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ABSTRACT

In this paper we provide a mathematical analysis of an effect whose signifi-
cance for the diffusion of zinc in gallium arsenide has recently been indicated. The
relevant model is of kick-out type and involves both doubly and triply charged self-
interstitials; it can be written as a coupled pair of non-linear diffusion equations.
Both numerical and asymptotic results are presented. It is found that the model is
capable of reproducing much of the behaviour observed in experimental profiles. The
singular perturbation analysis reveals the range of validity of the various regimes,
as well as yielding other information about the diffusion processes.

1. Introduction

Modern semiconductor devices are given their electrical properties by intro-
ducing impurities into selected areas of the semiconductor substrate. The diffusion
mechanisms which govern the redistribution of impurity in compound III-V semi-
conductors such as gallium arsenide (GaAs) are complex and involve the interaction
of the impurity atoms with point defects, such as vacancies and self-interstitials, in
the crystal. Self-interstitial atoms are host atoms which occupy interstitial sites in
the crystal. Bosker et al. [2] have recently presented evidence for the significance
of both doubly and triply negatively charged self-interstitials in determining the
nature of the diffused profiles of zinc in gallium arsenide, zinc being one of the main
impurities used to dope gallium arsenide. The purpose of this paper is to present
an asymptotic analysis, using matched asymptotic expansions, which clarifies the
various regimes involved, indicating their range of validity as well as quantifying the
types of non-linear profile observed. Numerical solutions illustrating the asymptotic
results are also given.

The model we study is a variant of the kick-out model originally proposed by
Gosele and Morehead [3]; a more recent reference, which includes certain charge
effects, is Yu et al. [11]. In the kick-out mechanism an interstitial atom becomes
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FiG. 1—Experimental Zn diffusion profiles in GaAs taken from Bosker et al. [2]. Diffusion

times: 7.25h, 29h and 116h. The solid lines represent some of their numerical solutions
of a kick-out model. Copyright (1995) by the American Physical Society.

substitutional by knocking a host atom into an interstitial site, the reverse process
also being allowed. A substitutional impurity atom can move by first being knocked
onto an interstitial site by a self-interstitial. The impurity atom can then diffuse
interstitially before returning to the substitutional state by forcing a host atom into
an interstitial site. In the present model, the self-interstitials come in two types, doubly
and triply positively charged, and a derivation of the relevant governing equations
is given below. These charge states have been suggested by experimental results [2]
and are consistent with theoretical predictions [1]. More detailed descriptions of
the kick-out mechanism can be found in [2], [3] and [11], which also contain other
relevant references.

The diffusion of zinc in gallium arsenide is very complex, with a number of
qualitatively different in-diffusion profiles being observed in experiments; see [11], in
which three distinct categories of profiles for this system are identified. As indicated
above, this complexity is due to the interaction between impurity and native defects
in the crystal; the concentrations of the various defects are sensitive to the particular
conditions of a given diffusion, leading to the wide variety of observed behaviours.
A particularly interesting category of experimental profiles have a double concave
shape; see Fig. 1, where we have reproduced experimental data of this kind from [2].
Bosker et al. [2] have shown that a kick-out model which incorporates both doubly
and triply charged self-interstitials can reproduce the double concave behaviour,
and this is confirmed by the mathematical analysis of this paper; see, in particular,
Section 4 below.
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2. Model and non-dimensionalisation

The species involved (see [2]) are zinc interstitials Zn;", zinc substitutionals Zn;
and doubly and triply charged gallium self-interstitials IZG‘; and I3G“; We make the
usual assumption that the relevant reactions

Znf = Zn; + 1%, (2.1)
Zh+ht =1 (2.2)
Zn' +ht = Zn; + 13, (2.3)

are in equilibrium, h™ denoting a hole. This leads (in view of the principle of detailed
balance) to the two mass action relations

¢i = kicgea, c3 = kacop (2.4)

where ¢; = [Zn],¢; = [Zngl,ca = [I51],¢5 = [157],p = [h*] and k; and k, are
constants. Conservation of impurity implies that

