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Abstract

Using Krasnoselskii’s fixed point theorem, the existence of positive solutions

of the possibly singular integral equation y(t) =

∫ T

0

k(t, s)[f(s, y(s)) + g(s, y(s))] ds,

t ∈ [0, T ] is discussed. An application to certain types of boundary value problems
is also considered.

1. Introduction

In this paper we discuss the existence of continuous, positive solutions of the
second-order boundary value problem −y

′′ = f(t, y) + g(t, y), t ∈ (0, 1)
αy(0)− βy′(0) = 0
γy(1) + δy′(1) = 0

(1.1)

where f : [0, 1]× [0,∞)→ [0,∞), g : [0, 1]× (0,∞)→ [0,∞) and α, β, γ, δ ≥ 0 with
ρ := γβ + αγ + αδ > 0. In addition, we assume that g(t, 0) is possibly undefined. We
note that (1.1) with g ≡ 0 has over the past fifteen years received some attention in
the literature (see [1]–[5] and the references therein). The boundary value problem
is of course equivalent to the integral equation

y(t) =

∫ 1

0

G(t, s)[f(s, y(s)) + g(s, y(s))] ds, t ∈ [0, 1], (1.2)

where the Green’s function is given by

G(t, s) =
1

ρ

{
(γ + δ − γt)(β + αs), 0 ≤ s ≤ t ≤ 1
(β + αt)(γ + δ − γs), 0 ≤ t ≤ s ≤ 1.

(1.3)
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Thus the question of proving the existence of positive, continuous solutions of (1.1)
reduces to proving the existence of positive, continuous solutions of a Fredholm
integral equation—a subject which has recently been of interest to the authors (see
[6]–[10]). Therefore, keeping the boundary value problem (1.1) in mind, in Section
2 we examine the possibly singular Fredholm integral equation

y(t) =

∫ T

0

k(t, s)[f(s, y(s)) + g(s, y(s))] ds, t ∈ [0, T ]. (1.4)

By singular we mean that g : [0, T ]× (0,∞)→ [0,∞) is such that g(t, 0) is undefined.
We place quite natural conditions on k, f and g to ensure that (1.4) has at least
one positive solution y ∈ C[0, T ]. In the first result we assume that (1.4) is singular,
while in the second result it is assumed that g(t, 0) is defined (allowing less restrictive
conditions to be placed on the kernel k).

An immediate application of our result will be to show in Section 3 that under
certain conditions on f and g the integral equation (1.2), where G is as defined in
(1.3), has at least one positive solution y ∈ C[0, 1]. Hence we also have an existence
result for the boundary value problem (1.1).

Finally, for our existence theorem we will use the fixed point theorem of Kras-
noselskii, which we now state along with the following definition which will be
required in the note.

Definition 1.1. Let I1, I2 be intervals in R and let q be such that 1 ≤ q ≤ ∞. A
function h : [0, T ]× I1 → I2 is Lq-Carathéodory if the following conditions hold:

(i) the map t 7→ h(t, y) is measurable for all y ∈ I1,

(ii) the map y 7→ h(t, y) is continuous for almost all t ∈ [0, T ],
(iii) for any r > 0, there exists µr ∈ Lq[0, T ] such that |y| ≤ r implies that
|h(t, y)| ≤ µr(t) for almost all t ∈ [0, T ].

We say that a function h : [0, T ]× I1 → I2 is Carathéodory if conditions (i) and (ii)
hold.

