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ABSTRACT

We define and investigate general mixed-norm type sequence spaces, and
strengthen inequalities of Hardy-Littlewood, Hausdorff—Young, and others.

Introduction

Since the time of Hardy and Littlewood, mixed-norm and related spaces have
been used to study Taylor coefficients in function spaces on the unit disk, and later
to study multipliers between such spaces; for example, see [9], [2], [13], [3], [5], [6],
and the many references in those papers. Here, we define very general mixed-norm
spaces in Section 1, and investigate their interaction with multipliers in Section 2;
in particular, we generalise a result of Kellogg. In Section 3, we prove mixed-norm
containments involving H? which strengthen results due to Hardy—Littlewood, Flett,
Hausdorff~Young, and Kellogg. Our results have also found applications in the
investigation of restricted solidity for function spaces [4].

1. Preliminaries

Throughout this paper, D = {z € C : |z| < 1}, dA(z) = nldxdy (z = x + iy)
is normalised area measure, and #(ID) is the algebra of holomorphic functions in
ID. We identify any function f € #(ID) with its Taylor sequence (a,),—,, and adopt
the conventions 1/c0 = 0, 1/0 = o0, 0- 00 = 0, and x"/* = x* = 1, for all x > 0.
For any exponent 1 < p < oo, p’ is the dual exponent p/(p — 1). In proofs, we use C
to denote any constant that does not affect the argument; it can change from one
instance to the next. If A and B are positive quantities, A < B means that 4 < CB
for some such C, and 4 ~ B means that 4 < B and B < 4.

H? is the well-known Hardy space HP? on the unit disk and, for p,q € (0,00],
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€ (0,00), we write f € H(p,q,t) if f € A(ID) and ||f| H(pq,) < o0, Where

/4

1f M = { (Jo My 11 = o= ‘dr) , q<w,
SupPg<p<1 (1 — r) p(raf), q = 0.

As usual, M,(r,f) denotes the L’ mean of f at radius 0 < r < 1. In particular,
we have the Bergman spaces AP = H(p,p,1/p), 0 < p < oo. Using fractional dif-
ferentiation, we shall soon extend the definition of H(p,q,t) to all t € R (and all
0 < p,q < 0); the above definitions are, however, valid only for ¢t > 0.

X and Y will always be sequence spaces, and 4 a sequence. If a is a sequence, a,
is its nth term; the same convention applies to all unsubscripted letters. We say that
A is a multiplier from X to Y, denoted A € (X,Y), if Tha= (J,a,) € Y foralla € X;
we call T, a multiplier operator from X to Y. We often write AX in place of T,;X,
and XY = J,.y AY. Fractional differentiation multipliers D' = ((n+1)"), t € R, will
be of particular interest; the associated operator will also be denoted D'. Flett [8]
showed that D'H(p,q,s) = H(p,q,s+1), s,t > 0. Thus we can define H(p, q,t), t <0,
by H(p,q,t) = D—*H(p,q,s +t) for any s > —t. Note that H(p,c0,0) and H? are not
the same, e.g. f(z) = 1/(1 —z) € H(1,00,0)\ H', since f’ € H(1,0, 1).

A vector space X is sized if it is equipped with a size function || - ||x : X — [0, 0]
satisfying the equation [lax|x = |o||x|[x for all x € X, « € C (thus |0|x = 0).
Wherever we define a space X and a quantity || - | x (above, and in the remainder of
this paper), | - || x is a size function, as the reader may verify. If X is sized, then D*X
is sized by pulling back the size function. For the sake of a definitive size function
on H(p,q,t), t <0, let |flH(pgn = HDl_tfHH(p’q’l) in this case.

