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ABSTRACT

We study Toeplitz operators associated with quasi-partial ordered discrete abelian
groups.

1. Introduction

The classical theory of Toeplitz operators and their associated C*-algebras is
an elegant and important area of modern mathematics. For this reason, many
authors (e.g. R. Douglas, G. Murphy, A. Nica and E. Park) have sought to extend
this theory to a more general setting. The study of Toeplitz operators in various
contexts has been an important application of operator algebras, and there has been
much progress lately in studying Toeplitz algebras defined on semigroups of discrete
abelian groups. For related materials, see [1]-[6] and [9]. In this paper, we study
Toeplitz algebras on discrete abelian groups under a general setting of quasi-partial
ordered groups.

There are at least three streams of thought that lead us to study Toeplitz
operators in such a general setting. Firstly, in recent years there has been much
progress in studying Toeplitz operators on ordered groups. By comparison, less is
known about Toeplitz operators on general partially ordered groups. To analyse
such Toeplitz operators, a universal Toeplitz algebra is constructed in [1], and this
plays a key role in the subsequent work of G. Murphy. It is proved in [1] that when
(G, G4) is an ordered group, then the universal Toeplitz algebra is isomorphic to the
Toeplitz algebra defined in the usual way. Naturally one might ask: is the analogous
statement true for Toeplitz algebras on general partially ordered groups? In [9],
a negative answer is given. In this paper, we obtain a further result (Proposition
2.5) in the case when G is abelian. To study Toeplitz operators on general partially
ordered groups, one approach is as follows: given a partially ordered group, find
suitable ordered groups that contain the partially ordered group, and then use the
Toeplitz algebras on the ordered groups to understand the Toeplitz algebra on
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the partially ordered group. To do this, a natural question arises. If (G,Gp) is a
partially ordered group and (G, G;) an ordered group with G; < G, is the natural
morphism y261 : pSu,pS — p®u,p® well defined and can it be extended as a
C*-algebra morphism from Toeplitz algebra 7 ¢1(G) to 7(G)?If G =Z2, G, = Z2
and G, = {(m,n) € Zz|m >0 orm=0and n > 0}, for example, we find that
76261 is not well defined; see Example 3 below. But if we let G, be Z, x Z or
Z x Z,, then y9>% is well defined and can be extended; nevertheless in this case
(G, Gy) is only quasi-ordered, i.e. G = G, N (—G,) is non-trivial. Secondly, just like
Z2 =(Zy xZ)N(Z x Z4), in many cases the positive part of a partially ordered
group is the intersection of that of some finite quasi-ordered groups. Inspired by [1],
[4], [5], [6], [9], under some suitable hypotheses one might be able to discuss the
connection between these Toeplitz algebras. Thirdly, it seems that many properties
of Toeplitz operators on ordered groups (Corollary 3.5 and Corollary 3.6) may turn
out to be much more reasonable when considered in a more general setting.

2. The natural morphisms between Toeplitz algebras

Throughout this paper, G denotes a discrete abelian group. Let {e,|g € G} be
the usual orthonormal basis for />(G), where

(1, ifg=h,
eg(h) = { 0, otherwise

for g,h € G. For any E < G, let /*(E) be the closed subspace of />(G) generated by
{eg | g € E }; its projection is denoted by p*. For any g € G, we define a unitary u,
on /%(G) by ug(en) = eginfor h € G.

Definition. The C*-algebra generated by { pup” |g € E} is denoted by 75(G),
and is called the Toeplitz algebra with respect to E. Its closed commutator ideal is
denoted by C(7E(G)).

Let G, < G; we say that (G,G,) is a quasi-partial ordered (qpo) group if 0 €
Gy,GL+ G € Gyrand G = G — G If furthermore G = G U (—Gy), then (G, G4)
is referred to as a quasi-ordered group. Note that when G‘i = G, N(—=Gy) = {0},
then qpo groups are just the usual partially ordered groups.

