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Abstract

Let G be a group. We say that G ∈ C3 if and only if, for every (a, x1, x2, x3) ∈
G4, there exists a non-trivial permutation σ ∈ S3 such that [a, x1, x2, x3] =
[a, xσ(1), xσ(2), xσ(3)].

In this paper we prove that any finite group G ∈ C3 is soluble. Moreover, we
show that C3 is not a variety and we prove that metabelian groups form the largest
variety contained in C3.

1. Introduction

Let G be a group and n be an integer greater than 1. We say that G has rewritable
commutators of weight n if for each (x1, . . . , xn) ∈ Gn there exists a permutation
σ ∈ Sn − {1} such that

[x1, . . . , xn] = [xσ(1), . . . , xσ(n)]. (1)

Notice that in this definition the permutation σ depends on the choice of the n-tuple
(x1, . . . , xn) of elements of G. If σ is the same for any (x1, . . . , xn) ∈ Gn, we have the
variety Vσ defined by the identity (1).

If n ≥ 4 and σ = (1 2 3 . . . n), a result of I. Macdonald [5] ensures that the
variety Vσ is contained in the variety of nilpotent groups of class ≤ n− 1. If n ≥ 3
and σ = (n − 1 n), from a theorem of F. Levin [3] it follows that any group G

satisfying the identity (1) is such that [Γn−2(G),Γ2(G)] = 1. In 1970 N. Gupta and F.
Levin [1] proved that if σ 6= (1 2), then any group G ∈ Vσ is nilpotent-by-nilpotent;
if n > 2 and σ(n) 6= n, then any group G ∈ Vσ is abelian-by-nilpotent, and if
{1, 2} 6= {σ(1), σ(2)}, then Vσ is contained in the variety of nilpotent groups of
class ≤ n+ 1.

Groups with rewritable commutators of weight 2 constitute the variety defined
by the law [x, y]2 = 1 and described in [5].

In [4] P. Longobardi studied groups with rewritable commutators and, in par-
ticular, in the case n = 3. She proved that any finite group G of odd order having
rewritable commutators of weight 3 is nilpotent of class ≤ 3, and it is nilpotent of
class ≤ 2 if 3 does not divide its order. Moreover, each finite group with rewritable
commutators of weight 3 is p-nilpotent for any prime p 6= 2, 3, hence soluble.
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In this paper we consider particular classes of groups having rewritable com-
mutators. Let n be an integer > 1; we say that a group G is in Cn if for any
(a, x1, . . . , xn) ∈ Gn+1 there exists a non-trivial permutation σ ∈ Sn such that

[a, x1, . . . , xn] = [a, xσ(1), . . . , xσ(n)].

For n = 2 we get the class C2 that clearly is the variety defined by the identity

[x1, x2, x3] = [x1, x3, x2]. (2)

From lemma 2.1 of [3] it follows that C2 is the variety of nilpotent groups of
class ≤ 2.

We will now investigate the case n = 3.
First of all notice that C3 contains each one of the varieties defined by the identity

[a, x1, . . . , xn] = [a, xσ(1), . . . , xσ(n)],

where σ is a fixed permutation in S3 − {1}. All these varieties consist of metabelian
groups. In fact, by using the results of Levin [3], Macdonald [6], and Kikodze [2], we
have that if σ = (2, 3), the prescribed variety is the one of metabelian groups and in
each other case we obtain that this is the variety of nilpotent groups of class ≤ 3. So
any metabelian group is in C3. In [8] we observed that there exists a group G ∈ C3,
which is not metabelian. Such a group G is 2-metabelian, that is for any a, x ∈ G
the subgroup 〈a, x〉 is metabelian. This agrees with the result, also obtained in [8],
which ensures that any nilpotent group in C3 is 2-metabelian. Moreover, in [7] we
proved that if G ∈ C3 and it is periodic, with no involution, then G is 2-metabelian.
It is still an open question whether every C3-group is 2-metabelian. Notice that if
a finite group G is 2-metabelian, then it is soluble, as all finite non-abelian simple
groups are 2-generator. In the first section we will show that any finite group G ∈ C3

is soluble. In the second section we point out that C3 is not a variety and we prove
that metabelian groups form the largest variety contained in C3.

