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ABSTRACT

We show that the group C,_; is the split extension of n — 1 copies of the infinite
dihedral group (D) by the symmetric group of degree n—1 (S,—1). We also consider
some important subgroups of C,_i.

1. Introduction

The affine Weyl group of type C,_; is one of the infinite irreducible Coxeter
groups [11]. It has the following presentation:

Cot = (V1Yo aly? =0, 1<i<n,

yivi=yiyi, 1<i<j—1<n-—1,
ViVig1Vi = Vir1ViVirl, 2<i<n—1,
1y2)* = utyn)! =¢), n>3.

The graph associated with this group is

4 4
1 2 3 n—2 n-1 n
C, is the triangle group A(2,4,4) which is one of the Euclidean triangle groups.
It is an affine Weyl group [11].
In our paper [2], we showed that C; = Dfo 183, where D, is the infinite dihedral
group and Sj is the symmetric group of degree 3. The proof contained difficult and
tedious Tietze transformations. Some other properties of C3 were also considered.

2. The structure of C,_;

We show in this section that C,_; is the wreath product DS, (with the ‘natural’
action), which implies that C,_; = D! > S,_;. We begin with some notation and
a lemma. Let C,_; have the presentation given in §1. We consider the following
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presentation for S,_i, the symmetric group of degree n — 1:

2 .
Snfl:(xlast"'sxn*lei =e, lglgn_zs
XiXip1Xi = Xip1XiXiy1, 1<i<n—3,
Xixj=xjx;, 1<i<j—1<n—=3), nx=3.

Let A; = xpx3---x;, where 2 < i < n—2 and A; = e. We consider the following

presentation for 4 = D' = (aj,a,...,a,_1,b1,b2,....by_1|a? = b? = e, where
1<i<n—1:
aiaj = aja;, 1<i<j<n—1, foralli,j, (1)
bibj=bjb;, 1<i<j<n-—1, foralli,j, (2)
(libj= bjai lflﬁé]> (3)
To show that C,_; = le > S,_1, we use the method of presentations of group

extensions explained in [1]. We find an epimorphism 0: C,_; — S,_; such that the
extension

1o5ker0 > Chy > S —1 (I)

splits. It will be required to find a presentation for ker . We guess that it will be
isomorphic to A = D! (given by generators and relations). We then construct a
new short exact sequence (II), where 4 is embedded as a normal subgroup of a
group E (also given by generators and relations) in such a way that A4 is the kernel
of an epimorphism ¢': E — S,_;.

1> ket — Cpy 58 — 1 (1)
A I
1 Lo id

1> 4 - E 58,51 (IT)

Then we use the Tietze transformations to identify E with C,_i, ie. to find an
isomorphism ¢: E — C,_; that makes the right square above commute. It then
follows that 6 induces an isomorphism A — ker 0. It also follows that (II) is
isomorphic (as a short exact sequence) to (I), which means that we have a new
version of our original presentation in which the kernel is displayed explicitly.

We define the map 0: C,_; — S, by 0(y;) = x,_1, where 2 < i < n— 1,
0(y1) = 0(yn) = e. 0 is an epimorphism and the short exact sequence

l>ker » Cpy —> Sy — 1

splits because 0 is a retract. We define a natural action of the group S,—; on 4 as
follows:

X
(alaa27"'3ai5ai+1a"'5an71) t= (alaa27"-7al'+1>aia"'aan71)y

(blab27'”)bi:bH—l""’bn—l)Xi = (blab27"-7bi+17bi="'sbn—])’
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We change the action to the following form:

a1 ifi=k, l<i<n-2 4)
o' =9 @y ifi=k—1, 1<i<n-—2 (5)
a otherwise, 1<i<n-—2. (6)
by ifi=k, I<i<n-2 4)
bl =19 by ifi=k—1, l<i<n-—2 (5)
by otherwise , I1<i<n-—2. (6)

We now consider the group E, which is the split extension of 4 by S,_; with the
above action. A presentation for E is:

Si—
E = <a17a2)'°°)an—1’b1)b2a"'abl‘l—laxlaxZ)'")xn—z‘RA:RSII—laA ' 1>a

where RA are the relations of A, RS,_; are the relations of S,_;, and A5 is the
action of S,—; on A. Our aim will be to show that E is isomorphic to C,_;. We begin
by simplifying the relations of E using the following lemma.

