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ABSTRACT

Using Krasnoselskii’s fixed point theorem, the existence of positive solutions
T
of the possibly singular integral equation y(t) = / k(t, s)[f (s, y(s)) + g(s, y(s))] ds,
0
t € [0, T] is discussed. An application to certain types of boundary value problems
is also considered.

1. Introduction

In this paper we discuss the existence of continuous, positive solutions of the
second-order boundary value problem

—y”:f(t’y)—l-g(t’y)’ IE(O,I)
ay(0) — By'(0) =0 (1.1)
(1) +6y'(1)=0

where f : [0,1] x [0,00) — [0,00), g : [0,1] x (0,00) — [0,00) and «, 8, y, § > 0 with
p =7yp+ay+ad > 0. In addition, we assume that g(¢,0) is possibly undefined. We
note that (1.1) with g = 0 has over the past fifteen years received some attention in
the literature (see [1]-[5] and the references therein). The boundary value problem
is of course equivalent to the integral equation

1
y(t) =/O G(t,9)[f (s, y(s) + g(5,p(s))] ds, t € [0, 1], (1.2)

where the Green’s function is given by

1{ (y+0—y)f+as), 0<s<t<]l

G(t,S):; (ﬁ+at)(,y+5_ys), O0<t<s<l.

(1.3)
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Thus the question of proving the existence of positive, continuous solutions of (1.1)
reduces to proving the existence of positive, continuous solutions of a Fredholm
integral equation—a subject which has recently been of interest to the authors (see
[6]-[10]). Therefore, keeping the boundary value problem (1.1) in mind, in Section
2 we examine the possibly singular Fredholm integral equation

T
(1) =/0 k(t, s)[f (s, y(s)) + g(s, y(s)] ds, t € [0, T]. (1.4)

By singular we mean that g : [0, T'] x (0,00) — [0, c0) is such that g(t,0) is undefined.
We place quite natural conditions on k, f and g to ensure that (1.4) has at least
one positive solution y € C[0, T]. In the first result we assume that (1.4) is singular,
while in the second result it is assumed that g(t, 0) is defined (allowing less restrictive
conditions to be placed on the kernel k).

An immediate application of our result will be to show in Section 3 that under
certain conditions on f and g the integral equation (1.2), where G is as defined in
(1.3), has at least one positive solution y € C[0, 1]. Hence we also have an existence
result for the boundary value problem (1.1).

Finally, for our existence theorem we will use the fixed point theorem of Kras-
noselskii, which we now state along with the following definition which will be
required in the note.

Definition 1.1. Let I, I, be intervals in R and let ¢ be such that 1 < g < o0. A
function h : [0, T] x I} — I, is L-Carathéodory if the following conditions hold:
(i) the map t+— h(t,y) is measurable for all y € I,
(ii) the map y — h(t, y) is continuous for almost all ¢ € [0, T],
(iii) for any r > 0, there exists u, € L?[0,T] such that |y| < r implies that
|h(t, y)| < u.(¢) for almost all t € [0, T].

We say that a function h : [0, T] x Iy — I, is Carathéodory if conditions (i) and (ii)
hold.

Theorem 1.1 [Krasnoselskii’s fixed point theorem]. Let E be a Banach space and let
C cE be a cone in E. Assume that Q, Q, are open subsets of E with 0 € £,
Q < Q,, and let

K : Cﬂ(§2\91) - C
be a completely continuous operator such that either

() IKul| < |lull, ue CNoQy and ||Ku|| > ||u||, u € C NIQ,

or
(i) |[Kul| = ||ul], u€ CNoQ and ||[Ku|| < ||ul], u € CNIQ,

is true. Then K has a fixed point in C N (Q,\Q).
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2. Continuous positive solutions of an integral equation

Consider the singular non-linear integral equation

T
y(t) =/0 k(t, s)[f (s, y(s)) + g(s, y(s)] ds, t € [0, T]. (2.1)

We place conditions on k, f and g and apply Krasnoselskii’s fixed point theorem to
ensure that (2.1) has at least one positive solution y € C[0, T].

