)={([h� IX ](a)� [h� IY ](b)) : h2M(A)}:

Hence s(a)5pX (s( da� ba� b)P(X�Y )). If x0 2= s(a) then, by Proposition 1, there exists
b2A� X 0 such that b � (ax1A � x0)=1A. If b=

Pl
i=1 bi � yi we let Y denote the

finite-dimensional subspace of Xk spanned by (yi)
l
i=1. Now consider the polynomial of

degree two on X�Y defined by

P(x� x0)=x0(x)xx0(x0)x1:

If h2M(A) then

P([h� IX ](a)� [h� IY ](b))=h(b � (ax1A � x0)x1A)=0,

and the polynomial P vanishes on s(a� b). Since

kPk
s(da�ba�b)P(X�Y )

jkPks(a�b)=0,

P vanishes on s( da� ba� b)P(X�Y ).
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If x0 2 Y5X 0 then P(x0 � x0)=x1 and x0 � x0 2= s d(a� b(a� b)P(X�Y ) for any x0 2 Y . Hence
x0 2= pX (s d(a� b(a� b)P(X�Y )).

Now consider the collection F of sets

pX
�
s( da� ba� b)P(X�Y )

�
\ (X \U )

where Y ranges over all finite-dimensional spaces and b2A� Y is arbitrary. By
Proposition 2 this collection consists of compact sets, and by the above their intersection
is empty. Hence some finite set in F consists of sets with empty intersection. Suppose
bi 2A� Yi, i=1, . . . ,m and\m

i=1

pX
�
s( da� bia� bi)P(X�Yi)

�
\ (X \U )=?: (3:1)

If x2 pX
�
[s(a� b1 � � � � � bm)]^P(X�Y1�����Ym)

�
, Proposition 6 implies that there exists

yi 2Yi, i=1, . . . ,m such that

|P(x� y1 � � � � � ym)|jkPks(a�b1�����bm)

for all P2P(X � Y1 � � � � � Ym).
If Q2P(X � Yi) let ~QQ(w� z1 � � � � � zm) :=Q(w� zi) for w2X and zi 2 Yi,

i=1, . . . ,m. Hence

|Q(x� yi)|=|~QQ(x� y1 � � � � � ym)|

jk~QQks(a�b1�����bm)

=kQks(a�bi)

and x� yi 2 s( da� bia� bi)P(X�Yi)
, i=1, . . . ,m. This shows that

pX
�
[s(a� b1 � � � � � bm)]^ P(X�Y1�����Ym))5

\m
i=1

pX (s(a� bi)
�
:

If Y :=Y1 � � � � � Ym and c := b1 � � � � � bm, then (3.1) implies

pX (s( da� c)a� c)P(X�Y ))5U :

This completes the proof. &

We also require the following polynomial result in ·4.

Proposition 9. If A is a commutative unital Banach algebra, X, Y and Z are Banach
spaces, c is a uniform cross-norm, P2P(X ; Y ) can be adapted toA�̂�cX and Q2P(Y ; Z)
can be adapted to A�̂�cY , then Q � P2P(X ; Z) can be adapted to A�̂�cX and

(Q � P)A=QA � PA:

PROOF. We may suppose without loss of generality that P is n-homogeneous and that Q is
r-homogeneous. Let a=

Pk
i=1 ai � xi 2A� X . Then

PA(a)=
X

m=(m1,...,mn)
1jmijk

a[m] � �PP(x[m])
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where a[m]=am1
� � �amn

and x[m]=(xm1
, . . . , xmn

). Hence

QA(PA (a))=
X

l=(l1, ..., lr)
li=(s1i , ..., sni )

1jsjijk

a{1} � �QQ(�PP(x[l1]), . . . , �PP(x[lr]))

where a{l}=a[l1] � a[l2] � � �a[lr].
Since a{l} is invariant under permutation of its entries and the sum is over all per-

mutations, we may replace �QQ(�PP(x[l1]), . . . , �PP(x[lr])) with its symmetrisation with re-
spect to the entries xi, i2 lj, 1j jjr. The symmetrisation gives a symmetric nr-linear
form that coincides with �QQ(�PP(xn), . . . , �PP(xn)) if all entries are equal to x and xn=
(x, . . . , x).

Since �QQ(�PP(xn), . . . , �PP(xn))= �QQ(P(x), . . . ,P(x))=Q � P(x), we may thus replace
�QQ(�PP(x[l1]), . . . , �PP(x[lr])) with Q ���P(x[l1,..., lr]), and we obtain

QA � PA(a)=
X

l=(l1,..., lnr)
1jlijk

a[l] � [Q ���P](x[l])

=[Q � P]A(a)

for all a2A� X . A density argument shows that

QA � PA=(Q � P)A: &

Our final result in this section also features polynomial convexity.
If K is a compact subset of a Banach space X, we let P(K) denote the closure of

{P|K ; P2P(X )} in (C(K), k � kK ).

Proposition 10. IfA is a commutative unital Banach algebra, thenA is isometrically and
algebraically isomorphic to P(K) where K is a polynomially convex compact subset of a
Banach space with the approximation property if and only if A is a countably generated
uniform Banach algebra.

PROOF. First suppose that A is a countably generated uniform Banach algebra. By re-
scaling if necessary, we may suppose that A has an absolutely convergent sequence of
generators (an)n. Let X denote an infinite-dimensional Banach space and let c denote a
uniform cross-norm. By a result of Pełczynski (see [18, theorem 1.95]), X contains a basic
sequence of unit vectors (xn)

O
n=1. Let a=

PO
n=1 an � xn 2A�̂�cX . Let (x

0
n)

O
n=1 denote the

coordinate functionals associated with (xn)
O
n=1, extended to X by the Hahn–Banach

theorem. Since [IA � x0n](a)=an, a is, in the terminology of [9], a dense generator. By [9,
proposition 22] and Proposition 2, s(a) is a polynomially convex compact subset of X. If
P2P(X ) then

kPA(a)k= sup
h2M(A)

|h(PA(a))|

= sup
h2M(A)

|P([h� IX ](a))|

=kPks(a)
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and the mapping

P(X ), k � ks(a)
� �

pA

P 7!PA(a)

is an isometric isomorphism onto its range. By [9, proposition 4 and example 6], the above
mapping is an algebraic homomorphism and, since a is a dense generator, extends to an
isometric isomorphism between (P(s(a)), k � ks(a)) and A.

Conversely, suppose thatA ffi P(K) where K is a polynomially convex compact subset
of a Banach space X with the approximation property. Since P(K) is a uniform algebra,
our hypothesis implies that A is also a uniform algebra. Hence to complete the proof
we must show that A is countably generated.