0 0 (0c;i ¢ 0p
~es+ce)=Di— | 5= ——=2 ) 2.5
Ot(c‘ +éi) 0x <0x P 0x> 25)

where D; is a constant (interstitial) diffusivity and the second term on the right-hand
side is the usual drift term arising from the motion of charged particles in an electric
field (see, for example, [11] and [5]). We thus also make the usual assumption
that the diffusivity of the zinc substitutionals is negligible. Conservation of gallium
similarly implies that

0 0 (0cy 2cy0p 0 (0dc3 3c3dp
—(c —¢)=Dr— | — — —— Di— | ———=-—+- 2.
a[(c2+03 ¢s) 2ox ( ) + 30x (6x p 0Ox (2:6)

where the diffusivities D, and D; are also taken to be constant; the —c, term appears
on the left-hand side because when reactions (2.1) and (2.3) occur in the leftward
direction the loss of a Zn; coincides with the gain of a gallium atom on a lattice
site. Equations (2.5)—(2.6) can alternatively be derived by initially not adopting
the assumption of reaction equilibrium, writing down individual reaction-diffusion
equations for each species, and taking appropriate combinations of these prior to
letting the reaction rate coefficients tend to infinity (cf. [4]).
Finally, we assume charge neutrality

p+2c+3c3+c¢i=n+c, (2.7)

where n = n?/p is the electron concentration, n; being a constant. This completes
the model except for boundary and initial conditions; we treat the case of a surface
source of impurity so that

* * * 2 * *® 3
¢ =c,ca=0c(p/p*) es=¢;(p/p")” onx=0,
¢ = 0,c0 = ¢3,¢3 = 3 as x — 400, (2.8)
cs=ci=0,c0=c,c3=c;,p=p-att=0



98 Mathematical Proceedings of the Royal Irish Academy

where x = 0 is the semiconductor surface and the intrinsic concentrations ¢, and ¢;
are related (see (2.4)) by

¢y =kachp',
p* is the positive root of
p*+2¢ + 3¢ =n/p’
(see (2.7)) and ¢} is the concentration of interstitial impurity induced by the source.

The conditions on x = 0 in (2.8) imply that the surface is in equilibrium.
We non-dimensionalise by writing

o=y =t =0 (P /p) oy 5= (PT/p7) 8,
p=P'p, t=Ti x=/D;Tc}/c:%,
where P* = (p)xo and ¢} = ¢} /kic; (P*/p*)z; P* is given by
P* +2¢5 (P*/p*)2 + 3¢5 (P*/p*)3 ¢ =n*/P" +c. (2.9)

Here T is some representative timescale. We note that, for the boundary and
initial conditions (2.8), the solutions to (2.4), (2.5), (2.6) and (2.7) are self-similar,
depending only on x/ \/f; we prefer not to work in terms of the corresponding
similarity ordinary differential equations since our asymptotic results are then almost
immediately applicable to more general initial-boundary value problems. Henceforth
we drop the hats, the dimensionless model then being:

Ci = CsC2,C3 = 2P,
(14 v — & — 26y — 3e3)p + &ici + 2e2¢2 + 3e3¢3 = ¢5 +v2/p,

0 0 (0c;i ¢ dp

—(cstec)=————=—1, 2.10
6t(c‘ - éici) ox <0x pOx) (2.10)
0 0 [0y 2cy0p 0 (dc3 3c30p
Gileertea —a) =g <ax » ax> gy (ax p ox)

¢s=ci=c=c3=p=1onx=0,
cs,ci—>0,cz—>52,03—>53,p—>5asx—>+oo,

cs=ci=0,c0=0%c3=0p=0datt=0,
where

* * * * * 2 * * * * 3 *
gi:ci/csﬂ 82202(1) /p) /cs» 83:C3(P /p) /cs>
0 =p"/P*, v=mn/\/P*c, y» = D2&s/Dizi, 73 = D3&3/De;,

where we have used (2.9). The values of these parameters are sensitive to the
particular conditions of a given diffusion experiment and can vary considerably.
However, ¢ and ¢; are usually small (as are 6 and ¢;); for example, one of the
experiments of [2] has ¢, &3 = 0(107") (and y, = 0(1073), y3 = 0(1072)). Moreover,
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in their simulations they adopt parameter values corresponding to y,, y3 lying in
the ranges (a) y2+ 73 > 1, (b) y3 < 72 < 1 and (¢) 72 < y3 < 1, indicating the
possible extent of variation of such quantities. Experimental data which illustrate
the complexity of the Zn/GaAs system can be found in, for example, [10], [7], [9]
and [2], the variety of qualitatively different profiles which arise again serving to
emphasise the value of investigating in full the (y,,y3) parameter space. It will be
seen that the model discussed here is capable of reproducing many of the features
of the experimental profiles. The parameters are related by

