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ABSTRACT

Let F(X) denote the norm closure of the space of all finite-rank operators on a
Banach space X. We show that there are Banach spaces X for which the product
map a ® b — ab does not define a surjective map from the projective tensor product

F(X)®F(X) onto F(X).

Let X be a Banach space and let B(X) be the space of all bounded operators on
X equipped with the usual norm. Let F(X) denote the closure in B(X) of the set of
all finite-rank maps on X.

Niels Gronback asked me the following question: is it true that every Banach
space has the following property?

(P) The product map F(X)®F(X) — F(X) is onto, or equivalently there ex-
ists a constant C such that for any finite-rank map u: X — X, there are
finite-rank maps v,: X — X and w,: X — X such that u = > "v,w, and
D21 loall [wall < Cllull.

As observed by Grenbaek, any space with the bounded approximation property
has this property, while, at the other end of the spectrum, any Banach space X
such that X®X = X®X (as constructed in [4]) also satisfies (P) but fails the
approximation property. However, as shown by the next statement, which is the
main result of this note, there are intermediate cases for which (P) fails. This seems
to be the first application of the variant of the construction in [4] for the case of
cotype g with g # 2.

Theorem 1. There is a (separable) Banach space failing the above property (P). More
precisely, for any q > 2 any Banach space X, which is of cotype q and such that the
dual (X,)" is a GT space of cotype 2 (see below), but which contains ¢, isomorphically,
must fail (P).

Let us briefly recall some terminology. Let u: X — Y be an operator between
Banach spaces. Let 0 < p < ¢ < co. Then u is called (g, p)-absolutely summing (resp.
p-absolutely summing in case ¢ = p), if there is a constant C such that, for any finite
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sequence (x;) in X, we have

(S uaie) ™ < sup { (S reeor) 1€ e xir <1y

We denote by m, ,(u) (resp. mp(u) in case g = p) the smallest constant C for which
this holds. Actually, for short we will use the terms (g, p)-summing or p-summing.

A Banach space X is called of cotype g (¢ = 2) if there is a constant C such
that, for any finite sequence (x;) in X, we have

12
(i)™ < ([ 1 nomiar)

where we have denoted by (r;) the sequence of the Rademacher functions on the
Lebesgue interval.

As Grothendieck’s fundamental theorem shows (see [5]), there are Banach spaces
X (for instance X = L) such that every bounded operator u: X — /, is automat-
ically 1-summing. As in [4], we call these GT spaces. We refer the reader to [6]
and [5] for background on p-summing or (¢, p)-summing operators, and cotype of
Banach spaces.

Remark 2. Let X be a Banach space. It is proved in [4, proposition 1.11] that X~ is
a GT space of cotype 2 if and only if X satisfies the following: there is a constant
C such that, if we denote by R < L; the closed span of the Rademacher functions
in Ly over the Lebesgue interval, every v: R — X admits an extension #: L; — X
such that |7] < C|v].

Lemma 3. Let X be of cotype q = 2, and such that X* is a GT space of cotype 2.
Then there is a constant K' such that any finite-rank map u: X — X satisfies

mg2(u) < K'|Jul. (1)

ProOF. We refer to [3] for the definitions and the main properties of the K -convexity
constant of an operator u, which we denote, as in [3], by K(u) (precisely, this is
defined as the best constant in (3) below). It is proved in [3] that if X* has cotype
2 and X has cotype g then there is a constant K” such that every finite-rank map
u: X — X satisfies

K(u) < K"[Jul. (2)

Moreover, since X~ is a GT space of cotype 2, by Remark 2 we have the following
property: there is a constant C’ such that for any n and any xi,...,x, in X there is
a function @ € L*([0, 1]; X) such that for all i = 1,...,n we have

/ri(t)Q‘) dt=x; and || Lex max{(Z|f(x |2) |¢e BX.}.
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Using the very definition of K (u), this implies

1> ot

< K(u)||®
) WP r2x)

< K@C max (Y ieee) )

and since X is of cotype ¢ we conclude that m,,(u) < C'C"K(u) for some constant
C” (equal to the cotype g constant of X). Thus by (2) we obtain (1). W

Lemma 4. Let g > 2. Any space X of cotype q such that X* is a GT space of cotype
2, but which contains a subspace isomorphic to £y (or which contains /y’s uniformly,
in the sense of e.g. [5, p. 39]), fails the property (P) introduced above.

ProOF. By a result due to Konig—Retherford—Tomczak (see [6, §22] or [2]), if p < 2,
k>2and 1/p=1/q1+ -+ 1/q; where 2 < ¢q; < oo for each i = 1,...,k, there is a
constant B such that for any k-tuple ujy,...,u; of operators in B(X) we have

k

mo(uuy ... ux) < B an,qi(ui).
i=1

Now let us assume for simplicity that 2 < ¢ < 4. Then if we take k = 2 and
q1 = q2 = ¢, we have p < 2, so that this implies, using (1),

my(ow) < BK"|[v| [|w].
So if the property (P) appearing in Theorem 1 held, we would have, if u = > v,wy,
7 (S o) < BK2 S ol [wil
< CBK"|Jul,

hence, for all u: X — X with finite rank, m,(u) < CBK"|lu|. Now applying the
property again we obtain by a classical composition result of Pietsch (see [6, p. 55])

Ty (Z Unwn) < Z nZ(Un)TEZ(Wn)
< (CBK")*> " [[va]l [[wall
< C(CBK")|jul,

hence we find a constant K” such that any finite-rank u: X — X satisfies
i (u) < K"||ul,

and a fortiori satisfies

m1(u) < K" ms(u).



58 Mathematical Proceedings of the Royal Irish Academy

But now this fails when X > /,, ¢ > 2, because, by a standard argument (for details
see the equivalence of (iv), and (iv), in [1, proposition 2.1]), this implies that

and this obviously fails if the space /,, ¢ > 2, embeds into X. Indeed, it would
immediately follow that I15(/,/;) = B({s,/,), but it is easy to check that the
diagonal multiplication operators from 7, into /, are in general not 2-summing
when g > 2.

Similarly, if ¢ > 4 we choose an even integer m such that % < 1. By property
(P), any finite-rank u: X — X can be written as

Z vl(i)UZ(i) cee Um(i)
with finite-rank maps v;(i) such that

S o @) on(i) | < €l

Then the preceding argument leads again to ny(u) < K”|u|| for some constant K”,
which is impossible. W

PrOOF OF THEOREM 1. By [4, theorem 2.4], any space Y of cotype ¢ (resp. which is
separable) can be embedded in a space X of cotype g (resp. separable) such that
X" is a GT space of cotype 2. Then, by Lemma 4, it suffices to take ¥ = 7/, to
conclude. H

Remark. Let K(X) denote the space of all compact operators on X. It is apparently
not known whether there is a Banach space X such that the natural product map

K(X)®K(X) - K(X)

is not onto.
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