Notation. We use |.|p to denote the norm on CJ[0, T], that is, for y € CJ0, T],

[ylo = n%guT(] ly(t)|. For y € LP[0, T] the norm is given by
te (0,

1
T ’
Iyllp == (/ ly(t)|P dt) for 1 < p < oo and [|y||, :=ess sup [y(t)| for p = cc.
0 t€[0,T]

However, to avoid repetition, throughout this paper for p = oo we will use
(o V@I dD)/? to denote ||y

Theorem 2.1. Let 1 < p < o0 be a constant and q be such that 1/p+1/q = 1. Suppose
that

there exists a € C[0, T] and t* € [0, T] with a(t) > 0 for
ae.t €[0,T] and a(t*) > 0, in addition to x € L?[0, T]

with k(t) > 0 a.e. t € [0, T] and ||x||, > 0, such that (2.2)
a(t)k(s) < k(t,s) for all t € [0, T], a.e. s € [0,T],

ki(s) :=k(t,s) < x(s) for all t € [0, T], ae. s€[0,T], (2.3)
the map t — k; is continuous from [0, T] to LP[0, T], (2.4)

f [0, T] x [0,00) — [0,00) is Carathéodory, with f(t,y) non-decreasing in y, (2.5)

g : [0, T] x (0,00) — [0,00) is Carathéodory, with (2.6)
2(t,0) undefined, and g(t,y) non-increasing in y, ’
f(t,y) +¢(t,y) >0 for y >0, t € [0, T], (2.7)
T ~ ~
/ [f(s,R) + g(s, Ra(s))]?ds < oo for any constants R,R > 0, (2.8)
0
. R
there exists Ry > 0 such that 1 < (2.9)

T

; Kk($)[f (s, Ry) + g(s, Rya(s))] ds
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and

R
there exists Ry > 0, Ry # Ry, such that 1 > 2

T
a(*) /0 k(s)Lf (5, Raa(s)) + g(s, Ra)] ds

(2.10)
hold. Then (2.1) has at least one positive solution y € C[0, T] and either

(A)O<R; <|ylo<Ryand y(t) = a(t)R;y =0, t € [0, T] if Ry < R,

or
B)0O< Ry < |ylo <R;jand y(t) = a(t)R, >0, t € [0,T] if R, < Ry
holds.

PRrROOF. Define the operator K by

T
Ky(t) 1=/0 k(t, s)[f (s, y(s)) + g(s, y(s)] ds, t € [0, T]

and let the cone C, be given by
C, :={yeC[0,T] : y(t) = a(t)|ylo for all t € [0, T]}.
In addition, define Qg, and Qg, by
Qp, :={y € C[0,T] :|ylo < Ry}

and
Qr, :=={y € C[0,T] : |ylo <Ry}

respectively, and suppose in what follows that R, < R;. (A similar argument holds
if Ry < Ry.) Since we intend to apply Krasnoselskii’s fixed point theorem we first
show that

K : C,N(Qg,\Qr,) — C, is a compact operator (2.11)

(and hence completely continuous).
Let y € C, N (2g,\L2r,). Then

0< R, <|ylo<Ryand 0 < Rya(t) < y(t) < Ry, ae. t € [0,T]
and (2.5) and (2.6) yield
0 < f(t,y(t) + g(t, y(t)) < f(t,Ry) + g(t, Rya(t)) ae. t € [0, T].

(Note that since a(t) > 0, a.e. t € [0, T] and hence 0 < Rya(t) < y(t), ae. t € [0, T],
we have that g(t, y(t)) is measurable for a.e. t € [0, T].) From this inequality and
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(2.8) we obtain

T T
/0 [f (s, p(5)) + g (s, y(s)]" ds < /0 [f (s, R1) + g(s, Rya(s))]* ds < oo, (212)

that is, f(z, y(t)) + g(t, y(t)) € LI[0, T] for y € C, N (Qg,\Lr,). Now for t,¢' € [0, T]
we have from (2.3) and (2.12) that

1
P q

Ky~ kot < [ ' ot ket as) ([ L7 R) + g0 Reat) s )
holds, and hence from (2.4) we see that
IKy(t) —Ky({)] > 0 as t > ¢ for y € C, N (Qg,\Qxg,) (2.13)
is true. Consequently
K : C,N(Qg,\Qg,) — C[0, T] is well defined.

In addition, for y € C, N (Qg,\2r,), condition (2.2) yields

T
Ky(1) = a(t)/0 K($)[f (s, y(5)) + g(s, y(s)] ds, t € [0, T,

while (2.3) ensures that

T
Kyl < /0 k(s)[f (5, ¥()) + (s, v(s)] ds, © € [0, T].