Let A, k > 0, be the multiplier given by the characteristic function of Iy, where I},
is the kth dyadic block of integers, ie. Iy = {0} and I} = {2¥71,..., 2k — 1}, k € N. Let
Sk be the operator which selects and shifts to an initial position the kth dyadic block
of a sequence; thus Si((as),—y) equals (aop,...) if k = 0, or (ay-1,...,ax_1,0,0,...)
if k > 0. If 4, B are sequence spaces and # = (By) is a sequence of sized spaces,
the ‘mixed-norm’ space A[B] consists of all sequences 4 such that each Sy4 € By,
[SkAllg, < oo, and (|SkillB, )i~y € A. If A is also sized, then we give A[Z] the size
function || 4[4z = || (ISkAl )% o0 |l4. We mainly consider the special case B, = B
for all k, and then write A[B] in place of A[#]. When all spaces are sized, we
can iterate this construction ‘from the inside outwards’ to get for instance A[B[C]],
where || 2 | aigrey = Il UISkAllBic))ieo l4- We shall only be interested in spaces A[B]
where || - |4, || - || happen to be shift-invariant, so we could have used 4; in place
of Sk in the above definition; however, the natural iterated definition requires S;. We
shall not need to use the completeness of mixed-norm spaces; we refer the interested
reader to [10].

An important example is the space [4[I’]; we often use the more common
notations I(p, q) and |||, 4 instead of I[I”] and | - ||y ; similarly, [(p, g,7) = I"[1[I"]],
etc.

If 0 < p,q < o0, we write p© q = r, where 1/r = max{1/p —1/4,0} € (0,c0].
The following is a result of Kellogg [12] when a,b,c,d > 1; it follows for all positive
exponents, since (4,) € (I(a,b),l(c,d)) if and only if ()»,1,/[) € (I(at,bt), l(ct, dt)).
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Lemma 1.1. If 0 < a,b,c,d < oo, then (I(a,b),l(c,d)) = l(c © a,d © b).

The following characterisation of H(p,q,t) hints at its natural connection with
mixed-norm spaces.

Lemma 1.2. Let t € R,0 < g <oc0. If 1 <p <0 then

1f lrpan = 17 AL 1e) l1os (L.1)

H(p,q,t) = D'I[H"]. (1.2)

(1.1) is due to Mateljevic and Pavlovic [13] for ¢ > 0; the case ¢t < 0 then follows
immediately. Equation (1.2), intuitively very similar to (1.1), will be the key to
proving Theorem 3.1. A version of (1.2) was proved in the case of A = H(p,p,1/p)
in [6], and our more general proof is very similar.

PrOOF OF LEMMA 1.2. In view of the above remarks, it suffices to prove (1.2).
Proposition 3.7 of [5] says that for 1 < p < oo, BV (the space of bounded variation
sequences) is a subset of (H?, H?), and thus also H? < (BV, H?). Applying the Closed
Graph Theorem to BV multipliers from H? to itself, and to H? multipliers from
BV to H?, we see that all of these multipliers are bounded. Applying the Uniform
Boundedness Principle to the family {7, : |A|py < 1} of multipliers from H? to
itself, it follows that |[(an,by) | < Cli(an)|Bv = ||(bn) mr-

To prove the result, we need to show that the quantities 27%||4;f|/z» and
| AxD~'/?f || gz are uniformly comparable in size. To change one of these expressions
to the other, we apply to f the multiplier 4,D~'/?(2K/?), or its ‘inverse’ 4, D/P(27%/P).
Both of these are in BV, with total variation at most 2!*1/?.  m

We end this section with an easy corollary of Lemma 1.2, which characterises the
monotonic sequences in H(p, q,t). This was done for 47 in [5]; we include a proof
for this more general situation for the sake of completeness.

Corollary 1.3. Suppose that a, > 0 for all n > 0, and that t € R, 1 < p < o0,
0<C <, 0<q <o If either

(1) (ay) is monotonic, or

(2) (an)ner, is monotonic and, for all n,m € Iy, a,, < Cay,
then

(an) e DiH1/p+l/g—1 14, g < o,
a,) € H(p,q,t) <
( Vl) (p q ) (an) c Dt+1/p71 loc, q = o0,
PROOF. It is not hard to show that for all n € Iy, | 32, ep, 2" e < 2k=1/p One

approach to justifying this is to write the sum as (sz —z")/(z — 1) and find upper
bounds for this expression for z = ¢’ in the ranges || < 27 and 27771 < |0] < 27/,
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j=0,...,k; we leave the details to the reader. Using monotonicity and the equation