Let a= supx2K kxk+1. Since X has the approximation property, there exists, for any
e>0, (yi)

m
i=15X and (y0i)

m
i=15X 0 such that

xx
Xm
i=1

y0i(x)yi

�����
�����je

for all x2K. Let P2P(nX ). By [7, lemma 1.10(c)],

P(x)xP
Xm
i=1

y0i(x)yi

 !�����
�����j nn

n!
an(1+a)nkPk � e (3:2)

for all x2K. If l := (l1, . . . , lm) where each li is a non-negative integer and |l| :=Pm
i=1 li=n, let (y0)l(x)=y01(x)

l1 . . . y0m(x)
lm for all x2X and let �PP(yl)=�PP(yl11 , . . . , y

lm
m ). Note

that �PP( yl)2C and (y0)l 2P(nX ) for all l. By (3.2),

Px
X
|l|=n

n
l

� 	
�PP(yl)(y0)l

�����
�����
K

j c � e

where c= nn
n! a

n(1+a)nkPkK is independent of e. Hence the subspace of P(K ) generated

by (y0i)
O
i=1 is dense in P(K ) and thus P(K ) is countably generated. This completes the

proof. &

4. Holomorphic functional calculus

If U is an open subset of a Banach space X, let H(U) denote the set of holomorphic
mappings from U into C endowed with the compact open topology t0. If f2H(U) and
x02U then there exists a sequence (Pn)

O
n=0 of polynomials, Pn 2P(nX ) all n, and d>0,

such that

f (x0+y)=
XO
n=0

Pn(y) (4:1)

for all y2X for which kyk<d. The sequence (Pn)
O
n=1 is uniquely determined by f and x0,

and we use the notation

Pn :=
d̂dnf (x0)

n!

for all n. The expansion (4.1) is called the Taylor series expansion of f about x0.
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Let Hb(U ) denote the subspace of H(U ) consisting of all holomorphic mappings that
are bounded on the bounded subsets of X that lie strictly inside U. Endowed with the
topology tb of uniform convergence on these sets, Hb(U ) is a Fréchet space. If U is an
open subset of a finite-dimensional space then (Hb(U ), tb)=(H(U ), t0) is a Fréchet
nuclear space.

If X is a Banach space and r>0, we let Br(X )={x2X : kxk< r}, and, if there is no
likelihood of confusion, we write Br in place of Br(X ). If f :Br(X )pC, we let kf kr,X or
kf kr denote sup {|f (x)| : x2Br(X )}.

If U1 is an open subset of a finite-dimensional Banach space X and U2 is an open subset
of a Banach space Y, then the mapping

T :H(U1)�̂�pHb(U2)pHb(U1 � U2)

defined on elementary tensors by

[T ( f � g)] (z,w)=f (z)g(w)

(for f2Hb(U1), g2Hb(U2), z2U1 and w2U2) is a linear and algebraic isomorphism
(the product ( f1 � g1) � ( f2 � g2) := f1f2 � g1g2 extends to define a product on Hb(U1)
�̂�pHb(U2)).

If n is a positive integer, A5U1,B5U2 and Qn 2H(U1)�̂�pP(nY ), we let

kQnkN ;A,B= inf

(XO
i=1

|li| :Qn=
XO
i=1

li fi � Pi,

fi 2H(U1), k fikAj1, Pi 2P(nY ), kPikBj1

)
:

The finite-dimensional holomorphic functional calculus is due to Arens and Calderón
[1], Šilov [30] and Waelbroeck [33]. Uniqueness under progressively weaker assumptions
was established byWaelbroeck [33], Zame [37] and Putinar [26].We require in an essential
way the following finite-dimensional result.

Proposition 11 ([37]). If A is a commutative unital Banach algebra, X is a finite-
dimensional space, a2A� X and U is an open subset of X containing s(a), then there
exists a unique continuous homomorphism

ha :H(U )pA

such that
(a) h(ha( f ))=f ([h� IX ](a)) and
(b) ha(x

0)=x0A(a)
for all xk2Xk.

In the above proposition H(U) is endowed with the compact open topology t0.
The infinite-dimensional holomorphic functional calculus was first studied by Wael-

broeck [34; 35] for the projective tensor product and afterwards developed in different
directions by Chidami [4], Ortega Aramburu [25], Galé [13] andMatos [20; 21]. In this sec-
tion we extend this calculus to a rather general setting and obtain an intrinsic uniqueness
result for certain Banach spaces including all separable Banach spaces with the bounded
approximation property. We first recall certain definitions and results from functional
analysis and infinite-dimensional holomorphy.
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Definition 12. A Banach space X has the bounded (respectively bounded projection)
approximation property if there exists a bounded net (Ta)a, Ta2L(X, X) of finite-rank
operators (respectively finite-rank projections), that is, Ta(X) is finite-dimensional for all
a, such that TapIX uniformly on compact subsets of X as apO. A Banach space with the
bounded projection approximation property is said to have the p-property.

The p-property is strictly stronger than the bounded approximation property, while a
separable Banach space has the bounded approximation property if and only if it is
isomorphic to a complemented subspace of a Banach space with a Schauder basis.

We require the following result for Fréchet spaces [15; 32].

Proposition 13. If X and Y are Fréchet spaces, X is nuclear and B is a bounded subset of
X �̂�pY , then there exist bounded subsets B1 and B2 in X and Y respectively such that

B5

(XO
i=1

lixi � yi :
XO
i=1

|li|j1, xi 2B1, yi 2B2

)
:

(The pair (X, Y ) is said to have the BB-property in this case.)

Proposition 14. If X1 and X2 are Banach spaces, dim(X1)<O, U1 is an open subset of X1

and U2=Br(X2), then for each f 2H(U1)�̂�pHb(U2) there exists a unique sequence
(Tn( f ))

O
n=0, Tn( f )2H(U1)�̂�pP(nX2) such that

f=
XO
n=0

Tn( f ) (4:2)

in H(U1)�̂�pHb(U2).

The topology on H(U1)�̂�pHb(U2) is generated by the semi-norms

k f kN ;K,Br(X2)
:=
XO
n=0

kTn( f )kN ;K,Br(X2)

where K ranges over the compact subsets of U1, and r over (0, r).
If B is a bounded subset of H(U1)�̂�pHb(U2) thenXO

n=0

sup
f 2B

kTn( f )kN ;K,Br(X2)
<O (4:3)

for all K compact in U1 and all r<r. The compact open topology when transferred from
Hb(U1 � U2) to H(U1)�̂�pHb(U2) by Tx1 is generated by the semi-norms

k f kN ;K1,K2
:=
XO
n=0

kTn( f )kN ;K1,K2
(4:4)

where Ki ranges over the compact subsets of Ui, i=1, 2.

Remark 15. (a) If {Yn}n is an S-absolute decomposition ([7, ·3.3]) for the locally convex
space Y and X is a locally convex space, then {X �̂�pYn}n2N is an S-absolute de-
composition for X �̂�pY . The decomposition in Proposition 14 is obtained by letting
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H(U1)=X, Y=(Hb(U2), tb) and Yn=(P(nX2), k:k) for all n. This implies that
{H(U1)�̂�pP(nX2)}

O
n=0 is an S-absolute decomposition for H(U1)�̂�pHb(U2). Note that

H(U1)�̂�pP(nX2)=P(nX2;H(U1))

and modulo this identification the expansion (4.2) is the H(U1)-valued Taylor series
expansion of f at the origin. For f 2H(U1)�̂�pHb(U2), Tn( f )=[IH(U1) � pn]( f ) where
pn(g)=d̂ ng(0)/n ! for all g2Hb(U2). Since

kQnkN ;K,Br0 (X2)
=

r0

r

� 	n

kQnkN ;K,Br(X2)

for all K compact in U1 and all r and r0 positive, (4.3) follows immediately from (4.2).
(b) If X1={0} then X1 � X2=X2, U1 � U2=Br(X2) and (4.2) reduces to (4.1) with

x0=0. Moreover,

k f kN ;{0},Br(X2)
=
XO
n=0

d̂dnf (0)

n!