Theorem 1.1 [Krasnoselskii’s fixed point theorem]. Let E be a Banach space and let
C ⊂ E be a cone in E. Assume that Ω1, Ω2 are open subsets of E with 0 ∈ Ω1,
Ω1 ⊂ Ω2, and let

K : C ∩ (Ω2\Ω1)→ C

be a completely continuous operator such that either

(i) ||Ku|| ≤ ||u||, u ∈ C ∩ ∂Ω1 and ||Ku|| ≥ ||u||, u ∈ C ∩ ∂Ω2

or

(ii) ||Ku|| ≥ ||u||, u ∈ C ∩ ∂Ω1 and ||Ku|| ≤ ||u||, u ∈ C ∩ ∂Ω2

is true. Then K has a fixed point in C ∩ (Ω2\Ω1).
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2. Continuous positive solutions of an integral equation

Consider the singular non-linear integral equation

y(t) =

∫ T

0

k(t, s)[f(s, y(s)) + g(s, y(s))] ds, t ∈ [0, T ]. (2.1)

We place conditions on k, f and g and apply Krasnoselskii’s fixed point theorem to
ensure that (2.1) has at least one positive solution y ∈ C[0, T ].

Notation. We use |.|0 to denote the norm on C[0, T ], that is, for y ∈ C[0, T ],
|y|0 := max

t∈[0,T ]
|y(t)|. For y ∈ Lp[0, T ] the norm is given by

||y||p :=

(∫ T

0

|y(t)|p dt
) 1

p

for 1 ≤ p < ∞ and ||y||p := ess sup
t∈[0,T ]

|y(t)| for p = ∞.

However, to avoid repetition, throughout this paper for p = ∞ we will use
(
∫ T

0 |y(t)|p dt)1/p to denote ||y||∞.

Theorem 2.1. Let 1 ≤ p ≤ ∞ be a constant and q be such that 1/p+1/q = 1. Suppose
that 

there exists a ∈ C[0, T ] and t? ∈ [0, T ] with a(t) > 0 for
a.e. t ∈ [0, T ] and a(t?) > 0, in addition to κ ∈ Lp[0, T ]
with κ(t) ≥ 0 a.e. t ∈ [0, T ] and ||κ||p > 0, such that
a(t)κ(s) ≤ k(t, s) for all t ∈ [0, T ], a.e. s ∈ [0, T ],

(2.2)

kt(s) : = k(t, s) ≤ κ(s) for all t ∈ [0, T ], a.e. s ∈ [0, T ], (2.3)

the map t 7→ kt is continuous from [0, T ] to Lp[0, T ], (2.4)

f : [0, T ]× [0,∞)→ [0,∞) is Carathéodory, with f(t, y) non-decreasing in y, (2.5){
g : [0, T ]× (0,∞)→ [0,∞) is Carathéodory, with
g(t, 0) undefined, and g(t, y) non-increasing in y,

(2.6)

f(t, y) + g(t, y) > 0 for y > 0, t ∈ [0, T ], (2.7)

∫ T

0

[f(s, R) + g(s, R̃a(s))]q ds < ∞ for any constants R, R̃ > 0, (2.8)

there exists R1 > 0 such that 1 <
R1∫ T

0

κ(s)[f(s, R1) + g(s, R1a(s))] ds

(2.9)
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and

there exists R2 > 0, R2 6= R1, such that 1 >
R2

a(t?)

∫ T

0

κ(s)[f(s, R2a(s)) + g(s, R2)] ds

(2.10)
hold. Then (2.1) has at least one positive solution y ∈ C[0, T ] and either

(A) 0 < R1 < |y|0 < R2 and y(t) ≥ a(t)R1 ≥ 0, t ∈ [0, T ] if R1 < R2

or

(B) 0 < R2 < |y|0 < R1 and y(t) ≥ a(t)R2 ≥ 0, t ∈ [0, T ] if R2 < R1

holds.