(1 4+v? — & — 2ey — 3e3)0 + 2620° + 3e36° =2 /6. (2.11)

In dimensionless terms, the supersaturations for the two species of self-interstitials
are defined (cf. [2]) by

Sy =c¢y/p® and S3 = ¢3/p°. (2.12)

Since we have assumed reaction equilibrium, we have S, = S;.

3. Asymptotic analysis
3.1. y2=73=0(1)

Introduction. Two asymptotic limits need to be addressed to describe the required
range of behaviour. The quantities ¢;,¢,¢3,v and 6 are all small in practice with,
from (2.11), v ~ 6. In this subsection we consider the case where the other quantities,
y1 and y,, are O(1). As indicated in [2], this will enable us to characterise the variety
of diffused profiles which the model may predict. A numerical solution for the defect
concentrations for this parameter regime is illustrated in Fig. 2; it may be helpful
to refer to this in the subsequent analysis. The system was integrated numerically
using a simple explicit time-stepping procedure on a uniform mesh, standard finite
difference approximations being used for the derivatives. Time-stepping is applied
to equations (2.10); and (2.10)4 and the remaining (algebraic) equations then used
in determining the values of each of the dependent variables at the new time-step;
sufficient grid points were used to capture any rapid variation in the behaviour.
It should be noted that, for the high concentration regions, the substitutional
concentration is essentially the total impurity concentration since ¢; is small. We
now describe the asymptotic structure for this regime.

High concentration (surface) region. The most important region in practical terms
is the surface region x = O(1). Adding the third and fourth equations of (2.10) and
taking ¢;, &, 3,v,0 —> 0 gives to leading order

p=cs 2 =cifcs, 3= (3.1)

and, integrating once,

de; ¢ 0 dc 2¢y 0 dc 3¢50
de _adp (cz_ézp> 7 (w_wp) —o: (3.2)
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F1G. 2—A numerical solution corresponding to case (a) of [2]; the parameter values are
v2=73=10,¢ =6 =& =v =001

the right-hand side of (3.2) must be zero in order to match into the regions below.

Hence
dc; 1 3 3
<1+”+~/3) = (+Vj+ ”)ei,
Cs dCS Cs Cy C

N

which is separable and, using ¢; = ¢; = 1 on x = 0, yields

¢ = (1472 +73) 75 /(2 + (1 +73)e) ™7 (3.3)
and hence
dcy 0 dcy
—=—|(D — 4
“_ 2 ( r(e) 6x) (34)
where the effective diffusivity is given by
Degglcs) = 2(1 42 4 73) ™5 3 (12 + 73¢5) /(72 + (1 + 73)es) 5. (3.5)
Equation (3.4) is to be solved subject to

cs=1onx=0,
cs — 0 as x > +oo,
cs=0attr=0.

The expression (3.5) is the main result of this subsection, containing cases (a)—(c) of
[2] as limit cases and embodying the full range of diffused profiles illustrated there.
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Limit cases of (3.5) are

(i) 72> lory>1 Dess ~ 2¢3; (3.6)
(i) 72 < land y3 <1 Doy ~ 2(p3¢s +72)/cs. (3.7)

Here (i) is equivalent to case (a), and (ii) incorporates cases (b) and (c), of [2]. The
second limit is a particularly significant one, as we shall see below. The expression
(3.7) holds for ¢, = O(1) but is not uniformly valid: for all y,,y; we have from (3.5)
that

2
Desr ~2((1+72473)/72) 7 ¢; as ¢; — 0 (3.8)
which is degenerate, so that the solution to (3.4) is compactly supported with ¢, =0
for x > ¢q(t), say. In case (ii), (3.7) must thus be supplemented with
Desf ~ 29263 /(cs + 72)’ for ¢g = O(72),
and a uniformly valid representation for y,,73 < 1 is thus

Degy ~ 2¢3(p3¢s + 72)/(cs + 7). (3.9)

This is a non-monotonic function of ¢, providing an explanation of the kinked
types of profile observed in practice (cf. Fig. 3; the diffused profiles there should be
contrasted with those of Fig. 2).