2. Finite groups in C3

The main result of this section shows that each finite group G ∈ C3 is soluble.
The proof is a consequence of a solubility condition holding for some (possibly
infinite) 2-generator C3-groups (Corollary 3) and the well-known theorem of Malle
et al. [6], which ensures that every finite non-abelian simple group is generated by
two elements, one of which is an involution.

First we need the following easy remark.

Proposition 1. Let G ∈ C3, a, x ∈ G and H be an abelian subgroup of G containing a.
Then the subgroup K = 〈 [a, x, a1] | a1 ∈ H〉 is abelian.

Proof. Since H is abelian, for any a1, a2 ∈ H we have [a, x, a1a2] = [a, x, a2a1], that is

[a, x, a2][a, x, a1][a, x, a1, a2] = [a, x, a1][a, x, a2][a, x, a2, a1]. (3)

Consider the commutator [a, x, a1, a2].
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From G ∈ C3 it follows that either [a, x, a1, a2] = 1 or [a, x, a1, a2] = [a, x, a2, a1].
Suppose [a, x, a1, a2] = 1 and consider [a, x, a2, a1]. Again from G ∈ C3 it follows
that either [a, x, a2, a1] = 1 or [a, x, a2, a1] = [a, x, a1, a2]. So in any case [a, x, a1, a2] =
[a, x, a2, a1] and from (3) it follows that

[a, x, a1][a, x, a2] = [a, x, a2][a, x, a1].

Hence K is abelian.

In particular, from Proposition 1 it follows that if G ∈ C3 then for any a, x ∈ G
the subgroup A = 〈[a, x, an] | n ∈ Z〉 is abelian.

Now we are able to prove the key lemma.

Lemma 2. Let G = 〈a, x〉 ∈ C3. If o(x) = 2, then the abelian subgroup A = 〈 [a, x, an] |
n ∈ Z〉 is normal in G.

Proof. Obviously a ∈ NG(A), so we have to show that x ∈ NG(A).
Notice that from o(x) = 2 it follows that

[a, x, x] = [x, a][a, x]x = [x, a]2 and [x, a, x] = [a, x][x, a]x = [a, x]2.

Moreover, for every n ∈ Z,

[x, a, an] = [[a, x]−1, an] = [an, [a, x]][a,x]−1

= ([a, x, an]−1)[a,x]−1

. (4)

In particular, [x, a, a][a,x] = [a, x, a]−1 and

[a, x, a]x = [x, a, ax] = [x, a, a[a, x]] = [x, a, a][a,x] = [a, x, a]−1. (5)

We claim that [a, x] ∈ NG(A). To start with, we show that A[a,x] ⊆ A, that is
[a, x, an][a,x] ∈ A for any n ∈ Z.

By C3 and (5)

[a, x, an, [a, x]] =


1; or
[a, [a, x], an, x]; or
[a, [a, x], x, an] = [[a, x, a]−1, x, an] = [[a, x, a][a, x, a]−x, an]

= [[a, x, a]2, an] ∈ A.
If [a, x, an, [a, x]] 6∈ A then [a, x, an, [a, x]] = [a, [a, x], an, x] and [[a, x, a]2, an] = 1, that
is [a, x, a, an]2 = 1. Thus

[a, x, an, [a, x]] = [a, [a, x], an, x] = [[a, x, a]−1, an, x]
= [[a, x, a, an]−1, x] = [a, x, a, an, x] = [a, x, an, a, x].

(6)

(The last equality follows from Proposition 1.) Consider the commutator

[a, x, an, a[a, x]] = [a, x, an, [a, x]][a, x, an, a][a,x].
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G ∈ C3 yields that one of the following holds:

[a, x, an, a[a, x]] =


1; or
[a, a[a, x], x, an] = [a, [a, x], x, an] = 1; or
[a, x, a[a, x], an] = [[a, x, a][a,x], an]; or
[a, a[a, x], an, x] = [a, [a, x], an, x] = [a, x, an, [a, x]].

If [a, x, an, a[a, x]] = [a, x, an, ax] = 1, then [a, x, an]a
x

= [a, x, an] ∈ A and so

[a, x, an][x,a−1] = [a, x, an][a,x]a
−1 ∈ A. This yields [a, x, an, [a, x]a

−1

] ∈ A, that is
[a, x, an, [a, x][a, x, a−1]] ∈ A, so [a, x, an, [a, x]][a,x,a−1] ∈ A and [a, x, an][a,x] ∈ A.