§ apz" = Ay E z"+ § (an — an—1) E z"

nely nely 2k=l<nely n<mely

we see that

_ 1 _
| Zanz”ﬂm <220 (ab 4 ab ) P2V gy tay ).
nely

We now get one half of the equivalence by using Lemma 1.2 to deduce that

k(1—1/p— o
1 g S 17 aycs + an 1 o

The converse direction follows easily from Lemma 1.2 and the estimate

anz" || p = C2KP=V/P min g,
l g nZ e = e
This last inequality is immediate if one considers the real part of the left-hand sum

on the arc {z =¢" : 0] <27}, m

2. Mixed norms and multipliers

For this section, it is useful to define the families I* = {I? : 0 < p < o0} and
HI* =1"U{H? : 1 < p < o0}. We say that a sequence space X is solidly sized and
that || - |x is a solid size function if X is both solid and sized, and ||(x,)|x < [|(vn)lx
whenever (x,), (y,) € X, and |x,| < |y,| for all n € N. If Y, W are sized spaces, then
we associate with (Y, W) and Y W the size functions

14y wy = sup {1(Zayu)llw = lIylly <1},
Ixlyw =inf {ylly [wlw : (xa) = (awn), y € Y, w € W}

Using these size functions, we define the spaces (X,Z)[(Y,W)] and XZ[Y W],
whenever Y, W are sized (and these new spaces are sized if X,Z are also sized).

In general, the size function | - ||(y,w) might take on infinite values even if | - ||
takes on only finite values. However, if Y, W are complete quasi-normed spaces
(with their quasi-norms as size functions) on which the point evaluation functionals
are continuous, then the Closed Graph Theorem tells us that || - ||y w) takes on only
finite values. In particular, this is the case when Y, W € HI".

We are now ready to state the main result of this section. As it is rather abstract,
we give some applications before the proof. Note that each of the assumptions in
this theorem is hereditary, i.e. X[Y] satisfies the assumption if both X and Y do;
this allows us to use the theorem iteratively.

Theorem 2.1. Suppose that X,Z are solidly sized, that Y, W are sized, and that

3ICVk=0: ITeylly < Cllylly, (2.1)
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where Ty is the multiplier operator given by le‘:o Ai. Then (X[Y),Z[W]) =
(X,Z)(Y,W)], X[Y]Z[W] = XZ[Y W], and the associated size functions are also
comparable in both cases.

All [P spaces are solidly sized, and satisfy (2.1) with C = 1. Thus Theorem 2.1
allows us to reduce Lemma 1.1 to the unmixed case a = b, ¢ = d (in which case it
is easy to prove), and to extend it to the case of an arbitrary number of nestings. In
fact, writing p ® q = s, with 1/s = 1/q + 1/p, we have the following theorem.

Theorem 2.2. Suppose that j € N and that p;,q; € (0,00] for all 1 <i < j. Then
((p1s---pj): a1, -, q7)) = g1 © P-4 © P)), (22)

lpt,...,p)) lq15...,q;) =1(q1 ®p1,....q; ® p)), (2.3)

and furthermore the associated size functions are comparable.

PROOF. Since [P-type spaces satisfy all the assumptions of Theorem 2.1, (2.2) follows
inductively from Lemma 1.1 and Theorem 2.1. We similarly deduce (2.3) once we
establish it in the case j = 1. In this case, it is an easy application of Holder’s
inequality for [? spaces (including the condition for sharpness of this inequality).
The comparability of size functions follows from case j = 1, in which case it is easy
to establish (or follows from the Closed Graph Theorem). H

A special case of (2.2) (where all indices are at least 1, and p; = p, q; = ¢ for all
1 <i < j)is proved in [14], and the general case is conjectured to be true.

H? spaces satisfy (2.1) for 1 < p < oo, since BV < (H?, H?); see [5]. Thus, using
Theorem 2.1 and (1.2), we get (for any b,d € (0,0], s,t € R):

(H(a,b,s),H(c,d,t)) = D19’ [(H*, HY)], 1<a,c< . (2.4)

This identity connects some known results on A” and H? multipliers, e.g. the results
on (A?,A%) and (H?,HY) in [11]. Also, (2.4) gives the simple relation (47, A7) =
[°[(H?,H?)] when 1 < p < oo; these self-multipliers appear to be known only for
p=1,2 (see [6] for p =1).