Effective diffusivities can be obtained from experimental profiles by using
Boltzmann—Matano analysis; see, for example, [8]. Fitting (3.5) to a diffusivity
obtained in that fashion would make possible the estimation of the physical par-
ameters.

Transition layer. When ¢, becomes of O(v) the balance in the charge neutrality
condition becomes more complex. This happens for z = O(1), where x = q(t) + v’z
and ¢(t) is given asymptotically by the edge of the support of the solution to (3.4).
The other scalings required are

cs =vCs,¢; =v>Ci,ca =v2Cy,c3 =v3Cy,p=vP
and, to leading order,

Ci=CCy, C3=CP, P=Cs+1/P,

o (3G, CiaP\ _ aC,

az(az—paz>— PP (3.10)
0 (96 _2GoPN _

0z \ 0z P o0z)

Matching with the surface region yields

Cy = ((1+72+73)/y2) ™5 P2, (3.11)
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Fi1G. 3—A numerical solution corresponding to case (b) of [2]; the parameter values are
2 =73 =0.005, ¢ =& =¢ =v =001

implying from (3.10) an effective diffusivity for C; of

3

Des(Cs) = (1472 +73)/72) 5 (Cs +/C+ 4>\ /4/CE +4, (3.12)

which matches with (3.5) for large C; but is bounded away from zero. Equation
(3.10) can be integrated to yield

(14792 473)/72) 77 (P2 +1In(P? — 1)) = —z.

_1
Outer region. Here we have x = ¢, > X, ¢y and ¢; are exponentially small and the
self-interstitial concentrations drop back to their equilibrium values, as required by
(2.10). Scaling according to

¢ = 62c;,C3 = 53c§,p = (32pT

gives at leading order

d=d.p' =1,

act %}

o T Paxe 3.13
ot 2ex? (3.13)
T 2

= ((L+72+73)/72) ™ on X =0,

c;—>1asX—>+oo,

d=tatr=0
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where we have used from (2.11) that v ~ § and have matched using (3.11). Hence

c; = ((1 + 72 +y3)/y2)# erfc (X/\/Zyzt) + erf (X/\/2y2t) .

The condition on X = 0 quantifies the degree of self-interstitial supersaturation.

3.2 92 = 0(&2),y3 = O(e3)
Introduction. The limit discussed here is of particular physical significance, enabling

us to analyse physical effects, such as electrical compensation of Zny; by I,

indicated in [2]. We note that there are serious difficulties in treating such effects
numerically, both because the system is highly stiff and because it is necessary
in practice to calculate the impurity profile over many orders of magnitude, but
that they are amenable to the asymptotic approach we now outline. We write
y2 = I'ey, 3 = 363, this choice of scalings being based on the assumption that D,
and Dj are comparable. We assume that ¢,/e3 = O(1).

In Fig. 3 we plot a numerical solution for the substitutional concentration for
this parameter regime, this case corresponding to case (b) of [2].

High concentration region. Writing x = (I 232)% y, the leading order problem is
ci=p=c¢=c3 =1,
0cs 0 1 T3e3\ Ocs
(o= +228) %), (3.14)
ot dy cs  TIaey) 0Oy
In order to match, the non-linear diffusion equation (3.14) is to be solved subject to
cs=1ony=0,
_10¢s
¢s—0, ¢, — —0asy— +oo,
ay
¢cs=0att=0;
it contains the expected form of effective diffusivity (cf. (3.7)). We have
cs ~ 4t/y? as y —> +c0.
Outer region. We scale
1
x=I7Y,c, =eCc;=eC,p==eaP,c; =003 =C3

to give to leading order, if § < &,

Ci=C,Cy, C3=0C,P, (3.195)
P +2C,=C, (3.16)
0C, 0 (0C; C;0P
a1 (aY_PaY)’ (3.17)
0 0 (3G, 2C,0P)
7G-S =5 (ay pay> ’ (3.18)
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electrical compensation (i.e. the significant reduction in hole concentration below
the substitutional impurity concentration) at diffusion temperatures due to doubly
charged self-interstitials is clear from (3.16). Further analytical progress is not
possible as it stands, but we now exploit the further limit I, — 0, which is also
justifiable on physical grounds ([2]). We then have from (3.17) that, to leading order,
C;=P,so