Natural question. Suppose that (G,G{) and (G, G;) are two gpo groups; can the
morphism y“>% defined by 7€ (plu,p®) = p®u,p® for any g € G be extended
as a C*-algebra morphism from 7 % (G) to 7 %(G)? Note that if it is true, then G
must be contained in G,. So in the following we always assume that G; < G,.

Definition (cf. [9]). Let (G,Gy) and (G, G;) be two gpo groups with G; = G;. Let
G§ be the complement of G, in G. We say that G, is finitely decomposed by G if
for any finite subset F of G there exists an element g € G such that for all s € F the
following hold:

(a) s+ge€ Gy ifand onlyif sé€ Gy;

(b) s+g € G UGS.
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Remark. When G, is finitely decomposed by Gi, then for any finite subset F of
G we can further choose g € G; satisfying the condition. In fact, replacing F by
F U {0} will do. So for gpo groups (G, G) and (G, G,) with G; = G,, G> is finitely
decomposed by Gy, if and only if for any finite subset F = F{ UF, with F; < G\ G;
and F, < GY there exists g € Gy such that g+ F; < Gy and g + F> < GS.

Lemma 2.1 (cf. [9, theorem 1.1]). Let (G,Gy) and (G, Gy) be two gpo groups with
G, < G,. If Gy is finitely decomposed by Gy, then y>61 is well defined and can
be extended as a C*-algebra morphism from 7 1(G) to 7 %(G).

Proposition 2.2. Let (G,G4) be a qpo group. For any E < —G, let Gg be the semi-
group of G generated by G and E. Then Gg is finitely decomposed by G.

Proor. First we note that for any two qpo groups (G, G1) and (G, G,) with G; < G,
it is always true that G + G§ = G¢. So if for any finite subset F of G, there exists
g € G such that F + g < Gy, then G, is finitely decomposed by G;.

Now let G; = G4 and G, = G = {go—l—zinigi’go €Gy,g €EneZy}. Let
F ={ey,ey,...,e; } be any finite subset of Gg with

ej = goj + Znijgij, g0 € Gy, gij € Eand nj; € Z,.
Choose g = — > mitgin — > ningn ... — > nugik € Gy, theng+F<G,. N
Example 1. Let G = Z%,G; = {(m,n) € Z2|m >0,m+n>0}and G, = {(m,n) €
A | m+n > 0}. Then G, is finitely decomposed by G;. In fact, G, = Gg, where
E=(-1,1).

Lemma 2.3 (cf. [9, proposition 1.2]). Let (G,G4+) be a gpo group. Then we have the
following exact sequence:

0 — C(T5(G)) — T9(G) 25 C(G)—> 0

where G is the Pontryagin dual group of G, a%+ (pOrugp) = ¢, for g € G, and
gg(y) = 7(g) for y € G.

Remark. The special case of the preceding proposition, where (G, G ) is a partially
ordered group, was obtained in [1].

Proposition 2.4.
(1) Let (G,Gq) and (G, Gy) be two gpo groups with G; < G,. If (G, Gy) is quasi-
ordered, then G, is finitely decomposed by Gy.
(2) Let (G,Gy) be a qpo group. If C(7 %+(G)) is simple, then for any g € G, \
Gg, Gfg = G+ —Z+g =G.

ProOF. (1) See [9, proposition 1.4].
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(2) If g € G4\ GY, then —g ¢ G, so G_, #+ G;. By Lemma 2.1 and Propo-
sition 2.2 we know that %0 o0 y0-0+ = yG0+  which implies that Kery%-=¢+ <
Kery%C+ = C(7%(G)). Since 0 # 1 — pS+u,pS u_,p+ € Kery®=C+, by the sim-
plicity of C(7 %+(G)) we know that 7 =(G) = 7 (G)/¢(76+ (g = (G). 1t follows
that .7 9-¢(G) is commutative, but this can happen if and only if G,=G. n

Remark. Let (G,G,) be an ordered group. If C(7 %+(G)) is simple, then for any
g1 € Gy, g2 € G1\ {0}, there exist some g € G4 and n € N such that —g; = g —ngo,
ie. ngy — g1 € G;. It follows that (G,Gy) is archimedean in the terminology of
Rudin ([7]). The converse is also true; see [1].