Proof. Define the operator K by

Ky(t) :=

∫ T

0

k(t, s)[f(s, y(s)) + g(s, y(s))] ds, t ∈ [0, T ]

and let the cone Ca be given by

Ca := {y ∈ C[0, T ] : y(t) ≥ a(t)|y|0 for all t ∈ [0, T ]}.
In addition, define ΩR1

and ΩR2
by

ΩR1
:= {y ∈ C[0, T ] : |y|0 < R1}

and

ΩR2
:= {y ∈ C[0, T ] : |y|0 < R2}

respectively, and suppose in what follows that R2 < R1. (A similar argument holds
if R1 < R2.) Since we intend to apply Krasnoselskii’s fixed point theorem we first
show that

K : Ca ∩ (ΩR1
\ΩR2

)→ Ca is a compact operator (2.11)

(and hence completely continuous).
Let y ∈ Ca ∩ (ΩR1

\ΩR2
). Then

0 < R2 ≤ |y|0 ≤ R1 and 0 < R2a(t) ≤ y(t) ≤ R1, a.e. t ∈ [0, T ]

and (2.5) and (2.6) yield

0 < f(t, y(t)) + g(t, y(t)) ≤ f(t, R1) + g(t, R2a(t)) a.e. t ∈ [0, T ].

(Note that since a(t) > 0, a.e. t ∈ [0, T ] and hence 0 < R2a(t) ≤ y(t), a.e. t ∈ [0, T ],
we have that g(t, y(t)) is measurable for a.e. t ∈ [0, T ].) From this inequality and
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(2.8) we obtain∫ T

0

[f(s, y(s)) + g(s, y(s))]q ds ≤
∫ T

0

[f(s, R1) + g(s, R2a(s))]
q ds < ∞, (2.12)

that is, f(t, y(t)) + g(t, y(t)) ∈ Lq[0, T ] for y ∈ Ca ∩ (ΩR1
\ΩR2

). Now for t, t′ ∈ [0, T ]
we have from (2.3) and (2.12) that

|Ky(t)−Ky(t′)| ≤
(∫ T

0

|kt(s)− kt′ (s)|p ds
) 1

p
(∫ T

0

[f(s, R1) + g(s, R2a(s))]
q ds

) 1
q

holds, and hence from (2.4) we see that

|Ky(t)−Ky(t′)| → 0 as t→ t′ for y ∈ Ca ∩ (ΩR1
\ΩR2

) (2.13)

is true. Consequently

K : Ca ∩ (ΩR1
\ΩR2

)→ C[0, T ] is well defined.

In addition, for y ∈ Ca ∩ (ΩR1
\ΩR2

), condition (2.2) yields

Ky(t) ≥ a(t)
∫ T

0

κ(s)[f(s, y(s)) + g(s, y(s))] ds, t ∈ [0, T ],

while (2.3) ensures that

|Ky|0 ≤
∫ T

0

κ(s)[f(s, y(s)) + g(s, y(s))] ds, t ∈ [0, T ].

Combining both of these inequalities we see that for y ∈ Ca ∩ (ΩR1
\ΩR2

),

Ky(t) ≥ a(t)|Ky|0
and therefore

K : Ca ∩ (ΩR1
\ΩR2

)→ Ca is well defined.

We next use the Arzéla–Ascoli Theorem to prove that the operator K : Ca ∩
(ΩR1
\ΩR2

)→ Ca is compact. For y ∈ Ca∩ (ΩR1
\ΩR2

), we obtain from (2.3) and (2.12)

|Ky|0 ≤ ||κ||p
(∫ T

0

[f(s, R1) + g(s, R2a(s))]
q ds

) 1
q

≡M < ∞

—thus K(Ca ∩ (ΩR1
\ΩR2

)) is uniformly bounded. In addition, (2.13) immediately
guarantees the equicontinuity of K(Ca ∩ (ΩR1

\ΩR2
)). Therefore the compactness

of K : Ca ∩ (ΩR1
\ΩR2

) → Ca now follows from the Arzéla–Ascoli Theorem. In
conclusion we have shown that (2.11) is true.