If D is a fixed sequence space, the D-dual X” of a sequence space X is defined, as
in [1], to be (X, D). In particular, the Kothe dual XX of X is (X,I'). Using Theorem
2.1 inductively, we see that

Xi[ X K = XFLL XKLL (2.5)

as long as these spaces satisfy the assumptions of Theorem 2.1. For instance, (2.5)
is true if X, € HI* and X; € I*, 1 < i < n (the purely I? version of (2.5) is proved
in [14]). Note that the Kothe dual of X = H? (or IP), 1 < p < oo, equals H? (or 17,
respectively). Also we can replace the duals in (2.5) by D-duals, for any sized space
D satisfying D = D[D] and (2.1) (e.g. D =17, p > 0).
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PrROOF OF THEOREM 2.1. For both of our conclusions, showing that the spaces are
equal is similar to, but somewhat easier than, showing that the size functions are
comparable, so we prove only the size function inequalities.

We write X;, Y; and X[Y]; for the closed unit balls of X,Y,Z, respectively,
i.e. the set of all sequences in those spaces whose size function value is at most 1.
We also write Y/ for the collection of all y € Y; such that y, = 0 for all n > 2!
(all n > 0 if k = 0). Then X[Y]; consists precisely of the set of sequences a such
that Si(a) = x,y*, where (x;) € X1, and y* € Y} for all k > 0 (we could also assume
that [|yx|y € {0,1}, and x;, > 0, but we do not need to do so). It follows that if
Ae(X,Z)[(Y,W)], then

sup || ([ISk(2a) [ w) Iz

aeX[Y]

1Al xry1,zwy)

sup | (1xil - ISk(2Y*w) 12

xeXl,y“eYl"
< Su)? I (xil = ISk y.w) Iz = 1Al x.zyiy.wy-
XeX|

For the reverse direction, we need to reverse the one inequality above. Since S;4
has zero coefficients beyond position 2¢~!, (2.1) enables us to do precisely this (of
course, the inequality inherits C as a constant of comparability).

We next prove that X[Y]Z[W] and XZ[Y W] have comparable size functions.
Let a € XZ[Y W] and assume that N = |a||xzyw] < co. Then Sga = bi.ck, where
I(by)llxz = N, and each c* is in the closed unit ball of Y W. Letting ¢ > 0 be
arbitrary, we can, by suitable scaling, write b = xz where ||x||x, [z]z < (1 + e)N'/2,
and we can write each ¢, as yxwk, where [[yk|y, [wkllw < 1+ €. Thus a = de, where
Skd = x;y*, Sxe = z,wk. Since e > 0 is arbitrary, it is easy to deduce one half of the
result. The reverse inequality is easier, so we omit the proof. W

As the reader may check from the proof, Theorem 2.1 remains valid if we replace
Y and W by % = (Y;) and #" = (Wy), where each of the spaces Y, and W are sized
and Y = Y satisfies (2.1) with a constant independent of k. Naturally, the spaces
(Y,W) and Y W in the statement of this more general result are to be replaced by
sequences of spaces whose kth members are (Yj, Wy) and Y, W respectively.

3. Containments involving H” and mixed-norm spaces
The following is the main result of this section; it improves inequalities of
Hardy-Littlewood, Flett, Hausdorff-Young, and Kellogg.
Theorem 3.1. Let 1 < p < 2, and define Xo = Yo = H?, Zy = IV, X,, = IP[X,,_1],
Y = P[Ypotl, Zim = I*[Zn—1], for all m > 0. Then

.cXpcX,ic...cXycHcY|c...cY,_1cY, ...
N N N N
VW >Zi>...9Zn12Zp>...

Furthermore, every containment is proper if p < 2.
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We first discuss the containments above that can be found in the literature once
we recast them in the light of (1.2). This recasting is really the crucial step in the
proof of the containments, which then follow by easy induction arguments. First,
the containment X; = H? is equivalent by (1.2) to the statement D~"H(p, p,t) = H?,
for any t > 0, which in turn follows from a result of Flett [8, theorem 5]. Similarly,
(1.2) allows us to rewrite H? < Y| as H? = D~'H(p,2, 1); this containment is due to
Hardy and Littlewood (see [3, lemma D]). The imbedding H? < I? is the well-known
Hausdorff~Young Theorem [7, theorem 6.1]; it was strengthened by Kellogg [12],
who showed that H? = Z; = I(p/,2). We recently discovered that Ramanujan and
Tanovic-Miller [14] proved that H? = Z,,, m > 0, but our proof is much shorter and
very different. The other H? imbeddings appear to be new.