C,=C,/(Cs+2), Ci=P =C;/(Cs+2),C3=C]/(Cs +2),

and (3.18) leads to the single non-linear diffusion equation

0 (CS(CSJF 1)) 0 (2(CS+3)0C5)

ot \ (Cs+2) Y \(C;+2)2 oY )’

Cy~4t/Y?as Y — 0T, (3.19)
C,—>0asY — +oo,

C,=0atr=0,

from which an effective diffusivity, which may again be assessed against experimental
profiles and is bounded away from zero, can be obtained. We note that C; ~ C/2
holds as Y — o0, so that almost exact electrical compensation occurs in the
far-field.

The structure of the solution to (3.15)—(3.18) in the limit I';, — 0 contains
two further (narrow) regions at large Y ; the need for such interior layers is made
clear by noting that the solution to (3.15)—(3.18) is in fact compactly supported,
with C; = C, = C;, =P =0 for Y > Q(t) for some Q(t) (and C; = O(P),C, =
O(P?),C; = O(P?) as Y — Q7). Close to Q(t) the solution to (2.10) contains other
narrow regions in which ¢, and c3 drop to the values required by (2.10). All of these
layers are of very low impurity concentration and we omit details. We should note
here that the solution to the full problem (2.10) is not in fact compactly supported,
but does have very abrupt impurity fronts for the physically relevant parameter
regimes (see Section 4).

In view of formulations such as (3.19), some comments concerning Boltzmann—
Matano analysis are in order. Quantities which can be measured experimentally
include the total impurity profile (here C; to leading order) and the carrier concen-
tration. These often satisfy equations of the form (cf. (3.19))

1 d d du
- g1 (Fan = 5 (D) (3.20)
where 1 = x/t%. It follows from (3.20) that

1d “  ,dF
D(u) = —Ed—Z(u)/O n(u)d—i(u )du . (3.21)

In the conventional cases in which the Boltzmann—Matano technique is applied we
have F(u) = u and (3.21) enables D(u) to be determined by measuring #(u); more
generally, however, (3.21) merely provides one relationship between D and F and
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(d) y2 = 0.05, y3 = 0.005.

specific assumptions concerning the diffusion mechanism, such as those which have
led us to (3.19), must be adopted in order for F and D to be determined separately.

4. Discussion

In this paper we have analysed a version of the kick-out model involving both
doubly and triply charged self-interstitials, a system which has been previously pro-
posed for the technologically important Zn/GaAs system. We begin the discussion
by referring to some further numerical results (Figs 4 and 5) since these will feature
again below. Inspecting Figs 2 and 3, it is clear that there can be a dramatic dif-
ference in the diffusion behaviour between those cases for which y,,7; = O(1) and
those for which vy,,7;3 < 1. In view of this, it is clearly of interest to investigate the
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Fi1G. 5~—Numerical solution of equations (10) illustrating doubly concave shape of impurity
profiles. The parameter values are y, = 0.001, y3 = 0.01, & = &, = &3 =v = 0.01.

behaviour for some intermediate regimes for y, and y;. In Fig. 4 we plot numerical
solutions for four such cases, Fig. 4(c) capturing best the transition between the
behaviours illustrated in Figs 2 and 3. Some of the features of the impurity curves
illustrated in Fig. 4 can be explained using the appropriate effective diffusivity for the
substitutionals and some discussion of this is given below. We note the distinctive
character of the self-interstitial and self-interstitial supersaturation curves in each of
the four graphs.

In Fig. 5 we plot a numerical solution of particular interest, for which y, <
y3 < 1. The impurity profiles have a doubly concave shape, of a type which has
often been observed in experimental profiles; see, for instance, [9], [7] and [6]. In [6]
the doubly concave shape was explained using a model which involved two charge
states for the impurity interstitials rather than the self-interstitials, which they took
to be singly positively charged; our results indicate that the current model provides
a plausible alternative mechanism. The nature of the impurity profile displayed in
Fig. 5 can be explained using the effective diffusivity for the substitutionals (see
below).