To apply Krasnoselskii’s fixed point theorem it remains to show that

|Ky|0 < |y|0 for y ∈ Ca ∩ ∂ΩR1
(2.14)
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and

|Ky|0 > |y|0 for y ∈ Ca ∩ ∂ΩR2
(2.15)

hold. Let y ∈ Ca ∩ ∂ΩR1
. Then |y|0 = R1 and

0 ≤ a(t)R1 ≤ y(t) ≤ R1, t ∈ [0, T ],

therefore by (2.3), (2.5), (2.6) and (2.9)

|Ky|0 ≤
∫ T

0

κ(s)[f(s, y(s))+g(s, y(s))] ds ≤
∫ T

0

κ(s)[f(s, R1)+g(s, R1a(s))] ds < R1 = |y|0.

Hence (2.14) is true.
Now let y ∈ Ca ∩ ∂ΩR2

. Then |y|0 = R2 and in addition

0 ≤ a(t)R2 ≤ y(t) ≤ R2, t ∈ [0, T ].

Then from (2.2), (2.5), (2.6) and (2.10) we obtain

|Ky|0 ≥ Ky(t?) ≥ a(t?)
∫ T

0

κ(s)[f(s, y(s)) + g(s, y(s))] ds

≥ a(t?)
∫ T

0

κ(s)[f(s, R2a(s)) + g(s, R2)] ds > R2 = |y|0.

Thus (2.15) holds.
With the conditions of Krasnoselskii’s fixed point theorem satisfied, we are

guaranteed that the operator K has a fixed point in Ca ∩ (ΩR1
\ΩR2

), that is, (2.1)
has a positive solution y ∈ C[0, T ] with 0 < R2 < |y|0 < R1 and y(t) ≥ R2a(t) ≥ 0,
t ∈ [0, T ]. (It is clear that an analogous result holds if R1 < R2.)

Remark 2.1. Note that the solution y ∈ C[0, T ] of (2.1) guaranteed by Theorem 2.1
is positive whenever a ∈ C[0, T ] is, since either

y(t) ≥ R1a(t) ≥ 0, t ∈ [0, T ], or y(t) ≥ R2a(t) ≥ 0, t ∈ [0, T ]

is true. Clearly, then, if a is strictly positive on [0, T ], that is, a(t) > 0 for t ∈ [0, T ],
then the solution too must be strictly positive on [0, T ].

The assumption that g : [0, T ]× (0,∞)→ [0,∞) is such that g(t, 0) is undefined
in Theorem 2.1 forces a ∈ C[0, T ] in (2.2) to be strictly positive for a.e. t ∈ [0, T ].
However, this assumption on a ∈ C[0, T ] can be relaxed if g(t, 0) is defined for a.e.
t ∈ [0, T ]. We just state the result as the proof is almost identical to that of the
proof of Theorem 2.1.
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Theorem 2.2. Let 1 ≤ p ≤ ∞ be a constant and q be such that 1/p+1/q = 1. Suppose
that (2.3), (2.4), (2.9), (2.10),

there exists a ∈ C[0, T ] and t? ∈ [0, T ] with a(t) ≥ 0,
t ∈ [0, T ] and a(t?) > 0, in addition to κ ∈ Lp[0, T ]
with κ(t) ≥ 0 a.e. t ∈ [0, T ] and ||κ||p > 0, such that
a(t)κ(s) ≤ k(t, s) for all t ∈ [0, T ], a.e. s ∈ [0, T ],

(2.16)

f : [0, T ]× [0,∞)→ [0,∞) is Lq-Carathéodory, with g(t, y) non-decreasing in y,
(2.17)

g : [0, T ]× [0,∞)→ [0,∞) is Lq-Carathéodory, with g(t, y) non-increasing in y,
(2.18)

and 
∫ T

0

κ(s)[f(s, R) + g(s, Ra(s))] ds > 0 and∫ T

0

κ(s)[f(s, Ra(s)) + g(s, R)] ds > 0 for any R > 0

(2.19)

hold. Then (2.1) has at least one positive solution y ∈ C[0, T ] and either

(A) 0 < R1 < |y|0 < R2 and y(t) ≥ a(t)R1 ≥ 0, t ∈ [0, T ] if R1 < R2

or

(B) 0 < R2 < |y|0 < R1 and y(t) ≥ a(t)R2 ≥ 0, t ∈ [0, T ] if R2 < R1

holds.