Example 2. Let G = Z3 and G, = {(m;,my,m3) € Z3 ’ml +my > 0,my+m3 >0}
Take g = (0,0,1) € G4 \ GY, then G_, = {(mi,ma,m3) € Z3|my +my > 0}, so
C(7 %+(G)) is not simple.

Definition. Let (G, G4 ) be a partially ordered group. (G, G) is said to be quasi-lattice
ordered if every finite subset of G with an upper bound in G, has a least upper
bound in G;.

Equivalently, (G, G, ) is quasi-lattice ordered if and only if every element of G
having an upper bound in G has a least such, and every two elements in G having
a common upper bound have a least common upper bound ([5, section 2.1]).

Remark. (1) The notation for quasi-lattice ordered groups was first introduced by
Nica in [5] for discrete (not necessarily abelian) groups. In his definition, G need
not be equal to G, - (G,)~'. But when G is abelian, such a restriction will not result
in any loss of generality since in this case G - (G,)~! is a subgroup of G ([5, section
2.4)).

(2) Let (G,G4) be a quasi-lattice ordered group. Since G is partially ordered, it
is easy to show that every finite subset of G has an upper bound in G,. For any x
and y in G, their least common upper bound will be denoted by a(x, y).

(3) Ordered groups are quasi-lattice ordered. More generally, if (Gi,(G1)+),
(G2,(G2)+),...,(Gy, (Gy)4) are ordered groups, then the usual partially ordered group
(G1 X Ga... X Gy (G1)+ X (G2)4 ... X (Gy)4) is also a quasi-lattice ordered group.

Definition. A representation of a quasi-lattice ordered group (G, Gy) by isometries on

a Hilbert space H is a map V : G — B(H) such that V, = 1, V¥V, = 1 and

ViV, = V4, for any x,y € G4. A representation is said to be covariant if it satisfies
Vi ViV, V;f = VJ(X,y)V;(x,y) for any x,y € G,.

Now let (G, Gy) be a quasi-lattice ordered group. The universal C*-algebra for
covariant isometric representations of G, denoted by C*(G,G.), is a C*-algebra
generated by a canonical covariant isometric representation i : G, — C*(G, G,) with
the following property: if V' is any covariant isometric representation of G, then
there is a C*-morphism 0y : C*(G,G1) — C*({Vy|x € G4}) such that 8y (i(x)) = Vi.
The C*-algebra C*(G, G, ) exists by [5, section 4.1], and since every discrete abelian
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group is amenable, the canonical covariant isometric representation i(x) — Ty =
p%u,pY+ induces an isomorphism between C*(G,G,) and 7 %+(G) ([5, section 4]).
So if (G,Gy) is a quasi-lattice ordered group, then Toeplitz algebra 7 %+(G) has a
universal property with respect to covariant isometric representations of G.

When (G, G.) is a partially ordered group, another universal Toeplitz algebra for
isometric (not necessarily covariant) representations of G, denoted by %(T +(G)),
plays a fundamental role in [1]. But, to be honest, generally it does not equal the
Toeplitz algebra 7 %+(G) discussed above (however, it does when (G, G.) is totally
ordered; see [1, theorems 1.3 and 2.9]); in fact, we have the following proposition.

Proposition 2.5. Let (G, Gy) and (G, G;) be two partially ordered groups with G; < G».
If (G, Gy) is quasi-lattice ordered, then the natural morphism %> exists and can be
extended as a C*-algebra morphism if and only if Gy = G,.