�����
�����
Br(X2)

=: ||| f |||r (4:5)

generates the tb-topology on Hb(U2).

If K is a compact subset of the Banach space X, we let H(K) denote the space of
holomorphic germs on K, that is,

H(K)=
[

{H(U ) :K5U open}=�
where f �g if f and g agree on a neighbourhood of K. We denote by [ f ] the germ
determined by the holomorphic function f and let

(H(K), t0)= lim�!
K5U
U open

(H(U ), t0):

A collection F of bounded (respectively compact) subsets of a locally convex space X
is fundamental if every bounded (respectively compact) subset of X is a subset of some
F2F.

Proposition 16 ([23; 6, ·5.1]). If K is a compact subset of a Banach space X then
(a) the sets { f 2H(K+Br) : k f kK+Br

j j}, r>0, j>0, form a fundamental system
of bounded and compact subsets of (H(K), t0).

(b) (H(K), t0) is a k-space, that is, mappings from H(K ) into a topological space are
continuous if and only if their restrictions to compact sets are continuous.

We also have H(K)= [ {Hb(U ) :K5U open}=�, and we let

(H(K), tb)= lim�!
K5U
U open

(H(U ), tb):

When X is infinite-dimensional tb is strictly stronger than t0 on H(K ).
IfA is a commutative unital Banach algebra and c is a uniform cross-norm, we say that

the Banach space X has the (A, c)-extension property if all P2P(X) can be adapted to
A�̂�cX and there exists c>0 such that

kPAkjcnkPk (4:6)

for all P2P(nX ) and all n.
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A positive real number c that satisfies (4.6) is called an (A, c)-extension constant
for X. All extension constants c satisfy i1, and [9, example 10] shows that we may
require c>1.

Results in [9] show that any Banach space X has the (A, p)-extension property for any
Banach algebraA and the (U, e)-extension property for any uniform algebraU (p and e as
usual denote the projective and injective tensor norms). The (A, c)-extension property
places uniform bounds on the norms of polynomial extensions and may be rephrased as a
holomorphic extension.

Proposition 17. If A is a commutative unital Banach algebra, c is a uniform cross-norm,
X is a Banach space and each P2P(X) can be adapted to A�̂�cX , then X has the (A, c)-
extension property if and only if for each f :=

PO
n=0 Pn 2Hb(X ) we have fA :=PO

n=0 (Pn)A 2Hb(A�̂�cX ).

PROOF. Since f=
PO

n=0 Pn 2Hb(X ) if and only if lim supnpO kPnk1=n=0, it is immediate
that fA 2Hb(A�̂�cX ) when X has the (A, c)-extension property.

Conversely, suppose fA 2Hb(A�̂�cX ) whenever f 2Hb(X ). If a=
Pt

i=1 ai � xi 2
A� X and P2P(mX ) then, by [9, remarks after proposition 2],

PA(a)=
X
|m|=n
m2N

t

n!

m!
�PP(wm)am (4:7)

where a m=am1

1 � � � amt
t and wm=(w1, . . . ,w1|fflfflfflfflfflffl{zfflfflfflfflfflffl}

m1 times

, w2, . . . ,w2|fflfflfflfflfflffl{zfflfflfflfflfflffl}
m2 times

, . . . , wt, . . . ,wt|fflfflfflfflfflffl{zfflfflfflfflfflffl}
mt times

) for m :=

(m1, . . . ,mt)2N
t. Hence the mapping

P2P(X )pkPA(a)k

defines a continuous semi-norm on (P(nX ), k:k). Since each P2P(nX ) can be adapted to
A�̂�cX , kPAk= supa2A�X

kakj1

kPA(a)k<O, and, as (P(nX ), k:k) is a Banach space,

PpkPAk defines a continuous semi-norm onP(nX ). This implies, since (Hb(X ), tb) is a
Fréchet space, that fp||| fA|||r defines a continuous semi-norm on Hb(X ). Hence there
exists M>0 and c>0 such that

||| fA|||jM ||| f |||c

for all f 2Hb(X ). If f=P2P(nX ), this implies that

kPAkjMkPkBc(X )
=McnkPk

and X satisfies the (A, c)-extension property. This completes the proof. &

We now state our main result in this section.

Theorem 18. IfA is a commutative unital Banach algebra, c is a uniform cross-norm and
X is a Banach space with the (A, c)-extension property, then for each a2A�̂�cX there
exists a continuous homomorphism

ha : (H(s(a)), t0)pA
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such that for all h2M(A), f 2H(s(a)), P2P(X ) and x0 2X 0

h(ha( f ))=f ([h� IX ](a)), (4:8)

ha(P)=PA(a) (4:9)

and

ha(x
0)=[1A � x0](a)=x0A(a): (4:10)

Moreover, if X is a complemented subspace of a Banach space with the p-property (in
particular if X is separable and has the bounded approximation property) and the (A, c)-
extension property, then

(a) ha is the unique t0-continuous homomorphism from H(s(a)) into A satisfying
(4.8) and (4.10) ;

(b) ha is the unique tb-continuous homomorphism from H(s(a)) into A satisfying
(4.8) and (4.9).

Since tb>lt0 when X is infinite-dimensional, the existence result in Theorem 18 is
strictly stronger than those obtained by Waelbroeck [34] and Matos [20; 21]. Uniqueness
results for c=p and tb in place of t0 have also been obtained by Waelbroeck [34] and Galé
[13]. The results in [34] involve the functional calculus on a collection of Banach
spaces including X, while in [13] uniqueness does not involve the full space of holo-
morphic germs. These results are not subsumed by Theorem 18, but the methods we
develop can easily be adapted to prove analogous results, and we give these without proof
in Proposition 23. By using t0 on the space of germs and the deep results of J. Mujica
quoted in Proposition 16, we obtain uniqueness for the full space of holomorphic germs.

Our approach to proving Theorem 18 follows the general scheme outlined by Wael-
broeck in [34] but contains significant modifications, particularly in Lemmas 20 and 21.
The final part of the proof of Lemma 20 is similar to a proof by Galé in [13].

Before proceeding to prove Theorem 18 we discuss the relationship between the given
conditions and examine how necessary our hypotheses are for the existence of a functional
calculus. This analysis helps clarify the roles played by the various conditions and
hypotheses in the actual proof. For the sake of convenience we say that an algebra homo-
morphism T : BpA,B a subalgebra ofH(s(a)), satisfies (4.8), (4.9), (4.10), (a) or (b) if
these conditions are satisfied with ha replaced by T. If T satisfies (4.8) we say that a admits
a B-functional calculus and that T implements a B-functional calculus. If B=H(s(a))
we use the term holomorphic functional calculus in place of B-functional calculus. By
Proposition 17 and Theorem 18, if X has the (A, c)-extension property then a2A�̂�cX
admits a holomorphic functional calculus if and only if it admits a Hb(X)-functional
calculus. We also note that PA(a) is well defined in the following two cases: (a) a2
A�̂�cX and P a finite-rank polynomial ; (b) a2A� X and P arbitrary—use (4.7). In case
(b) Proposition 11 shows that a admits a holomorphic functional calculus that is uniquely
implemented if (4.10) is satisfied.