Remark 2.2. It may not be immediately obvious what type of functions f and g

satisfy conditions (2.9) and (2.10) of Theorem 2.1. In fact these conditions are quite
general and are satisfied by a fairly large class of functions. We illustrate below with
some examples. While we will discuss examples of functions f and g which satisfy
(2.9) and (2.10), to simplify the examples and avoid getting lost in details we will
assume that k satisfies the hypotheses of the following special case of Theorem 2.1.

The following result is a special case of Theorem 2.1 where a ∈ C[0, T ] is strictly
positive and f : [0, T ] × [0,∞) → [0,∞) and g : [0, T ] × (0,∞) → [0,∞) are both
continuous.

Theorem 2.3. Suppose that (2.3), (2.4) with p = 1, and (2.9) hold and suppose also
that there exists t? ∈ [0, T ] such that (2.10) is true. In addition, assume that there exists a ∈ C[0, T ] with a(t) > 0 for t ∈ [0, T ], in addition to

κ ∈ L1[0, T ] with κ(t) ≥ 0 a.e. t ∈ [0, T ] and ||κ||1 > 0 such that
a(t)κ(s) ≤ k(t, s) for all t ∈ [0, T ], a.e. s ∈ [0, T ]

(2.20)
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and f : [0, T ]× [0,∞)→ [0,∞) is continuous, with f(t, y) non-decreasing in y,
g : [0, T ]× (0,∞)→ [0,∞) is continuous, with g(t, y) non-increasing in y
and f(t, y) + g(t, y) > 0 for y > 0, t ∈ [0, T ]

(2.21)
hold. Then (2.1) has at least one strictly positive solution y ∈ C[0, T ] and either

(A) 0 < R1 < |y|0 < R2 and y(t) ≥ a(t)R1 > 0, t ∈ [0, T ] if R1 < R2

or

(B) 0 < R2 < |y|0 < R1 and y(t) ≥ a(t)R2 > 0, t ∈ [0, T ] if R2 < R1

holds.

Proof. Conditions (2.2)–(2.7) and (2.9)–(2.10) of Theorem 2.1 hold with p = 1. The
strict positivity of a ∈ C[0, T ], along with the fact that f and g are continuous,
implies that (2.8) holds with q = ∞. The result now follows from Theorem 2.1.

In the following three examples we assume for simplicity that a and κ are as
described in Theorem 2.3.

Example 2.1. Suppose that f(t, y) = yn, n ≥ 0 and g ≡ 0. Clearly (2.21) is satisfied.
Fix t? ∈ [0, T ] and note that since 0 < a(t) ≤ 1, we have, for all n ≥ 0,

a(t?)

∫ T

0

κ(s)an(s) ds ≤ ||κ||1 =

∫ T

0

κ(s) ds.

First, assume that 0 ≤ n < 1, that is, f exhibits sublinear growth. Then (2.9) and
(2.10) are satisfied with R2 < R1 such that

0 < R1−n
2 < a(t?)

∫ T

0

κ(s)an(s) ds ≤ ||κ||1 < R1−n
1 .

Alternatively, assume that f is superlinear, that is, that f(y) = yn where n > 1. Now
(2.9) and (2.10) are satisfied with R1 < R2 such that

Rn−1
1 <

1

||κ||1 ≤
1

a(t?)

∫ T

0

κ(s)an(s) ds

< Rn−1
2 .

Example 2.2. Suppose that f ≡ 0 and g(t, y) = y−n, n ≥ 0. It is easy to see that
(2.21) holds. Fix t? ∈ [0, T ] and observe that

a(t?)||κ||1 ≤ ||κ||1 =

∫ T

0

κ(s) ds ≤
∫ T

0

κ(s)a−n(s) ds.
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On this occasion (2.9) and (2.10) are satisfied with R2 < R1 such that

R1+n
2 < a(t?)||κ||1 ≤

∫ T

0

κ(s)a−n(s) ds < R1+n
1 .