PrOOF. Suppose that there exists some partially ordered group (G, G,) with G; < G,
and G; # G, such that y9>9 is well defined and can be extended as a C*-algebra
morphism. Then choose any x € G, \ G; with x = g; — g, for some g1,g> € Gy. Let

T=T3T% TS T% =TS ., T

—81 -2 0(g1,82) © —0(g1,82)°
where Tg" = pCug,p® for i,j = 1,2. Then
Gy Gy Gy Gy _ Gy G,
Tglz T—él ngz T—gz - Tﬂ(gl»gz) T*rf(gl,gz)'

In particular,

G, Gy Gy G _ G G
(Tglz Tﬁ§1 ng2 T*gzz) g = (TU(Z’l,gz) sz(gl,gz)) €
It follows that g; — a(g1,22) € G».
On the other hand, o(g1,22) — g1 € G; € Gy. So g1 = o(g1,g2), which is a
contradiction since x =¢g; — g, ¢ G;. W

Remark. Let G be a discrete abelian group. For any subset M of G, M is said to
be a cone if (G, M) is a partially ordered group. By Zorn’s Lemma, every cone is
contained in some maximal one. When G is torsion-free, it is proved in [1] that M is
maximal if and only if (G, M) is an ordered group. Applying the above proposition,
we know that when G is torsion-free, the following two conditions are equivalent:
(1) (G,Gy) is an ordered group;
(2) (G,Gy,) is quasi-lattice ordered and %(7 9+(G)) ~ 7 %+(G).

Example 3. For the usual partially ordered group (Z2,Z2) and the Zexico-ordered
group (Z%,Z2,.), y%/%% cannot be extended as a C*-algebra morphism.

Example 4. Let G = Z?, and let « and B be any two real numbers with « < f.
Let Gy = {(m,n) € Z*| —om+n > 0},G, = {(m,n) € Z*| —Pm+n < 0}, and
Gy = G1 N G,. By [6, lemma 1.1 and proposition 1.2], we know that (G, Gy) is a qpo



144 Mathematical Proceedings of the Royal Irish Academy

group, 9% and y9>% both are well defined and can be extended as C*-algebra
morphisms. So if either o« or f is irrational (i.e. (G, Gg) is partially ordered), then
(G, Gyp) is not quasi-lattice ordered.

Proposition 2.6. Let (G,Gy) be a quasi-lattice ordered group, and (G, Gy) a gpo group
with Gi S G,. Then y9>%' is well defined and can be extended as a C*-algebra mor-
phism if and only if G, is finitely decomposed by Gj.

Proor. It suffices to prove ‘=". Suppose that >0 is well defined. Then

TGv TGZ TGZ TGZ TGz TGZ

—X1 X2 —X2 (7(‘(1 Az —O’(\l Xz)

for any x,x, € Gy. So for any x1,x; € Gy and x3 € Gy,
X3 — O'(X],Xz) € G, whenever X3 — X1 € Gy and X3 — X3 € Gy. (*)

For any gi1,82...,8n € G2\G1 and f15f27°"7fm € Gga let g = Xi — )i with
X, ¥i € Gy fori=1,2,...,n. By (*), we know that x; — a(x;, y;) € G,. Let

n

g = Z (a(xi, Vi) — xi) € G(z) N Gq.
i=1

Then

g+gi= Z (o(xj, ) = x;) + (o(xi, y1) — yi) € Gy
i
fori=1,2,...,n. Since G+ GS = GS, G, is finitely decomposed by G;. ®

3. Index theory for Toeplitz operators

Let G be a discrete abelian group and G its dual group. G is compact and is
connected if and only if G is torsion-free. When given the normal Haar measure,
it is easy to show that {¢;|x € G} is an orthonormal basis for L*(G). Let (G, G)
be a gpo group. From another point of view, we may also regard 7 G+(G) as a
subalgebra ofAB(Lz(G)) as follows. R

Let H°+(G) be the closed subspace of L?(G) generated by {e|x € G.}; its
projection is denoted by pG+(@) For any ¢ € C(G), define Ty* on HS(G) by
TS (f) = pG+(gof) for f € H9(G). The C*-algebra generated by {T(,,G+ lo € C(G)}
is denoted by T (G ) and is also called the T oeplttz algebra with respect to G.
Its closed commutator ideal is denoted by C(F (G)) By the Stone—Weierstrass
Theorem, ,76*(@) is also generated by Tg x € G}. Define p : 0‘%@) —
B(L*(G)) by p(T)(& ® 1) = T(¢) for any T € 7,7(G), & € p%( ngG)) and 7 €
(I — p%+)(L*(G)). Clearly p is a C* -algebra morphism, therefore .7,"*(G) may be
regarded as a C”-subalgebra of B(LzlG)).