One of the principal results of this paper is the derivation of an effective diffusivity
which encompasses (a)—(c) of [2]. In the high concentration surface region, in which
cs/c; = 0(1), this diffusivity (3.5) takes the dimensional form

2
21 y3) TR e
Degy(ce) = (1+72+73) *(yz+y33fs/cs) ¢ <y “1)

343 2
(124 (L +p3)eg/es) ™ &€

* *
S S

while in the low concentration tail region, with ¢,/c; = O(v) < 1, we have from
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F1G. 6—Plots of the effective diffusivity for the substitutionals as given by (36). We plot ¢;/c;
against Dss(cs/c;)/D; for v = 0.01, ¢} /c; = 0.1 and with (a) y, =73 =1, (b) y» = 0.1,
y3 = 0.01, (c) y2 =0.01, y; = 0.1.

(3.12) the dimensional form

2 3
(1 492+ 73)/72) *= (cs/cf: +/e3/e? + 4v2) ¢!
Deff(CS) = = iDl
4\/c2/ct? + 42 Cy

It is useful to give a single composite expression which we construct from (4.1)—(4.2)
as a multiplicative composite, in the form

(4.2)

2 3
(L4792 4737 (124 7y3¢5/c)) (cs/c': +/e2/er + 4v2> *
Dess(cs) = 3 —D;. (43)

+~," .
4 (y2 + (1 + y3)es /) T /22 + &2 ¢

We note that this effective diffusivity is bounded away from zero, with

2 ¥

Degyles =0) = (L4724 73)/72) 75 v LD, (44)
and solutions for the diffusivity (4.2) are therefore not compactly supported. How-
ever, (4.4) is in practice often extremely small compared to D; since v and c;/c; are
usually small, leading to solutions with rather abrupt fronts, as described above. In
Fig. 6 we plot the effective diffusivity (4.3) for three sets of values of y, and y; which
relate to cases (a), (b), (c) of [2]; it is noteworthy that for each of these cases the
diffusivity has a very different character, accounting for the distinctive nature of the

impurity profiles for each of the three regimes.
We now note some important limiting cases of the above composite expression.
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When either y, > 1 or y3 > 1 we have

3
(cs/c:+\/c§/c;‘2+4v2) C;D
4\/c2/c:? + 4v2 "

It is noteworthy that this effective diffusivity does not depend on D, or Dj, the
diffusivities for the self-interstitials. From Section 2 we recall that y, = Dj&/D;¢;
and y; = Diée3/D;g;, so the current limit may be interpreted as that in which the rate
limiting step in the incorporation of substitutional impurity into the crystal is the
relatively slow in-diffusion of the interstitial impurity from the surface. From (4.5),
we have in the high concentration region c;/c; = O(1) that

2 &
Dess ~ 2 (c> %Di

CS S

Dejs(cs) ~ (4.5)

and this power law expression explains the ‘box-type’ shape for the impurity profiles
which are obtained numerically in this regime (Fig. 6, case (a)).

Another limit of interest which gives rise to impurity profiles with a distinct
character is y, < 1 and y; < 1, which may be interpreted as rapid in-diffusion of
impurity from the surface. In this limit, the effective diffusivity is given in dimensional
terms by

Cs

3
(CS/C: + C%/sz + 4v2) (D282 + D383CS/C;> (C’; ) 3 c;

Desy(cs) ~ PN o -, (4.6)

c
which does not depend on the impurity interstitial diffusivity D;. In the high con-
centration region c/c; = O(1) we have

*
N

2 DzSzC:/Cs+D3S3 c;
Deg(cs) ~ (Daszc )*l' *7

& )

o

*
N

Two distinct subcases are worthy of mention here. Firstly, if 1 > y, > 73 then (4.7)
gives

Doy ~ 2D, 25,
1 N

and this fast diffusion (negative power law) form accounts for the convex shape in
the calculated shape for the impurity profile in the surface region for this parameter
regime. This is illustrated in the numerical solution displayed in Fig. 4 (c), where
the convex shape of the substitutional profile near x = 0 is clear. In Fig. 6, case (b),
an effective diffusivity is plotted for this regime which exhibits the 1/¢y behaviour
for higher concentrations. For lower concentrations, the effective diffusivity drops to
the value given by (4.4).