Example 2.3. Let f(t, y) = 1 + ym + yn, 0 ≤ m < 1 < n and g ≡ 0. Fix t? ∈ [0, T ].
Since

R

a(t?)

∫ T

0

κ(s)[1 + am(s)Rm + an(s)Rn] ds

→ 0 as R → 0+ and R →∞,

there exists 0 < r < r̃ such that (2.10) is satisfied with both R2 = R′2 and R2 = R′′2
where R′2 ∈ (0, r) and R′′2 ∈ (r̃,∞). In addition, if

sup
R∈[0,∞)

R

||κ||1[1 + Rm + Rn]
> 1

then there exists R1 > 0 which satisfies (2.9). Here 0 < R′2 < R1 < R′′2 .

Remark 2.3. One advantage of the theorems in this section is that in certain cases
it may be possible to apply the theorem repeatedly to an integral equation to
yield multiple positive solutions. For example, suppose that the kernel k satisfies the
hypotheses of Theorem 2.3 and the functions f and g are as described above in
Example 2.3. Then one application of Theorem 2.3 will yield a positive solution
y1 ∈ C[0, T ] of (2.1) where

0 < R′2 < |y1|0 < R1 and 0 < a(t)R′2 ≤ y1(t) < R1, t ∈ [0, T ],

while a second application will guarantee the existence of a solution y2 ∈ C[0, T ]
such that

0 < R1 < |y2|0 < R′′2 and 0 < a(t)R1 ≤ y2(t) < R′′2 , t ∈ [0, T ].

3. An application

In this section we apply Theorem 2.1 to prove that, under certain conditions on
f and g, the boundary value problem −y

′′ = f(t, y) + g(t, y), t ∈ (0, 1)
αy(0)− βy′(0) = 0
γy(1) + δy′(1) = 0,

(3.1)

similar to that discussed in [3]–[5], has one (or more) continuous, positive solution(s).
Here α, β, γ, δ ≥ 0 and

ρ : = γβ + αγ + αδ > 0. (3.2)
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Since the boundary value problem is equivalent to the integral equation

y(t) =

∫ 1

0

G(t, s)[f(s, y(s)) + g(s, y(s))] ds, (3.3)

where the Green’s function is given by

G(t, s) =
1

ρ

{
(γ + δ − γt)(β + αs), 0 ≤ s ≤ t ≤ 1
(β + αt)(γ + δ − γs), 0 ≤ t ≤ s ≤ 1,

(3.4)

we show that under certain hypotheses on f and g the conditions of Theorem 2.1
are satisfied with

k(t, s) : = G(t, s),

thus giving the desired result for (3.1) and (3.3).
We concentrate on the kernel and show that k(t, s) = G(t, s) satisfies (2.2)–(2.4)

with p = ∞ and T = 1. As in [3], for convenience we let

φ(t) : = γ + δ − γt and ψ(t) : = β + αt, t ∈ [0, 1].

Since φ is non-increasing, while ψ is non-decreasing, we obtain

k(t, s) ≤ k(s, s), 0 ≤ t, s ≤ 1.

Define κ ∈ C[0, 1] by

κ(s) : = k(s, s) = G(s, s), s ∈ [0, 1] (3.5)

and observe that

κ(s) = k(s, s) > 0 for s ∈ (0, 1).

Moreover, for t ∈ (0, 1) we see that

k(t, s)

κ(s)
=
k(t, s)

k(s, s)
=


γ + δ − γt
γ + δ − γs , 0 ≤ s ≤ t < 1

β + αt

β + αs
, 0 < t ≤ s ≤ 1

≥


γ + δ − γt
γ + δ

, 0 ≤ s ≤ t < 1

β + αt

β + α
, 0 < t ≤ s ≤ 1.