Define a unitary u : /%(G) — L*(G) by ue, = & for g € G, then u* o T,J* ou =
pG+ung+. So the two Toeplitz algebras are unitarily equivalent.
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The following result belongs to E. Van Kampen, as mentioned in [4], which
extends a result of Bohr, to get an analogue of the winding number.

Lemma 3.1 (cf. [8]). Let E be a connected compact group and suppose that ¢ is a
continuous complex-valued function on E which does not vanish anywhere. Then there
exists a continuous homomorphism y from E to T and a continuous complex-valued
function y on E, such that ¢ = ye".

Now let (G,G4) be an ordered group. In this case G is torsion-free, so G is
connected. For any ¢ € C(G), if it does not vanish anywhere, then by Lemma 3.1
there exist some x in G and p € C (6) such that ¢ = ¢.e¥. As observed in [2], such
x is unique; we denote it by ind; (¢) and call it the topological index of ¢. The
following lemma belongs to G. Murphy. In our terms, it can be stated as follows.

Lemma 3.2 (cf. [2]). Let (G,Gy) be an ordered group and ¢ € C(a). Then Tq?* is
invertible if and only if ¢ does not vanish anywhere and ind, (¢) = 0.

Theorem 3.3. Let (G,G+) be a quasi-ordered group. If G is torsion-free, then for any
¢ € C(G), T¢G+ is invertible if and only if ¢ does not vanish anywhere and ind, (¢) €
G

PrOOF. Suppose that G is torsion-free and (G,G.) is a quasi-ordered group. By
definition, G = G4 U(—Gy) and 0 € GY = G4 N(—G). Let G}, = G4 \ GY. Then it
is easy to show that G, + G, =G’ and G = G}, UGS U(—G"). Let G; = G*L U {0}.
Since for any x € G%. and y € G’ we have x = (x+y) —y € G — Gy, G is in fact
a cone. Let E be a maximal cone containing Gy, then (G, E) is an ordered group.
Note that G}, = Gy < E and E N (—E) = {0}, and we know that (=GL)NE =0;
in other words E = G\ (=G}) = G4. By Proposition 2.4, p0+-E is well deﬁned. For
any y € C(G), TS = y9+E(TE), which is invertible by Lemma 3.2.

Now let ¢ € C(a). If T¢G+ is invertible in 9‘?*(@), then by Lemma 2.3 we know
that ¢ does not vanish anywhere. Let ¢ = g.e¥ with x = ind; (¢) and p € C(a).
Then

TS+ =

{ T TS, if x € =Gy,
¢

TS TS, if x € G,

Since Tf * and Tﬁ* both are invertible, in any case Tf* is invertible. But this can
happen only if x € G}. ™

Now suppose that (G,G.) is a gpo group. Let A = {E|E = —G,,GY) # 0}.
Clearly, —G; € . Let

Gr=[)Gr and G} =Gr[)(=Gr)=[) Gi.

Eec Ec

For any E in U, Gg is also generated by Gr and E. Since E <€ —G; < —Gyp, by
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Proposition 2.2 we know that y9&:9F and y°#+ are both well defined. Let

Iy = ﬂ Kery©sC+ and I, = ﬂ Ker y0r:0r,
Ee Ee

Corollary 3.4. Suppose that G is torsion-free and (G, G+.) is a gpo group. Then for any
¢ € C(G), the following conditions are equivalent:

(1) Tg* is invertible in ﬁ'rc*(G) modulo the ideal Iy;

(2) ¢ does not vanish anywhere and ind,(¢) € G%;.

(3) Tf’” is invertible in 3‘,@-(6) modulo the ideal I.

Proor. Let AU{ 4; ‘ . € A} be a family of unital C*-algebrasand p; : 4 — A;,A € A
a family of unital C*-algebra morphisms. Set I = (1),., Kerp;. Let p be the usual
C*-algebra morphism from A to I1)cpA; and p the induced isometric C*-algebra
morphism from A/I to IT,cp\A).