Combining both of these inequalities we see that for y € C, N (Qg, \L2r,),
Ky(t) = a(t)|Kylo

and therefore
K : C,N(Qg\Qr,) — C, is well defined.

We next use the Arzéla—Ascoli Theorem to prove that the operator K : C, N
(Qr,\Qg,) — C, is compact. For y € C,N(Qg, \L2r,), we obtain from (2.3) and (2.12)

1
q

T
IKylo < [Ixllp (/0 [f (s, Ry) + g(s. Rya(s))]* dS) =M<

—thus K(C, N (Qg,\2r,)) is uniformly bounded. In addition, (2.13) immediately
guarantees the equicontinuity of K(C, N (Qg,\Qr,)). Therefore the compactness
of K : C,N (Qr\Qr,) — C, now follows from the Arzéla-Ascoli Theorem. In
conclusion we have shown that (2.11) is true.

To apply Krasnoselskii’s fixed point theorem it remains to show that

IKylo < |ylo for y € C, N OQp, (2.14)
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and
IKylo > |ylo for y € C, N 0, (2.15)

hold. Let y € C, N 0Lg,. Then |y|o = R; and
0<a(t)Ry <y(t) <Ry, t€]0,T],

therefore by (2.3), (2.5), (2.6) and (2.9)

T T
IKylo < /0 K($)Lf (s, y(s))+g(s, y(s))] ds < /0 K($)Lf (s, Ri)+g(s, Ria(s))] ds < Ry = |ylo.

Hence (2.14) is true.
Now let y € C, N 0Qg,. Then |y|o = R, and in addition

0 < a(t)R, < y(t) < Ry, t € [0, T,

Then from (2.2), (2.5), (2.6) and (2.10) we obtain

T
Kylo > Ky(i*) > a(t*) /0 k()1 (5, (5)) + g(s. y(s))] s
T
> a(t") /0 k(5)f (5. Roa(s)) + g(s. R)] ds > Ry = [ylo.

Thus (2.15) holds.

With the conditions of Krasnoselskii’s fixed point theorem satisfied, we are
guaranteed that the operator K has a fixed point in C, N (Qg,\Qg,), that is, (2.1)
has a positive solution y € C[0, T] with 0 < R, < |y|o < Ry and y(t) > Ra(t) = 0,

€ [0, T]. (It is clear that an analogous result holds if Ry < R;.) H

Remark 2.1. Note that the solution y € C[0, T] of (2.1) guaranteed by Theorem 2.1
is positive whenever a € C[0, T] is, since either

y(t) = Rya(t) =0, t € [0, T], or y(t) = Rya(t) =0, t € [0, T]

is true. Clearly, then, if a is strictly positive on [0, T'], that is, a(t) > 0 for ¢t € [0, T],
then the solution too must be strictly positive on [0, T].

The assumption that g : [0, T] x (0,00) — [0,00) is such that g(t,0) is undefined
in Theorem 2.1 forces a € C[0, T] in (2.2) to be strictly positive for a.e. t € [0, T].
However, this assumption on a € C[0, T'] can be relaxed if g(¢,0) is defined for a.e.
t € [0, T]. We just state the result as the proof is almost identical to that of the
proof of Theorem 2.1.
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Theorem 2.2. Let 1 < p < o0 be a constant and q be such that 1/p+1/q = 1. Suppose
that (2.3), (2.4), (2.9), (2.10),

there exists a € C[0, T] and t* € [0, T] with a(t) > 0,
t € [0, T] and a(t*) > 0, in addition to x € LP[0, T]
with 1(t) > 0 a.e. t € [0, T] and ||x||, > 0, such that
a(t)x(s) < k(t,s) for all t € [0, T], ae. se€[0,T],

(2.16)

f 0, T] x [0,00) — [0,00) is Li-Carathéodory, with g(t,y) non-decreasing in y,

(2.17)
g : [0, T] x [0,00) — [0,00) is LI-Carathéodory, with g(t,y) non-increasing in y,
(2.18)
and
T
/ k(s)[f (s, R) + g(s, Ra(s))] ds > 0 and
0 (2.19)

T
/ k(s)[f (s, Ra(s)) + g(s, R)] ds > 0 for any R >0
0
hold. Then (2.1) has at least one positive solution y € C[0, T] and either
(A)O<R; <|ylo<Ryand y(t) = a(t)Ry =0, t € [0, T] if Ry < Ry

or
B) 0< Ry <|ylo<Ryand y(t) = a(t)Ry =0, t € [0, T] if Ry < Ry
holds.