If [a, x, an, a[a, x]] = [a, x, an, [a, x]], then [a, x, an, a][a,x] = 1 and [a, x, an, a] = 1.
From the last equality and from (6) we get [a, x, an, [a, x]] = [a, x, an, a, x] = 1, a
contradiction.

Finally, if [a, x, an, a[a, x]] 6= 1 and [a, x, an, a[a, x]] 6= [a, x, an, [a, x]], then
[a, x, an, [a, x]] = 1 and so [a, x, an][a,x] = [a, x, an] ∈ A, the final contradiction.

Thus [a, x, an][a,x] ∈ A for all n ∈ Z, that is A[a,x] ⊆ A; equivalently A ⊆ A[x,a].
Now, consider a−1, x and the abelian subgroup A1 := 〈[a−1, x, an] | n ∈ Z〉. The

same argument shows that A1 ⊆ A[x,a−1]
1 .

Since A1 = Aa1 and [a−1, x, an]a = [x, a, an] = ([a, x, an]−1)[x,a], by (4), for every
n ∈ Z, we have

A1 = Aa1 = 〈[a, x, an][x,a] | n ∈ Z〉 = A[x,a].

So from A1 ⊆ A[x,a−1]
1 it follows that A[x,a] ⊆ A[x,a][x,a−1] = A[a,x]−1[a,x]a

−1

= A[a,x,a−1] = A.
Then we get A[x,a] = A and [a, x] ∈ NG(A), as claimed.

For any n ∈ Z, we have [an+1, x] = [a, x][a, x, an][an, x]. Then [an+1, x] ∈ NG(A)
if and only if [an, x] ∈ NG(A). Therefore [an, x] ∈ NG(A) for any n ∈ Z, since
[a, x] ∈ NG(A).

Now notice that for any n ∈ Z we have [a, x, an+1]x = [a, x, an]x[a, x, a]a
nx =

[a, x, an]x[a, x, a]xa
n[an,x] = [a, x, an]x[a, x, a]−an[an,x] by (5). Thus [a, x, an+1]x ∈ A if and

only if [a, x, an]x ∈ A. So from [a, x, a]x = [a, x, a]−1 ∈ A it follows that [a, x, an]x ∈ A
for any n ∈ Z. Therefore Ax ⊆ A and Ax = A, because x2 = 1, that is x ∈ NG(A).

Clearly the class C3 is closed under taking homomorphic images, so we have the
following.

Corollary 3. Let G = 〈 a, x〉 ∈ C3. If o(x) = 2, then G is abelian-by-cyclic-by-abelian.

Proof. From Lemma 2 it follows that the abelian subgroup A = 〈 [a, x, an] | n ∈ Z〉
is normal in G. If A = {1}, then [a, x, an] = 1 for any n ∈ Z. Moreover, [a, x]x =
[x, a] = [a, x]−1. So we get that G′ = 〈 [a, x]〉G = 〈 [a, x]〉 is cyclic and G is cyclic-by-
abelian. If A 6= {1}, we may consider the factor group G/A, which again satisfies the
hypothesis in the same situation as the case A = {1}, so G/A is cyclic-by-abelian,
and G is abelian-by-cyclic-by-abelian.

Now, by using Corollary 3 and the theorem in [6] we get the following.
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Proposition 4. A finite simple group is in C3 if and only if it is abelian.

Obviously the class C3 is also closed under taking subgroups. Therefore if we
consider a finite group G ∈ C3, its composition factors are abelian and we get the
following.

Theorem 5. Every finite group in C3 is soluble.

3. The class C3 and the variety of metabelian groups

In [8] we observed that the standard wreath product of the dihedral group of
order 8 and of the group of order 2, G = D8 wrZ2, which is not metabelian, is in
C3. Now the direct product G× G does not belong to C3, and therefore C3 is not a
variety. This can be checked directly, but it is also an immediate consequence of the
following result.

Theorem 6. Let G be a group. If the direct product G×G is in C3, then G is metabelian.