Condition (4.9) implies (4.10), since X 05P(X ). In our next example we consider the
implications (4.8) ) (4.9) and (4.10) )(4.9). By combining Theorem 18 and Example
19(b) we see that, when X has the bounded approximation property, there exists a holo-
morphic functional calculus satisfying (4.10) for each a2A�̂�cX if and only if X has the
(A, c)-extension property.
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Example 19. In this example we assume only that A is a commutative unital Banach
algebra, c is a uniform cross-norm, X is a Banach space and each a2A�̂�cX admits a
holomorphic functional calculus implemented by the homomorphism Ra. Hence Ra sa-
tisfies (4.8). In particular we do not assume any continuity property on Ra, that each
P2P(X) can be adapted to A�̂�cX or that X satisfies the (A, c)-extension property.

(a) If h2M(A) and x0 2X 0 then, by (4.8),

h(Ra(x
0))=x0([h� IX ](a))=h([1A � x0](a)):

Hence, if A is semi-simple, Ra satisfies (4.10).
The converse is also true. Let a2R(A), al0. Then h(a)=0 for all h2M(A) and

s(a)= 0f g.
If f 2H({z2C : |z|<e}), f (z)=

PO
n=0 anz

n, let Ra( f )=f (0)1A. Then Ra :H(s(a))p
A is easily seen to be a homomorphism. Since

h(Ra( f ))=f (0)=f (h(a)),

Ra implements the holomorphic functional calculus. In this simple case we take X=C. If
f (z)=z for all z2C then Ra( f )=f (0)1A=0 and fA(a)=a. Since f is linear, this shows
that Ra does not satisfy (4.10).

The homomorphism R0
a( f ) :=

PO
n=0 ana

n also implements the holomorphic functional
calculus for a. This also shows that the holomorphic functional calculus is not uniquely
implemented if A is not semi-simple. This example can be lifted to A�̂�cX for any c and
any X.

(b) Now suppose that X is a Banach space with the bounded approximation property and
that Ra is t0-continuous for all a2A�̂�cX . If T :XpX is a finite-rank operator and
P2P(X ), then P � T lies in the algebra generated by all x0 2X 0 (see the proof of Prop-
osition 9). If Ra satisfies (4.10) then Ra(P � T )=(P � T )A(a)=PA(TA(a)) for all
a2A�̂�cX . Let (Ta)a denote a bounded net of finite-rank operators from X to X that
converges to the identity on compact subsets of X. Let U denote a bounded neighbourhood
of s(a). Since Ra is t0-continuous, there exists a compact subset K ofU and C>0 such that
kRa(P)kjCkPkK for all P2P(X ).

Hence

kPA(TA(a))xRa(P)kjCkP � TaxPkKp0

as apO. Hence the mapping PA : a2A�̂�cXpRa(P) is the pointwise limit of a bounded
net of polynomials of bounded degree on the Banach space A�̂�cX and PA 2P(A�̂�cX ).

If P2P(nX ) and a=
Pt

i=1 ai � xi 2A� X then (4.7) implies

PA((Ta)A(a))=
Xn
|m|=n
m2N

t

n!

m!
�PP(Ta(x)

m)a mpPA(a)

as apO. Hence PA(a)=PA(a) for all a2A� X . Hence each P2P(X ) can be adapted
to A�̂�cX and

PA(a)=PA(a)=Ra(P):

This shows that Ra satisfies (4.9).
We now show that X has the (A, c)-extension property. If a2A�̂�cX then s(a)5

{x : kxkjkak}. Since Ra is t0-continuous, our analysis so far shows that for all a2A�̂�cX
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there exists c(a)>0 such that for every polynomial P2P(X )

kPA(a)kjc(a)kPkBkak+1(X )
: (4:11)

Hence for all a2A�̂�cX , kak=1, all n and all P2P(nX )

kPA(a)kjc(a)2nkPk: (4:12)

For c>0 let

Vc={a2A�̂�cX : kPA(a)kjcnkPkkakn for all n and all P2P(nX )}:

By (4.12),
SO

m=1 Vm=A�̂�cX . If aj 2Vm for all j and ajpa as jpO then for each
P2P(nX )

kPA(a)k= lim
jpO

kPA(aj)kj lim
jpO

mnkPkkajkn=mnkPkkakn

and a2Vm. Hence each Vm is closed. By the Baire category theorem there exists m0 such
that Vm0

has non-empty interior. If a0+Bd(A�̂�cX )5Vm0
then, since Vm0

is balanced, [7,
lemma 1.10(a)] implies Bd(A�̂�cX )5Vm0

. If kakjd then

kPA(a)kjmn
0kPkkak

n

and kPAkjmn
0kPk for all n and all P2P(nX ). Hence X has the (A, c)-extension

property.

In the following two lemmas we assume that A, c and X satisfy the hypotheses of
Theorem 18 and that c is the (A, c)-extension constant for X. Since the mapping ha that
we eventually construct in Theorem 18 is an extension of the mappings constructed in
Lemmas 20 and 21, we use the same notation.

Lemma 20. If U=Br and r>ckak then there exists a continuous homomorphism

ha :Hb(Br)pA

such that
(1) h(ha( f ))=f ([h� IX ](a)) for all h2M(A) and f 2Hb(Br),
(2) ha is t0-continuous on bounded subsets of Hb(Br),
(3) ha(P)=PA(a) for all P2P(X ),
(4) ha(x

0)=[1A � x0](a)=x0A(a) for all x0 2X 0.
The mapping ha is the unique continuous homomorphism satisfying (1) and (3), and if X
has the bounded approximation property then ha is the unique continuous homomorphism
satisfying (1) and (2) and (4).

PROOF. By the (A, c)-extension property, kPAkjcnkPk for all P2P(nX ) and all n. If
f=

PO
n=0 Pn 2Hb(Br) then, by Remark 15(b),XO

n=0

k(Pn)A(a)kj
XO
n=0

k(Pn)Ak kaknj
XO
n=0

(kcak)nkPnk

=
XO
n=0

kPnkckak=|k f k|ckak<O:
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Hence

fA(a) :=
XO
n=0

(Pn)A(a)2A,

and the mapping ha : f 2Hb(Br)pfA(a)2A is a well-defined tb-continuous mapping
that satisfies (3) and (4) and, by [9, proposition 4(a)], is an algebra homomorphism. By
[9, proposition 16], if h2M(A) and f 2Hb(Br), then

f ([h� IX ](a))=
XO
n=0

(Pn)A([h� IX ](a))

=
XO
n=0

h((Pn)A(a))

=h

 XO
n=0

(Pn)A(a)

!
=h(ha( f )):

Hence ha satisfies (1).
To prove that ha satisfies (2) it suffices, since ha is linear, to show the following: if ( fa)a

is a bounded net in (Hb(Br), tb) and fap0 uniformly on compact subsets of Br as apO,
then ha( fa)p0 as apO.