Remark 2.2. 1t may not be immediately obvious what type of functions f and g
satisfy conditions (2.9) and (2.10) of Theorem 2.1. In fact these conditions are quite
general and are satisfied by a fairly large class of functions. We illustrate below with
some examples. While we will discuss examples of functions f and g which satisfy
(2.9) and (2.10), to simplify the examples and avoid getting lost in details we will
assume that k satisfies the hypotheses of the following special case of Theorem 2.1.

The following result is a special case of Theorem 2.1 where a € C[0, T1] is strictly
positive and f : [0, T] x [0,00) — [0,00) and g : [0, T] x (0,00) — [0,00) are both
continuous.

Theorem 2.3. Suppose that (2.3), (2.4) with p = 1, and (2.9) hold and suppose also
that there exists t* € [0, T] such that (2.10) is true. In addition, assume that

k € L'[0, T] with x(t) > 0 a.e. t € [0, T] and ||x||; > O such that (2.20)

there exists a € C[0, T] with a(t) > 0 for t € [0, T], in addition to
a(t)k(s) < k(t,s) for all t € [0, T], a.e. s € [0, T]
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and

f [0, T] x [0,00) — [0,00) is continuous, with f(t,y) non-decreasing in y,
g : [0, T] x (0,00) = [0,00) is continuous, with g(t,y) non-increasing in y
and f(t,y)+g(t,y) >0 for y >0, t € [0, T]
(2.21)
hold. Then (2.1) has at least one strictly positive solution y € C[0, T] and either

(A)O< Ry <|ylo<Ryand y(t) = a(t)R; >0, t € [0,T] if R < Ry

or
B) 0< Ry < |ylo <Ry and y(t) = a(t)R, >0, t € [0, T] if R, < Ry

holds.

Proor. Conditions (2.2)—(2.7) and (2.9)—(2.10) of Theorem 2.1 hold with p = 1. The

strict positivity of a € C[0, T], along with the fact that f and g are continuous,
implies that (2.8) holds with ¢ = co. The result now follows from Theorem 2.1. H

In the following three examples we assume for simplicity that a and x are as
described in Theorem 2.3.

Example 2.1. Suppose that f(t,y) = y", n > 0 and g = 0. Clearly (2.21) is satisfied.
Fix t* € [0, T] and note that since 0 < a(t) < 1, we have, for all n > 0,

T T
a(t*)/o k(s)a"(s)ds < ||x||1 :/0 K(s) ds.

First, assume that 0 < n < 1, that is, f exhibits sublinear growth. Then (2.9) and
(2.10) are satisfied with Ry < R; such that

T
0<R™"< a(t*)/ K(s)a"(s)ds < ||[]; < R{™".
0
Alternatively, assume that f is superlinear, that is, that f(y) = y" where n > 1. Now
(2.9) and (2.10) are satisfied with Ry < R; such that
1 1

R < < <Ry
<1

T
a(t”) /0 x(s)a"(s) ds

Example 2.2. Suppose that f = 0 and g(t,y) = y™", n > 0. It is easy to see that
(2.21) holds. Fix t* € [0, T] and observe that

T T
a(t)|Iill; < IIills = /0 K(s) ds < /0 (s)a"(s) ds.
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On this occasion (2.9) and (2.10) are satisfied with R, < R; such that
T
R < a(t)||x||; < / Kk(s)a"(s)ds < R},
0

Example 2.3. Let f(t,y) =1+y"+y, 0<m<1<nand g =0. Fix t* € [0, T].
Since

R
—0as R— 0" and R — oo,

T
a(t*)/ k(s)[1 + a™(s)R™ + a"(s)R"] ds
0
there exists 0 < r < 7 such that (2.10) is satisfied with both R, = R} and R, = R}
where R) € (0,r) and R} € (7,0). In addition, if

R
Su
Relone) [[KI[1 [T + R™ + R"]

> 1

then there exists R; > 0 which satisfies (2.9). Here 0 < R}, < R; < RJ.