The fact that Z, = (), Zn is not equal to H?, p < 2, is proved in a non-
constructive manner in [14]. By our theorem, Z, contains |J,, Y., and so the
example of a sequence in Y; \ H? in our proof suffices to show that Z., + H’.

ProoF. The containments X| « H? <= Y; were proved above; induction readily gives
X < Xpu—1 and Y, < Y, for all m € IN. The Hausdorff—=Young Theorem implies
that Y,, « Z,,. The containment Z,, = Z,,_; is elementary.

It is left to show that these containments are proper if 1 < p < 2. We first
consider H?  Y;. By theorem 5.11 of [7], H? < H(2,p,1/p — 1/2) = D'/»=1/2](2, p).
By direct calculation, 2 = (n'/?~!(logn)~'/?), ¢ D/P=1/2](2,p), and so A ¢ HP.
However, 4 € H(p,2,0) = [>[H"], according to Corollary 1.3, and so Y; # H?.

To deduce inductively that Y, \ Y,,—; is non-empty, first note that the sequence
of Taylor polynomials of every f € X,, is norm-convergent to f; this was proved
by Zhu [15] for m = 0, and follows inductively for all m € IN. Suppose that the
containment Y,,_y < Y, is proper for m = i. By density of the Taylor polynomials,
we can find, for each j € N, polynomials f; of degree n; such that ||f;|x, = 1 but
Ifillx., = 2/. We choose integers 0 < k; < k» < ..., so large that 25 > n; for each
J.and let f(z) = 377, j_lzzkjfj(z). Then f € X;\ X;y1, as required.

Next, f(z) = Y02, n~rz*" € H?, and so f € H?, but clearly f ¢ IP[H]. The
proof that the containment X, = X, is proper for all m follows as before.

It is well known that the containment H? < [”" is proper (it follows, for instance,
from the fact that lacunary sequences are in H” if and only if they are in H?), and
it is easy to deduce that Y,, \ Z,, is non-empty (again using the norm-convergence
of Taylor polynomials). Similarly, the fact that each Z,,\ Z,,_; is non-empty follows
from the case m = 1. To prove this case, note that Y37, k=222 € I \ [(p/,2).

Applying duality with respect to the bilinear form < x,y >= Y7, x,J, (or,
equivalently, Kothe duality) in the above theorem, we get that

I(p,2,....2) c P[P[--I>[H"])---]]cH < IP[IP[--IP[H"]--]], 2<p <.
The above containments and those in the theorem all imply corresponding norm

inequalities by the Closed Graph Theorem, but we need large constants of compa-
rability if the mixed norms have many levels.
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Finally, we discuss some spaces that can be rewritten as spaces of the form
'AB]. If 0 < p<o0,0< g <oo,a>1/p,and b € R, let S(p,q,a,b) be the space
of all sequences a for which

1
lals(pg.an) = laol + [ (n Z(; la; )9 |l < 0.

This definition also makes sense for ¢ = co when we make the obvious adjustment,
and for a = 0 if p = c0. As a sample use of such spaces, we mention [9], where
Holland and Twomey showed that areally mean s-valent functions lie in X? =
S(p,2,2/p,1/2) if and only if they lic in H?, and one gets one-way containments for
more general functions. The following proposition indicates, in particular, that X?
is just a disguised form of the space D'/?~1/2](2, p).

Proposition 3.2. Suppose that 0 < p,q < o0, b € R, and that a > 1/p (or a = 0 if
p =o0). Then S(p,q,a,b) = D"l(q, p), where r = a—b—1/p. Furthermore, there exists
a constant C dependent only on p, q, and a such that