Let e > 0 be arbitrary. By Remark 15(b), supa |k fak|ckak<O. HenceXO
n=0

sup
a

ha
d̂dnfa(0)

n!

 !�����
�����<O;

and we can choose a positive integer n0 such thatXO
n=n0

sup
a

ha
d̂dnfa(0)

n!

 !�����
�����<e: (4:13)

We now fix a positive integer n and let Pa :=d̂dnfa(0)=n! for all a. By Remark 15(a) and (b),
(Pa)a is a bounded subset of (P(nX ), k:k) and Pap0 uniformly on compact subsets of X
as apO.

Lemma 1.10(c) in [7] says that

|P(x)xP(y)|j
nn

n!
(1+e)nkxxykkPk

whenever P2P(nX ), kyk<e and kxxyk<1. Since supa kPak<O, this result and the
(A, c)-extension property allow us to choose b=

Pt
i=1 bi � wi 2A� X such that for

all a

sup
a

k(Pa)A(a)x(Pa)A(b)k<e: (4:14)

By (4.7),

(Pa)A(b)=
X
|m|=n
m2N

t

n!

m!
�PPa(w

m)bm: (4:15)
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Let K denote the closed convex hull of the set A := {w1, . . . ,wt}. Since A is finite, K is a
compact subset of X. By the Polarization Formula,

|�PP(wm)|j
nn

n!
kPakK

for all a and m. Hence (4.15) implies (Pa)A(b)p0 as apO, and, combining this with
(4.14), we see that ha(Pa)=(Pa)A(a)p0 as apO. Hence, if we use this result and (4.13),
ha satisfies (2).

By Remark 15(b), P(X) is dense in (Hb(Br), tb). Hence ha is the unique homomor-
phism satisfying (1) and (3). Now suppose that y is a continuous homomorphism sa-
tisfying (1), (2) and (4) and that X has the bounded approximation property. By the
uniqueness established above, it suffices, since tbit0, to show that y(P)=PA(a) for all
P2P(X). By the bounded approximation property there exists a bounded net of finite-
rank operators, (Ta)a, Ta2L(X, X), such that TapIX uniformly on compact subsets of X
as apO. By the remarks preceding proposition 19 in [9] (see also Proposition 9),

(P � Ta)A(a)=PA � [IA � Ta](a)pPA(a) as apO:

By (2), y(P � Ta)py(P) as apO, and (by (4)) y(P � Ta)pPA � [IA � Ta](a) for all a
(see also Example 19(b)).

This completes the proof. &

Lemma 21. Let X=X1 � X2, dim (X1)<O, and suppose a=a1 � a2 where a1 2A�̂�cX1

and a2 2A�̂�cX2. If U1 is an open neighbourhood of s(a1) in X1 and U2=Br(X2) where
r>cka2k, then there exists a continuous homomorphism

ha :Hb(U1 � U2)pA

such that
(1) h(ha( f ))=f ([h� IX ](a)) for all h2M(A) and f 2Hb(U1 � U2),
(2) ha is continuous on each bounded subset of Hb(U1 � U2) endowed with the

compact open topology,
(3) ha(P)=PA(a) for all P2P(X ),
(4) ha(x

0)=[1A � x0](a)=x0A(a) for all x0 2X 0.
The mapping ha is the unique continuous homomorphism satisfying (1) and (3), and if X
has the bounded approximation property then ha is the unique homomorphism satisfying
(1), (2) and (4).

PROOF. As previously noted, the mapping

T :H(U1)�̂�pHb(U2)pHb(U1 � U2)

is an algebra isomorphism. Let ha1
denote the continuous non-zero homomorphism

:H(U1)pA given by Proposition 11 and let ha2 denote the continuous homomorphism
from Hb(U2) into A constructed in Lemma 20. We let

ha=[ha1 � ha2 ] � Tx1 :Hb(U1 � U2)pA:

Since ha1 , ha2 and Tx1 are continuous homomorphisms, ha is also a tb-continuous homo-
morphism.
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If f 2Hb(U1 � U2), then T (
P

i li fi � gi)=f where
PO

i=1 |li|<O, ( fi)
O
i=1 is a bounded

sequence in H(U1) and (gi)
O
i=1 is a bounded sequence in Hb(U2). If h2M(A) then

h(ha( f ))=h [ha1 � ha2 ]
X
i

li fi � gi

 ! !
=
X
i

lih(ha1 ( fi))h(ha2 (gi))

=
X
i

li fi([h� IX1
](a1))gi([h� IX2

](a2))

=
X
i

liT ( fi � gi)([h� IX1
](a1)� [h� IX2

](a2))

= T
X
i

li fi � gi

 !" #
([h� IX ](a1 � a2))

=f ([h� IX ](a)):

:

Hence ha satisfies condition (1).
To show that ha satisfies condition (2) we use the truncation method employed in

Lemma 20 and the expansion given in Proposition 14. This shows that it suffices to prove
the following: if (Pa)a is a bounded net in H(U1)�̂�pP(nX2) and kPakN ;K1,K2

p0 as apO
for every compact subset K1 in U1 and every compact subset K2 in U2, then ha(Pa)p0.

Let e>0 be arbitrary. Since ha1
and ha2

are continuous, there exist K1 compact in U1,
0<r< r and C>0 such that

kha1 ( f )kjCkf kK1
for all f 2H(U1)

and

kha2 (P)kjCkPkr for all P2P(nX2):

This implies

kha( f )kjC2k f kN ;K1,r

for all f 2H(U1)�̂�pP(nX2). Since (Pa)a is bounded, Proposition 13 implies that there exist
bounded sets B1 in H(U1) and B2 in P(nX2) such that for all a we have representations

Pa=
XO
i=1

lai f
a
i � Pa

i

where
PO

i=1 |l
a
i |j1, f ai 2B1 and Pa

i 2B2. Let M= supi, a k f ai kK1
. As in the proof of

Lemma 20 (see [9]) we can find b2A�̂�c X2 such that

kha2 (Pa
i )xhb(P

a
i )krj

e

CM
for all i and a. Let b=

Pt
i=1 bi � w1 where bi 2A and wi 2X2. Hence

kha(Pa)x[ha1 � hb](Pa)k=k[ha1 � ha2xb](Pa)k

j
XO
i=1

lai ha1 ( f
a
i )ha2xb(P

a
i )

�����
�����

j
XO
i=1

|lai | � Ckf ai kK1
� e

CM

je
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for all a. Let K2 denote the closed convex hull of the set A := {w1, . . . ,wt}. Since A is
finite, K2 is a compact subset of X2. Using the Polarization Formula, as in the proof of
Lemma 20, we can find C0>0 such that

khb(P)kjC0kPkK2

for all P2P(nX2). This implies

k[ha1 � hb](Pa)kj
XO
i=1

|lai | � kha1 ( f ai )k � khb(Pa
i )k

jC0
XO
i=1

|lai | � Ck f ai kK1
� kPa

i kK2
:

Since this holds for any representation, we have

k[ha1 � hb](Pa)kjCC0kPakN ;K1,K2

for all a. Hence k[ha1 � hb](Pa)kp0 as apO, and our estimate above shows that

kha(Pa)kp0

as apO. Hence ha satisfies condition (2).