Remark 2.3. One advantage of the theorems in this section is that in certain cases
it may be possible to apply the theorem repeatedly to an integral equation to
yield multiple positive solutions. For example, suppose that the kernel k satisfies the
hypotheses of Theorem 2.3 and the functions f and g are as described above in
Example 2.3. Then one application of Theorem 2.3 will yield a positive solution
y1 € C[0, T] of (2.1) where

0< R, <|yilo <Ry and 0 < a(t)R} < y1(t) < Ry, t € [0, T,

while a second application will guarantee the existence of a solution y, € C[0, T]
such that

0< R < |yl < Rg and 0 < a(t)R; < yo(t) < Rg, te[0,T].

3. An application

In this section we apply Theorem 2.1 to prove that, under certain conditions on
f and g, the boundary value problem

oy(0) — By'(0) = (3.1)

_y// = f(tyy) +g(t7y)9 te (091)
0
yy(1) +6y'(1) =0,

similar to that discussed in [3]—[5], has one (or more) continuous, positive solution(s).
Here a, 3, y, 0 > 0 and

p:=yf+oay+ad>0. (3.2)
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Since the boundary value problem is equivalent to the integral equation

1
70 = [ G5 505) + el oD (33)
where the Green’s function is given by

1{(y+5—yt)(ﬁ+ocs), 0<s<t<l1 (3.4)

G(I,S)ZE B+at)y+0—yps), 0<t<s<l,

we show that under certain hypotheses on f and g the conditions of Theorem 2.1
are satisfied with

k(t,s) := G(t,s),

thus giving the desired result for (3.1) and (3.3).
We concentrate on the kernel and show that k(t,s) = G(t, s) satisfies (2.2)—(2.4)
with p =c0 and T = 1. As in [3], for convenience we let

o) :=y+0—yt and () :=p+at, t €[0,1].
Since ¢ is non-increasing, while v is non-decreasing, we obtain
k(t,s) < k(s,s), 0<t,s<1.
Define x € C[0, 1] by
K(s) :=k(s,s) = G(s,s), s € [0,1] (3.5)

and observe that
K(s) = k(s,s) > 0 for s € (0, 1).
Moreover, for ¢ € (0,1) we see that

k(t,s) _k(ts) _ ) ygo—yps 0<s<i<l1 g s 0<s<t<l
k(s)  k(s,s) ﬁ—|—oct’ O<t<s<l [3+<xt, 0<i<s<l
B+oas B+ o

(3.6)
Therefore, defining a € C[0,1] by

_GHo =B tat) _ d(Op(r)
(7 + 0B +2) 17

a(t) : , t €[0,1], (where n :=(y +9)(f + o)),

(3.7)
we see from (3.6) that

k(t,s) > a(t)x(s), 0 <t,s < 1.

Furthermore, one can verify that

a(t) > 0 for t € (0,1).
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We have thus shown that

there exists a € C[0, 1] with a(t) > 0 for t € (0, 1),
in addition to x € CJ[0, 1] with x(¢) > 0 for ¢t € (0,1),
such that a(t)x(s) < k(t,s) < k(s) for all t € [0,1], s € [0, 1].

Thus k(t,s) = G(t,s) satisfies (2.2) and (2.3) with p = o0 and T = 1. Finally, it is
clear that (2.4) holds (again with p =oc0c and T = 1).

In addition, if we assume that f : [0, 1] x [0,00) — [0,00) and g : [0, 1] x (0,00) —
[0,00) are such that (2.5)—(2.10) with ¢ = 1 and T = 1 are true (see previous section
for examples), then we have the following result for (3.3) (and hence (3.1)).

Theorem 3.1. Suppose that
G : [0,1] x [0,1] — [0,00) is as defined in (3.4) (3.8)
where o, §, 7,0 >0 and p :=7y + oy +ad >0 ’

holds and f : [0,1] x [0,00) — [0,00) and g : [0,1] x (0,00) — [0,00) satisfy (2.5)—
(2.10) with ¢ = 1 and T =1, where k € C[0,1] and a € C[0,1] are as described in
(3.5) and (3.7) respectively. Then (3.3) has at least one positive solution y € C[0, T]
and either

(A)O<R; <|ylo<Ryand y(t) = a(t)R; =0, t € [0, T] if Ri < Ry
or

B) 0 <Ry < |ylo <Ry and y(t) > a(t)R, =0, t € [0, T] if Ry < Ry
holds.

ProoF. The result follows from the above analysis and Theorem 2.1. H
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