Proof. First notice that for any (a, x1, x2, x3), (b, y1, y2, y3) ∈ G4 there exists a per-
mutation σ ∈ S3 − {1} such that

[a, x1, x2, x3] = [a, xσ(1), xσ(2), xσ(3)] and [b, y1, y2, y3] = [b, yσ(1), yσ(2), yσ(3)].

Indeed, from G× G ∈ C3 it follows that

([a, x1, x2, x3], [b, y1, y2, y3]) = [(a, b), (x1, y1), (x2, y2), (x3, y3)]

= [(a, b), (xσ(1), yσ(1)), (xσ(2), yσ(2)), (xσ(3), yσ(3))]

= ([a, xσ(1), xσ(2), xσ(3)], [b, yσ(1), yσ(2), yσ(3)])

for some σ ∈ S3−{1}. Thus, if there exists (a, x1, x2, x3) ∈ G4 such that [a, x1, x2, x3] =
[a, xσ(1), xσ(2), xσ(3)] for σ ∈ S3−{1} and [a, x1, x2, x3] 6= [a, xτ(1), xτ(2), xτ(3)] for any τ ∈
S3−{1, σ}, then for each (b, y1, y2, y3) ∈ G4 we have [b, y1, y2, y3] = [b, yσ(1), yσ(2), yσ(3)].
This implies that G is in the variety defined by the identity

[a, x1, x2, x3] = [a, xσ(1), xσ(2), xσ(3)]

with fixed σ ∈ S3 − {1}. So G is metabelian.
Therefore we may suppose that for any (a, x1, x2, x3) ∈ G4 there exist at least two

different permutations σ, τ ∈ S3 − {1} such that

[a, x1, x2, x3] = [a, xσ(1), xσ(2), xσ(3)] = [a, xτ(1), xτ(2), xτ(3)]. (7)

Fix such (a, x1, x2, x3), σ and τ. If S3 = {1, σ, τ, η, ρ, λ} then we have that
[a, xη(1), xη(2), xη(3)] = [a, xρ(1), xρ(2), xρ(3)] = [a, xλ(1), xλ(2), xλ(3)].

Moreover, for each (b, y1, y2, y3) ∈ G4 either [b, y1, y2, y3] = [b, yσ(1), yσ(2), yσ(3)] or
[b, y1, y2, y3] = [b, yτ(1), yτ(2), yτ(3)].
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Suppose that for some (b, y1, y2, y3) ∈ G4 we have:

[b, y1, y2, y3] = [b, yσ(1), yσ(2), yσ(3)] 6= [b, yτ(1), yτ(2), yτ(3)]. (8)

Then the previous argument ensures that we may assume that

[b, y1, y2, y3] = [b, yσ(1), yσ(2), yσ(3)] = [b, yλ(1), yλ(2), yλ(3)]

and

[b, yτ(1), yτ(2), yτ(3)] = [b, yη(1), yη(2), yη(3)] = [b, yρ(1), yρ(2), yρ(3)].

We will prove that for any (c, z1, z2, z3) ∈ G4 the equality

[c, z1, z2, z3] = [c, zσ(1), zσ(2), zσ(3)] (9)

holds.
Let [c, z1, z2, z3] 6= [c, zσ(1), zσ(2), zσ(3)]. Then from (7) and (8) we get

[c, z1, z2, z3] = [c, zτ(1), zτ(2), zτ(3)] = [c, zλ(1), zλ(2), zλ(3)]

and so

[c, zσ(1), zσ(2), zσ(3)] = [c, zρ(1), zρ(2), zρ(3)] = [c, zη(1), zη(2), zη(3)].

Consider (c, zσ(1), zσ(2), zσ(3)) and (b, yσ(1), yσ(2), yσ(3)). There exists a permutation ε ∈
S3 − {1} such that

[c, zσ(1), zσ(2), zσ(3)] = [c, zεσ(1), zεσ(2), zεσ(3)] (10)

and

[b, yσ(1), yσ(2), yσ(3)] = [b, yεσ(1), yεσ(2), yεσ(3)]. (11)

From (10) it follows that either εσ = ρ or εσ = η and from (11) it follows that either
εσ = λ or εσ = 1, a contradiction.

So (9) holds and G is metabelian, since it belongs to the variety defined by this
equation.

Corollary 7. The variety of metabelian groups is the largest variety contained in C3.
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