Lemma 1. In S,_{ the following identities hold:
(i) Apxi = xip1 A if 2 <i<k,
(i) Apxi = Ay if i =k,
(i) Agxi = Dppr ifi=k+1,
(iv) Apxi =xi A ifi>k+1,
(V) DpAi=(x3x4 X)) DA if 2 < i <k,
(Vi) ApA;=(x3xg- X)) Dy if i > k.

PrOOF. We prove this lemma using the relations of the group S,_;.
(1) Axxi = (x2X3 " XiXip1 = X)X

= X2X3 U XX Xt X

X2X3 0 X 1 XXy * " X

Xig1X2X3 * " XiXjp1 " Xk

= Xj+1 Ak.

(i1), (iii) and (iv) are clear. (v) and (vi) are applications of (i) to (iv).

We observe that relation (4) implies that a' = a;11, where 2 < i < n— 2, which
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easily implies that a; = alA", where 1 <i < n— 1. Similarly relation (4') implies that
b; = blA", where 2 < i < n— 1. Using these two relations we simplify the presentation
of E as in the following proposition.

Proposition 2. In the group E the following holds:
(i) Relation (1) is equivalent to (a;x;)* = e.
(ii) Relation (2) is equivalent to (b1x;)* = e.
(ili) Relation (3) is equivalent to (a;xi1bix1)> = e.
(iv) Relations (5) and (5') become redundant.
(v) Relation (6) becomes (a1x;)* =e, 2<j<n-—2.
(vi) Relation (6') becomes (blxj)2 =e, 2<j<n-—-2

PrOOF. In all parts we use the relations a; = alA", and b; = blA", where 2 <i<n—1

together with Lemma 1.

(i) Relation (1) is aja; = aja;, where 1 < i < j<n—1. = aal’ = a}’a™,
Using (6), (6/) and Lemma 1 (v), we get (a;x;)* = e. Parts (ii) to (vi) are proved
similarly. ®

We observe that a, = xja;x;. Thus @y = x1ap;x; and a% = e. We change the
relations in the proposition as follows:

(arx1)t =e to  (xia)*=e,

(bixiaix1)’ =e to (bay)* =e,
(a1x;)? =e to  (x1a2x1x;)> = e.

Hence we get the following presentation for E:

2 2 2 2 2
E = <a2,b1,x1,x2,...,xn72|a2 =bj=x(=x3="""=X,,=¢,

(xi+xip1) =eifl<i<n-—3,
(xixj)f =eifl<i<j—1<n-—3,
(x1a)* = (b1x1)* = (b1w)* = e,

(x1aox1x;)? = (b1x;)> =e, 2<i<n—2).

We let u; = x;x;_1x; in the group S,, where 2 <i<n—1.

Lemma 3. The group S,_; has the presentation

G = (upuz,... U2, Xpall3 =15 =" =1, ,=x, ,=e,
(Uitir) =e, 2<i<n—4,
(u,'uj)2 =e, jFi+2,
(tn—2Xn2)" = (un_3x,2)° = ¢,
(Uixy_2)? =e, i+=n—2o0rn—3).
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The Coxeter graph of S,_; associated with this presentation is

15} ug U Yy Xp—2 z U7 us u3

where y or z is u,_, and the other is u,_3.

Proor. Using the relations of S,,_1, it is easy to see that ”12 =e, where2 <i<n—2.
We show that (ujui2)’ = e, where 2 <i<n—4.