(3.6)
Therefore, defining a ∈ C[0, 1] by

a(t) : =
(γ + δ − γt)(β + αt)

(γ + δ)(β + α)
=
φ(t)ψ(t)

η
, t ∈ [0, 1], (where η : = (γ + δ)(β + α)),

(3.7)
we see from (3.6) that

k(t, s) ≥ a(t)κ(s), 0 ≤ t, s ≤ 1.

Furthermore, one can verify that

a(t) > 0 for t ∈ (0, 1).
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We have thus shown that there exists a ∈ C[0, 1] with a(t) > 0 for t ∈ (0, 1),
in addition to κ ∈ C[0, 1] with κ(t) > 0 for t ∈ (0, 1),
such that a(t)κ(s) ≤ k(t, s) ≤ κ(s) for all t ∈ [0, 1], s ∈ [0, 1].

Thus k(t, s) = G(t, s) satisfies (2.2) and (2.3) with p = ∞ and T = 1. Finally, it is
clear that (2.4) holds (again with p = ∞ and T = 1).

In addition, if we assume that f : [0, 1]× [0,∞)→ [0,∞) and g : [0, 1]× (0,∞)→
[0,∞) are such that (2.5)–(2.10) with q = 1 and T = 1 are true (see previous section
for examples), then we have the following result for (3.3) (and hence (3.1)).

Theorem 3.1. Suppose that{
G : [0, 1]× [0, 1]→ [0,∞) is as defined in (3.4)
where α, β, γ, δ ≥ 0 and ρ : = γβ + αγ + αδ > 0

(3.8)

holds and f : [0, 1] × [0,∞) → [0,∞) and g : [0, 1] × (0,∞) → [0,∞) satisfy (2.5)–
(2.10) with q = 1 and T = 1, where κ ∈ C[0, 1] and a ∈ C[0, 1] are as described in
(3.5) and (3.7) respectively. Then (3.3) has at least one positive solution y ∈ C[0, T ]
and either

(A) 0 < R1 < |y|0 < R2 and y(t) ≥ a(t)R1 ≥ 0, t ∈ [0, T ] if R1 < R2

or

(B) 0 < R2 < |y|0 < R1 and y(t) ≥ a(t)R2 ≥ 0, t ∈ [0, T ] if R2 < R1

holds.

Proof. The result follows from the above analysis and Theorem 2.1.

References

[1] C. Corduneanu, Integral equations and stability of feedback systems, Academic Press, New York, 1973.

[2] C. Corduneanu, Integral equations and applications, Cambridge University Press, New York, 1991.

[3] L.H. Erbe and H. Wang, On the existence of positive solutions of ordinary differential equations,

Proceedings of the American Mathematical Society 120 (1994), 743–8.

[4] L.H. Erbe, S. Hu and H. Wang, Multiple positive solutions of some boundary value problems, Journal

of Mathematical Analysis and Applications 184 (1994), 640–8.

[5] W. Lian, F. Wong and C. Yeh, On the existence of positive solutions of non-linear second order

differential equations, Proceedings of the American Mathematical Society 124 (1996), 1117–26.

[6] M. Meehan and D. O’Regan, Positive solutions of singular and nonsingular Fredholm integral

equations, Journal of Mathematical Analysis and Applications 240 (1999), 416–32.

[7] M. Meehan and D. O’Regan, Multiple nonnegative solutions of nonlinear integral equations on

compact and semi-infinite intervals, Applicable Analysis 74 (2000), 413–27.

[8] M. Meehan and D. O’Regan, Positive solutions of singular integral equations, Journal of Integral

Equations and Applications 12 (2000), 271–80.

[9] M. Meehan and D. O’Regan, Positive Lp solutions of Fredholm integral equations, Archiv der

Mathematik 76 (2001), 366–76.

[10] D. O’Regan and M. Meehan, Existence theory for nonlinear integral and integrodifferential equations,

Kluwer Academic Publishers, Dordrecht, 1998.