The second subcase of (4.7) which we discuss is 1 > y3 > 7, and we then have
constant diffusivity

&3 C;
Deys(cs) ~ 2D bl

i Gy
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leading to the classical complementary error function shape in the diffused profiles.
The effective diffusivity for this regime is plotted in Fig. 6, case (c), where the
expected behaviour is reproduced. Interestingly, the diffusivity is seen to rise steeply
as ¢g approaches zero and this is explained by inspecting equations (4.3) and (4.4)
and noting the small value for y, chosen to obtain this plot. Numerical solutions for
this regime are given in Fig. 4 (a) and Fig. 5, where the error function character of
the substitutional profile near the surface is apparent.

We are now in a position to give an explanation of the impurity profiles displayed
in Fig. 5 with 1 > y3 > vy, (see also the experimental data displayed in Fig. 1); it
should be stressed that the significance of this parameter regime was identified by the
asymptotic analysis. As already remarked, the diffusivity is approximately constant in
the high concentration surface region c¢,/c; > Da&r/Dses (= y2/73 < 1), explaining
the erfc shape there. However, inspecting (4.7), we see that for ¢;/c; = O(Dje,/Dse3)
the effective diffusivity is also contributed to by a c;/c; term. If we also recall the
discussion of Section 3.1.2, we have that for (y, =)D2e2/Dig; < ¢5/c; < Daga/Dses
the effective diffusivity is dominated by the c¢;/cs term and hence the ‘kink’ in the
intermediate part of the curves. Equation (3.9) gives the more complex dependence
for the diffusivity when c¢;/c; = O(D,&/Dje;). However, for v < ¢s/c; < Dyey/Die,
the diffusivity is approximately proportional to ¢2 and this accounts for the second
concave region. For concentrations with ¢;/c; = O(v), we recover an effective
diffusivity of the form (4.2).

It should be noted that the governing system of equations which we study
(see (2.10)) differs in a number of important respects from those implicit in [2]. In
particular, we have assumed throughout that the kick-out reactions are in equilibrium
and this led to a governing system of two non-linear diffusion equations and three
algebraic relations. This system was integrated and we did not obtain the discrepancy
between S, and S3 in the far-field found in [2] in which reaction equilibrium was
not enforced, leading to the numerical difficulties noted there.

In Fig. 2 we have plotted a numerical solution for y, = y3 = 1. It is noteworthy
that, for the regime y, = y3 = O(1), in the outer region where the impurity concentra-
tions are exponentially small, the self-interstitial supersaturations are monotonically
decreasing (see (3.13)). The maximum value of ¢ is given at leading order by

2D;e;
((Di‘gi + Dyey + D3es) /ngz) DDy |

which is a convenient way of quantifying the degree of self-interstitial supersatura-
tion.

In Section 3.2 we considered the case y, = O(¢;), 73 = O(e3), in which a more com-
plicated balance occurs in the outer region. As noted above, the regime 7,,7; < 1
corresponds to the relatively rapid in-diffusion of impurity interstitials from the
surface and is of physical relevance; considering this limit enabled us to quan-
tify another effect noted in [2], namely the electrical compensation of negatively
charged substitutionals by doubly charged self-interstitials over part of the diffused
profile. The expression for charge neutrality, (2.7), implies that p ~ ¢, in the high
concentration regions. Interestingly, however, for the scaling considered in Section
3.2 the analysis reveals that, some way into the semiconductor, the substitutionals
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are balanced by self-interstitials as well as holes, with p + 2¢; =~ ¢;. Even further
in, the substitutionals can be balanced almost entirely by the doubly charged self-
interstitials, so that 2¢, =~ ¢,, implying almost complete electrical compensation in
that region.

We conclude by noting that our analysis may also allow the convenient estimation
of physical parameters appearing in the model. The identification of a uniformly
valid effective diffusivity combined with the use of Boltzmann—-Matano analysis on
experimental impurity profiles would allow the estimation of model parameters.
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