If (ej)
k
j=1 is a basis for X1 let Qj

Pk
j=1 ljej � x

� �
=lj for each j where (lj)j 2C

k and

x2X2. For m=(m1, . . . ,m2)2N
k let Qm=Qm1

1 � � � Qmk

k and em=( e1, . . . , e1|fflfflfflfflffl{zfflfflfflfflffl}
m1

, . . . ,

ek , . . . , ek|fflfflfflfflffl{zfflfflfflfflffl}
mk

). For l a positive integer let xl= (x, . . . , x)|fflfflfflfflffl{zfflfflfflfflffl}
l times

. We have

P
Xk
j=1

ljej � x

 !
=
X
|m|jn

m2N
k

n
m

� 	
lm�PP(em, xnx|m|):

Let Pm :XpC be defined by

Pm

Xk
j=1

ljej � x

 !
= n

m

� 	
�PP(em, xnx|m|)

for m2N
k. Then Pm 2P(nx|m|X ) and

P=
X
|m|jn

m2N
k

Qm � Pm:

Since

P(z� w)=
X
|m|jn

m2N
k

Qm(z) � Pm(w)

for z2X1 and w2X2,

P=
X
|m|jn

m2N
k

T (Qm|X1
� Pm|X2

)
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and

ha(P)=
X
|m|jn

m2N
k

ha1 (Q
m|X1

) � ha2 (Pm|X2
)

=
X
|m|jn

m2N
k

(Qm|X1
)A(a1) � (Pm|X2

)A(a2):

Since (Qm|X1
)A=(Qm)A|A�X1

, (Qm)A(a1 � a2)=(Qm)A(a1), and, as (Pm|X2
)A=

(Pm)A|A�̂�cX2
, (Pm)A(a1 � a2)=(Pm)A(a2). Hence, using [9, proposition 4], we have

ha(P)=
X
|m|jn

m2N
k

(Qm)A(a1) � (Pm)A(a2)

=
X
|m|jn

m2N
k

(Qm)A � (Pm)A

2664
3775(a1 � a2)

=
X
|m|jn

m2N
k

QmPm

0BB@
1CCA

A

(a)

=PA(a):

Hence ha satisfies conditions (3) and (4).
Let y :Hb(U1 � U2)pA denote a continuous algebra homomorphism that satisfies

either (1) and (2) or, if X has the bounded approximation property, (1), (3) and (4). Let
1U1

(x)=1Br(X2)(y)=1 for x2U1 and y2Br(X2). By Proposition 11,

y � T |H(U1)�1Br (X2)
=ha1 :

By Lemma 20,

y � T |1U1�H(Br(X2))=ha2 :

If f 2H(U1) and g 2Hb(Br(X2)) then

y � T ( f � g)=y � T ( f � 1Br(X2) � 1U1
� g)

=y � T ( f � 1Br(X2)) � y � T (1U1
� g)

=ha1 ( f ) � ha2 (g)
=[ha1 � ha2 ]( f � g):

By density, y � T=ha1 � ha2 and y=(ha1 � ha2 ) � T�1=ha, and we have established
uniqueness. This completes the proof. &

PROOF OF THEOREM 18 WHEN X IS A COMPLEMENTED SUBSPACE OF A BANACH SPACE WITH

THE p-PROPERTY
We discuss this case first as the proof is shorter than that for the general case and gives an
alternative proof of existence for this collection of Banach spaces.
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We first suppose that X has the p-property with projections (Ta)a, kTakjd for all a. Let
B denote the open unit ball in X and let T a=IXxTa. For each a, Ta(X ) is finite-
dimensional and X=Ta(X )� Ta(X ) where both Ta(X ) and T a(X ) are given the induced
norms from X. Since X has the (A, c)-extension property, it is easily verified that each
Ta(X ) has the extension property, and the same extension constant C can be chosen for all
a. Let e>0 be arbitrary and let 3(1+d)e0=e. Choose b :=

Pt
i=1 bi � xi 2A� X such

that kaxbk<e0. Since c is a uniform cross-norm, k1A � T a(axb)kj(1+d)e0<e for all
a. Next choose a0 such that kTa0 (xi)k=kxixTa0 (xi)k<e0 1+

Pt
i=1 kbik

� �x1
for i=

1, . . . , t. This implies

k[1A � Ta0 ](a)kjk[1A � Ta0 ](b)k+(1+d)e0

j
Xt
i=1

kbik � kxixTa0 (xi)k+(1+d)e0

j2(1+d)e0

<e:

Let a1=[1A � Ta0 (a)] and a2=axa1=[1A � T a0 ](a). By [9, proposition 16], s(a1)5
Ta0 (s(a))5Ta0 (X ) and s(a2)5Ta0 (X ).

Let U1(e)=s(a1)+2ed(B \ Ta0 (X )) and U2(e)=2e(1+d)C(B \ Ta0 (X )). By our
construction,

s(a)+eB5s(a1)+2eB

5s(a1)+2ed(B \ Ta0 (X ))+2e(1+d)C(B \ Ta0 (X ))

=U1(e)� U2(e)

5s(a)+e(1+2d+2(1+d)C)B,

and we obtain the inclusion mappings

Hb(s(a)+ebB) ,!Hb(U1(e)� U2(e)) ,!Hb(s(a)+eB) (4:16)

where b := 1+2d+2(1+d)C is independent of e. Hence we can choose a strictly
decreasing null sequence of positive numbers (en)n such that U1(en)�U2(en)5
U1(em)�U2(em) for n>m. This implies

(H(s(a)), tb)= lim�!
n

Hb(U1(en)� U2(en)):

Since ||a2||<2e(1+d), Lemma 21 implies that there exists for each n a continuous
homomorphism

hn :Hb(U1(en)� U2(en))pA

satisfying conditions (1), (2) and (3) of that lemma.
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For n>m we have the diagram

where Rn,m is the continuous restriction mapping. The mappings hn � Rn,m and hm satisfy
(1) and (3) of Lemma 21. By uniqueness, hm=hn � Rn,m and the above diagram commutes.
By the definition of inductive limit there exists a continuous homomorphism ha : (H
(s(a)), tb)pA satisfying (4.8) and (4.9). Moreover, by Lemma 21, ha is t0-continuous
on the compact subsets of (H(s(a)), t0). By Proposition 16, ha : (H(s(a)), t0)pA is
continuous.

Now suppose that y : (H(s(a)), tb)pA is a continuous mapping satisfying (4.8) and
which either is t0-continuous and satisfies (4.10) or satisfies (4.9). By Lemma 21, y and ha
agree on Hb(U1(en)�U2(en)) for all n and hence y=ha. We have completed the proof of
Theorem 18 when X has the p-property. &

Now suppose that X is a complemented subspace of a Banach space with the p-property
and the (A, c)-extension property. Then there exist Banach spaces Y and Z such that
X�Y=Z and Z has the p-property and the (A, c)-extension property. Let i : XpZ denote
the canonical inclusion mapping and let p denote the projection from Z onto X. Let
ak := [1A�i](a)=iA(a)2A�̂�c Z. By [9, proposition 16], s(ak)=i(s(a)).