(Uitti2)® = (XiXio1XiXi12Xi41Xi42)°
= XiXi—1XiXi42 Xi41 Xi42XiXj— 1 XiXj42 Xjp 1 Xi42 X Xij—1 Xi Xj42 Xj-1 Xi42
= Xi—1XiXi—1Xi+2Xip1 Xi+2Xi—1 XiXi—1 Xi+2 Xj+1 Xi+2Xi—1 XiXi—1 Xi+2 Xi+1Xi+2
= Xi1 Xip2 XiXjp1 XiXijp1 XiXi41 Xi—1Xi42

Xi—1Xj42Xji—1Xjt2 = €.

The other relations of G can be shown similarly. The graph is obvious from the
relations. W

Now we use the substitution u; = x;x;_1X; in the presentation of E and replace
the generators and relations of S,—; by those of G. We also do the following Tietze
transformations in E.

The relation (xja>x>x1)> = e becomes (a,us)* = e. The relations (xja>x;x;)> = e
become (ax;)> = e, which become (a2x,_»)> = e and (a>u;)*> = e, where 4 < i < n—2.
The relation (x; a;)* = e becomes (u3a,)* = e by using also (a,us)* = e. The relation
(b1x1)* = e becomes (bjuy)* = e. A presentation for E will be

E = <b1,u2,u3,...,un,z,xn,z,az\b% = u,2 = xiz = a% =e, 2<i<n-—2,

(uiuip2)’ =e, 2<i<n—4,
(uu)* =e, |i—jl #2,
(un—2xn—2)3 = (un—3xn—2)3 =e,
(Uixp_2)’ =e, i #n—2orn—3,
(biuz)* = (uza2)* = (b1a2)* = (b1xy—2)* = (a23x,—2)%,
(a2u2)2 = (012u,~)2 =e, 4<i<n-—2,
(biu;))> =e, 3<i<n—2).

The graph of E associated with this presentation is:
4 4

by uy ug ug X Xn—2 y u7 us u3 az

where x or y is u,_, and the other is u,_3.
This shows that E is isomorphic to C,_;, and hence C,_; is the split extension
of D=1 by S, ;.
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3. Important subgroups of C,_;

We let C,_; have the presentation given in section 1 and Z, has the presentation
(y|y? = e). We define the epimorphism 0: C,—1 — Z; by 0(x1) = y and 0(x;) = e,
for 2 <i < n. Then ﬁ = Z,. We use {e,x;} as a Schreier transversal for ker 0 in

C,_1. Using the Reidemeister—Schreier process, we find that ker 6 is isomorphic to
T, [6], the Coxeter group whose graph is

O O O O O O -
1 3 n—2 n—1 n

2

Thus we have shown that T, is a normal subgroup of C,_; of index 2.

We now consider an epimorphism from C,_, n>5to Z, x Z, = (Y1, 0aly? =
y3 = (ylyz) = ¢) defined by 0(x1) = y1, 0(x,) =y, O(x;) =e¢,for2<i<n—1.
Thus kenrle = 7, X Z; and {e, x1, Xy, X1x,} is a Schreier transversal for ker 0 in Cot.
The Reidemeister—Schreier process gives a presentation for ker 6 isomorphic to the
Coxeter group Q, whose graph is

O O O O n.
1 3

2 n—1

Thus the group Q, is a normal subgroup of C,_; of index 4. Using similar arguments
it is easy to see that Q, is a normal subgroup of T, of index 2 and that P, (the
Coxeter group whose graph is square) is a normal subgroup of Ty of index 2.

To find the centre of C,_; we use the fact C,_; = = D1 >4 8,1, which gives us
Z(C,, 1) € Z(D%Y) since Z(Sy—1) = {e}. It is easy to see that Z(Dy) = {e} and so
Z(Co1) € Z(D5') € (Z(D.))"~" = {e}. Hence C,_; has a trivial centre.
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