1/C< ”xHSpqab) SC
HXHD’l(qp

Proor. Without loss of generality, we may assume that b = 0 (since we may
replace (x,) by (y») = (n’y,), if necessary). We prove the result for g < co; the case
q = oo requires only minor adjustments. Let (x,) be a sequence, ¢, = (Z?Zl |x j|‘1)1/ 4,

and s = (Zjelk |xj|q)1/q. We first show that S(p,q,a,b) < D"l(q,p), so let (x,) €
S(p,q,a,0). If n € Iy, then s, < t, and so, assuming for now that p < co, we have

sz( ap+1) ¢ P < Zn aptp

n=1

Thus (a,) € D /?I(q, p), as required. In the case p = oo, we similarly have

1™ si) e < (7 t0) |-
Conversely, suppose that (a,) € D"l(q,p). Now t1 < ZI;ZI s‘; for all n € I.
Assuming for now that p < oo, and fixing € € (0,ap — 1), we have

p/q r/4q

S = Zn*“ptp < 22 k“pz Zs < k(1=ap) Zs;f

nely k=1 j=1

o0
< Z 2k(1—ap)
k=1

8
~

M»

2elk—) Si? (by Holder’s inequality)
i—1

0 )
_ Z 2—jeS§ 2k(1—ap+e) < Z zj(l—ap)sﬁ?’
j=1 k=j j=1

8 7
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as required. For the case p = oo, let us assume that |(an)llpaiqp) = N < co. Then
|27*as ]| ;= < N, and so [[(n7,)[|f. < [[(27* le;l s9)[i=. It is not hard to see that
this last quantity is at most CNY, as required.

The last statement of the proposition follows from the above estimates. MW

A related family of spaces of the form D'A[B] (discussed, for example, in [10])
are the spaces wg of sequences strongly (C, 1)-summable to zero with index g > 0,
ie. (a,) € w) if and only if lim,_. n~' Y71 | |a;|? = 0. We can show, as in the above
proof, that w) = D4¢[19].

ACKNOWLEDGEMENTS

This research was supported in part by Forbairt. Part of this paper was written
while the author was visiting the University of Jyviskyld in 1998; he wishes to thank
the Mathematics Department there for its hospitality.

REFERENCES

[1] J.M. Anderson and A.L. Shields, Coefficient multipliers on Bloch functions, Transactions of the
American Mathematical Society 224 (1976), 255-65.

[2] G. Bennett, D.A. Stegenga and R. Timoney, Coefficients of Bloch and Lipschitz functions, Illinois
Journal of Mathematics 25 (1981), 520-31.

[3] O. Blasco, Multipliers on spaces of analytic functions, Canadian Journal of Mathematics 47 (1995),
44-64.

[4] S. Buckley, Relative solidity for spaces of holomorphic functions, preprint (electronic), National
University of Ireland, Maynooth, posted May 1999 (see http://www.maths.may.ie/staff/
sbuckley/download.html).

[5] S. Buckley, P. Koskela and D. Vukotic, Fractional integration, differentiation, and weighted Bergman
spaces, Mathematical Proceedings of the Cambridge Philosophical Society 126 (1999), 369-85.

[6] S. Buckley, M.S. Ramanujan and D. Vukoti¢, Bounded and compact multipliers between Bergman
and Hardy spaces, Integral Equations and Operator Theory 35 (1999), 1-19.

[71 P.L. Duren, Theory of HP spaces, Academic Press, New York, 1970.

[8] T. Flett, The dual of an inequality of Hardy and Littlewood and some related inequalities, Journal
of Mathematical Analysis and Applications 38 (1972), 746-65.

[9] F. Holland and J.B. Twomey, On Hardy classes and the area function, Journal of the London
Mathematical Society 17 (1978), 275-83.

[10] A. Jakimovski and D.C. Russell, Representation of continuous linear functionals on a subspace of
a countable Cartesian product of Banach spaces, Studia Mathematica 72 (1982), 273-84.

[11] M. Jevtic and L. Jovanovic, Coefficient multipliers of mixed-norm spaces, Canadian Mathematical
Bulletin 36 (1993), 283-5.

[12] C.N. Kellogg, An extension of the Hausdorff—~Young Theorem, The Michigan Mathematical Journal
18 (1971), 121-7.

[13] M. Mateljevic and M. Pavlovic, LP behaviour of the integral means of analytic functions, Studia
Mathematica 77 (1984), 219-37.

[14] M.S. Ramanujan and N. Tanovi¢c-Miller, A generalization of the Hausdorff~Young Theorem, Acta
Mathematica Hungarica 81 (1998), 279-303.

[15] K. Zhu, Duality of Bloch spaces and norm convergence of Taylor series, The Michigan Mathematical
Journal 38 (1991), 89-101.