For any mapping w : ApB we let tw denote the transpose, that is, twf=f � w for any
function f defined on B. If s(a)5U5X then s(ak)5i(U)�Y and hak � tp : (H(s(a)),
t0)pA is a continuous homomorphism. If h2M(A) then [h� IZ](a0)=[h� IZ]�
[1A � i](a)=i([h� IX ](a)). Since ha0 satisfies (4.8),

h(ha0 � tp( f ))=tp( f )([h� IZ](a0))

=f (p(i([h� IX ](a))))

=f ([h� IX ](a))

and ha0 � tp satisfies (4.8).
If P2P(X ) then tp(P)2P(Z). Since ha0 satisfies (4.9), we have

ha0(
tp(P))=(P � p)A(a0)=PA � pA � iA(a)=PA((i � p)A(a))=PA(a),

since i � p=IX . Hence ha0 � tp satisfies (4.9). This proves existence.
Let y : (H(s(a)), tb)pA denote a continuous homomorphism satisfying (4.8) and

either (a) or (b) of Theorem 18. Since i(s(a))=s(a0) the mapping ti from H(s(a0)) into
H(s(a)) is well defined and a continuous homomorphism when both spaces are endow-
ed with the t0 or tb topologies. Hence y � ti : (H(s(a0)), tb) :pA is a continuous
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homomorphism that is t0-continuous when y is t0-continuous. Since

h(y � ti( f ))=ti( f )([h� IX ](a))

=f (i([h� IX ](a)))

=f ([h� IZ](a))

when f 2H(s(a0)) and h2M(A), y � ti satisfies (4.8). If y satisfies (b) then, by the uni-
queness established for Banach spaces with the p-property, y � ti=ha0 . If y satisfies (4.9)
then for all P2P(Z)

y � ti(P)=y(P � i)=(P � i)A(a)=PA(a0)

and y satisfies (4.9). Hence, by uniqueness, y � ti=ha0 in all cases.
Since p � i=IX ,

ti � tp=IX and

y=y � ti � tp=ha0 � tp:

This shows that ha0 � tp does not depend on how we embed X as a complemented
subspace of a Banach space with the p-property and the (A, c)-extension property. Hence
y is uniquely determined.

PROOF OF THEOREM 18 WHEN X IS AN ARBITRARY BANACH SPACE

This existence result is modelled on [34], but, since [34] is scarce on details and the
extension along similar lines in [4] has not been published, we decided to include full
details here.

We need to construct a t0-continuous homomorphism from H(s(a)) into A satisfying
(4.8) and (4.9). Since the construction and proof are rather involved, we begin by in-
dicating the main steps in the proof. Let U=s(a)+eB where e>0 and B is the open unit
ball in X. We first find a finite-dimensional polynomially convex open set V1,W a ball in X,
and construct continuous homomorphisms

Hb(U ) �!R1*
Hb(V1 �W ) �!h1 A:

The homomorphism h1 is constructed by using Lemma 21. In order to proceed we need to
show that this construction does not depend on our choice of R1* and h1, and afterwards we
need to show coherence in passing from H(U) toH(V) where s(a)5V5U . We achieve
both of these by constructing further continuous homomorphisms and obtaining the com-
mutative diagram

ð4:17Þ

where U 0=s(a)+e0B ; e0je, W 0 and W 00 are balls in X ; V2 and V3 are polynomially
convex open subsets of finite-dimensional spaces; S is the restriction mapping; and h2 and
h3 are constructed by using Lemma 21. We describe T1* and T2* later.
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Let g := e
4+c and W=(ex2g)B. Now choose a1 2A� X such that kaxa1k<g and

next choose a finite-dimensional subspace X1 of X such that a1 2A� X1. Let s(a1)
denote the spectrum of a1 in X1. By Proposition 8 or [34, proposition 3, p. 97] there exists
a finite-dimensional space Y1, a continuous linear surjection p1 : Y1pX1, b1 2A� Y1,
and V1 a polynomially convex neighbourhood of s(b1)5Y1 such that

(p1)A(b1)=[IA � p1](b1)=a1 (4:18)

and

p1(V1)5U1 := s(a1)+g(B \ X1): (4:19)

Since kaxa1k<g, we have k[h� IX ](axa1)kjkaxa1k=: g1<g for all h2M(A) and
s(a1)5s(a)+g1B.

If z12V1 and j2W then, by (4.19),

p1(z1)+j2U1+W5s(a1)+gB+(ex2g)B

5s(a)+g1B+gB+(ex2g)B

5s(a)+(e+g1xg)B:

Hence p1(z1)+W is a bounded subset of X and, since g1<g, it lies strictly inside U.
Let R1 : Y1 � XpX be given by R1(z1 � j)=p1(z1)+j. The mapping R1 is linear, and,

since R1(V1 �W )5U , we may define the continuous homomorphism R*
1 :Hb(U )p

Hb(V1 �W ) by letting R*
1( f )=f � R1.

Since kaxa1k<g, we have ckaxa1k<cg<ex2g, and, as s(b1)5V1, there exists,
by Lemma 21, a unique continuous homomorphism h1 := hb1�axa1 :Hb(V1 �W )pA
satisfying conditions (1) and (3) of Lemma 21. The composition h1 � R*

1 defines a con-
tinuous homomorphism fromHb(U) intoA. We will show that this homomorphism does
not depend on our choice of a1, b1, p1, V1, X1 or Y1.

Let U 0=s(a)+g0B, where 0<e0je, and let g0= e0
4+c and W 0=(e0x2g0)B. We note

that gkjg and e0x4g0jex4g. We apply the above procedure to obtain a2, b2, p2, V2, X2

and Y2 as above. These satisfy similar conditions to the above and allow us to define a
linear mapping R2 and continuous homomorphisms R*

2 and h2 := hb2�axa2 . It is important
to note that e=e0 implies only gk=g and Wk=W : the remaining items constructed may be
different. We define ci : Y1 � Y2pYi, i=1, 2 and p : Y1 � Y2pX by letting ci(z1 � z2)=zi
for i=1, 2 and p=p1 � c1xp2 � c2. We have b := b1 � b2 2 (A� Y1)� (A� Y2) ffi
A� (Y1 � Y2), [IA � ci](b)=bi, i=1, 2, and

[IA � p](b)=[IA � p1](b1)x[IA � p2](b2)=a1xa2: (4:20)

By the polynomial spectral mapping theorem [9, proposition 16],

s(a1xa2)=s([IA � p](b))=p(s(b)) (4:21)

and

s(bi)=s([IA � ci](b))=ci(s(b)) (4:22)

for i=1, 2. Since ka1xa2kjka1xak+ka2xak<g+g0, the ball (g+gk)B is a neigh-
bourhood of the compact set s(a1xa2). Equations (4.21) and (4.22) imply that there exists
a neighbourhood V3 of s(b) such that p(V3) 5(g+gk)B and ci(V3)5Vi for i=1, 2. Since
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(g+gk)B and Vi, i=1, 2, are polynomially convex, we may suppose, if necessary on
replacing V3 with its polynomially convex hull, that V3 is polynomially convex.
Let W 00=(e0x4g0)B. Let T1 :Y1 � Y2 � XpY1 � X be defined by T1(z1 � z2 � j)=
z1 � (jxp(z1 � z2)). If z2V3 and j2Wa then kjxp(z)k<g+g0+e0x4g0=e0x3g0+
gjex2g and jxp(z)2W. Hence T*

1 ( f ) := f � T1 defines a continuous homomorphism
from Hb(V1 �W ) into Hb(V3 �W 00).