Forany T € A, if T 4+ A/I is invertible in 4 /I, then obviously p,(T) is invertible
in A, for all 2 € A. On the other hand, if p,(T) is invertible in 4, for all A € A,
then p(T) is invertible in IT)cpA4;. So p(T) is invertible in p(A4), which implies that
T 4 A/I is invertible in A/I since p is an isomorphism. Therefore, for any T € A4,
T is invertible modulo [ if and only if p,(T) is invertible in 4; for all 2 € A. By
Theorem 3.3, we know that (1) < (2) and (2) < (3). W

Remark. When (G,G,) is an ordered group, the conditions stated in the above
corollary can be simplified. In fact, it is easy to show that in this case

Gr= [ (Gy—Z:ig) =Gy —F(Gy) =Gy U (—F(Gy)),

g€G:\{0}
where
F(G;) ={x|x € Gy, Vy € G4\ {0},3n € N, such that ny —x € G4 }.

Let F(G) = F(G4)U (—F(G4)); it is a subgroup of G and its elements are usually
called the finite elements. It is easy to show that G% = F(G). Let K(F(G)) be the
closed two-sided ideal of 7 ¢*(G) generated by {1— TS TS | x € F(GL) 1.
Corollary 3.5. Let (G, G.) be an ordered group. Then for any ¢ € C(@), the following
conditions are equivalent : R

(1) Ty* is invertible in 7 (G) modulo the ideal K(F(G));

(2) T¢GF is invertible in 3‘,@(6)

(3) ¢ does not vanish anywhere and ind, (¢) € F(G).

PROOF. (1) = (2) follows from the fact that K(F(G)) = Kery%~6+. Since conditions
(3) and (2) stated in Corollary 3.4 are equivalent, (2) = (3) holds. (3) = (1) follows
from Lemma 3.1 and Lemma 3.2. H
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Remark. When G is countable and F(G) # 0, the equivalence of (1) and (3) was
proved in [4] in a very different way.

We now come to discuss Fredholm operators in Toeplitz algebras. Let (G, G)
be an ordered group. As shown in [4], G*(G) containing Fredholm operators of
non-zero index is equivalent to saying that G admits a least positive element, and
in this case F(G) = Z and K(F(G)) = K(H%+(G)), the ideal of compact operators
on H%(G). When G admits a least positive element, by Corollary 3.5 we know that,
for any ¢ € C(G), Td)G+ is Fredholm if and only if ¢ does not vanish anywhere and
ind, (¢) € F(G).

Now let G be a discrete abelian group, and (G, Gy),...,(G, G,) be ordered groups.
Let (G", Gy *...%Gy) be the Zexico-ordered group. Then the subgroup of finite elements
in G",

F(G") = {0} x ... x {0} x { F(Gy) U(=F(Gy)) }.

Thus we have the following corollary.

Corollary 3.6.
(1) If (G, Gy) does not contain a least positive element, then all Fredholm operators
in T G*-*Gi(G") are of zero-index.
2) If (G G,) contains a least positive element, then for any ¢q,...,¢p, €
C(G) Tg‘g *®(<;i> is Fredholm if and only if T¢G1‘,..., T(Z)G”':‘ all are invertible and
T(;’L is Fredholm.

ProOF. (1) See [4, lemma 2.2].
(2) By Lemma 3.2 and Corollary 3.5, we know that the following conditions are

equivalent:
(a) TG‘g *®G¢;’ is Fredholm;
) ¢ =¢1 ®...® ¢, does not vanish anywhere and ind, (¢) € F(G");
©) ¢1,---5 P does not vanish anywhere, ind; (¢;) = ... = ind; (¢,—1) = 0 and
ind; (¢n) 6 F(G ) U (=F(Gy));
(d) Tg I..., TS all are invertible and T¢ is Fredholm. m

Remark. The special case of the preceding corollary, where (G,G;) = (Z,Z) for
i=1,2,...,n, was obtained in [3].
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