Let T2 : Y1 � Y2 � XpY2 � X be defined by T2(z1 � z2 � j)=z2 � j. Since T2(V3�
W 00)5V2 �W 0, T*

2 ( f ) := f � T2 is a continuous homomorphism from Hb(V2 �W 0) into
Hb(V3 �W 00). If f2Hb (U) and z� j2V3 �W 00 then

[[T1*(R1*)]( f )](z� j)=[R1*( f )](c1(z)� (jxp(z)))

=f (p1(c1(z))+jxp(z))

=f (p2(c2(z))+j);

and, if g2Hb(Uk), then

[[T2*(R2*)](g)](z� j)=[R2*(g)](c2(z)� j)

=g(p2(c2(z))+j):

Let S : Hb(U)pHb(Uk) be the natural restriction mapping, that is, Sf=f |Uk. By the
above, T*

1 (R
*
1)=T*

2 (R
*
2) � S on Hb(U).

Since ckaxa2k<cg0=e0x4g0 and s(b)5V3, there exists a unique continuous
homomorphism

h3 := hb�axa2 :Hb(V3 �W 00)pA

satisfying conditions (1) and (3) in Lemma 21. If P2P(Y1 � X ) then, by Proposition 9,

[h3 � T *
1 ](P)=h3(P � T1)

=(P � T1)A(b� axa2)

=PA([T1]A(b� axa2)):

By (4.20),

(T1)A(b� axa2)=(IA � T1](b� axa2)

=(IA � c1](b)� ([IA � IX ](axa2)x[IA � p](b))

=b1 � (axa2x(a1xa2))

=b1 � (axa1):

This implies

[h3 � T*
1 ](P)=PA(b1 � (axa1))=h1(P): (4:23)

In the same way we obtain [h3 � T *
2 ](P)=h2(P).

If h2M(A) and f 2Hb(V1 �W ), Lemma 21 implies

h([h3 � T*
1 ]( f ))=h(h3( f � T1))=f � T1([h� IY1�Y2�X ](b� (axa2))):
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By (4.20),

T1([h� I(Y1�Y2)�X ](b� (axa2)))

=[h� IY1 ](b1)� ([h� IX ](axa2)x[h� p](b))

=[h� IY1 ](b1)� ([h� IX ](axa2)x[h� IX ](a1xa2))

=[h� IY1 ](b1)� [h� IX ](axa1)

=[h� IY1�X ](b1 � axa1)

and hence

h([h3 � T*
1 ]( f ))=f ([h� IY1�X ](b1 � axa1)): (4:24)

By the uniqueness condition in Lemma 21 and (4.23) and (4.24), we conclude that
h1=h3 � T*

1 . Similarly h2=h3 � T*
2 . We have now defined all terms in diagram (4.17) and

shown that the diagram is commutative. By taking e=e0 we see that h1 � R*
1 is independent

of our method of construction and depends only on e, and hence we write he := h1 � R*
1.

Again the commutativity of the diagram shows that for ek<e we have the following
commutative diagram of continuous homomorphisms

where S is the restriction mapping. By the definition of inductive limit there exists a
continuous homomorphism h : (H(s(a)), tb)pA such that the following diagram
commutes

for every e>0.
If P2P(X) then he(P)=[h1 � R1*](P)=h1(P � R1)=[P � R1]A (b1 � axa1)=PA

([R1]A(b1 � (axa1))) by Proposition 9. Since R1(z1 � j)=p1(z1)þ j for z12 Y1 and
j2X,

[R1]A(b1 � (axa1))=[IA � R1](b1 � (axa1))

=([IA � p1](b1))+axa1
=a1+axa1
=a
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and h(P)=he(P)=PA(a) for all P2P(X). If f2H(s(a)) then f is the germ of a holo-
morphic function, say f, on s(a)+eB for some e>0. If h2M(A) then

h(h( f ))=h(h1 � R*
1( f ))

=h(h1( f � R1))

=f � R1([h� IY1�X ](b1 � axa1))

=f ([h� IY1 ](a1)+[h� IX ](axa1))

=f ([h� IX ](a))

and h satisfies (4.8) in Theorem 18.
By Lemma 21, h1 is t0-continuous on the set of bounded subsets ofHb(V1 �W ). Since

R1 :V1 �WpU is continuous, R*
1 maps bounded subsets of Hb(U) into bounded subsets

of Hb(V1 �W ) and is continuous when these bounded subsets are endowed with the
compact open topology. Hence

h : { f : k f ks(a)+eBjM}5H(s(a))pA

is continuous when { f : kf ks(a)+eBjM} is endowed with the compact open topology. By
Proposition 16,

h : (H(s(a)), t0)pA

is continuous.
This completes the proof of Theorem 18. &

Remark 22. Equation (4.8) in Theorem 18 implies that

s(ha( f ))=f (s(a))

for all f2H(s(a)).

The following uniqueness results extend those of Waelbroeck [34] and Galé [13] and
can be proved using the methods we have developed. We denote by Hwub(U) the sub-
space of Hb(U), U open in a Banach space X, consisting of functions that are weakly
uniformly continuous on the bounded subsets of X that lie strictly inside U, and let

Hwub(K)={ f 2H(K); f=[g], g2Hwub(U ) for some U open,K5U}:

In certain cases, for example if X is the original Tsirelson space (see [7, ·2.4]), Xk has the
bounded approximation property and

Hwub(s(a))=H(s(a)):

Proposition 23. Let A denote a unital commutative Banach algebra, c a uniform cross-
norm and X a Banach space with the (A, c)-extension property. Let a2A�̂�cX and let ha
denote the homomorphism constructed in Theorem 18. Then

(i) (see [34]) ha is the unique tb-continuous homomorphism satisfying
(a) ha(P)=PA(a) for all P2P(X),
(b) ha( f � T )=hTA(a)( f ) for all T :XpY Fredholm and all f2H(s(TA(a))) ;

(ii) (see [13]) ha|Hwub(s(a)) is the unique tb-continuous homomorphism satisfying

h(ha( f ))=f ([h� IX ](a))
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for all h2M(A) and f2Hwub(s(a)) whenever Xk has the bounded approximation
property.
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[17] J.P. Kahane and W. Żelazko, A characterization of maximal ideals in commutative Banach algebras, Studia

Mathematica 29 (1969), 339–40.

[18] J. Lindenstrauss and L. Tzafriri, Classical Banach spaces, I. Sequence spaces, Ergebnisse der Mathematik

und ihrer Grenzgebiete 92, Springer, Berlin, 1977.

[19] P. Mankiewicz, A superreflexive Banach space X with L(X) admitting a homomorphism onto the Banach

algebra C(bN), Israel Journal of Mathematics 65 (1) (1989), 1–16.

[20] M.C. Matos, Approximation of analytic functions by rational functions in Banach spaces, Journal of

Functional Analysis 56 (2) (1984), 251–64.

[21] M.C. Matos, On holomorphy in Banach spaces and absolute convergence of Fourier series, Portugaliae

Mathematica 45 (4) (1988), 429–50.
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