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ABSTRACT

A necessary and sufficient condition is given for the interpolation theorem to hold
for positive multilinear operators from the product of Calderon-Lozanovskii spaces
generated by any couples of Banach function spaces. In a particular case, if the
parameters generating those spaces are the same concave functions, the condition
18 equivalent to supermultiplicativity of the generating function. This result is used
to obtain interpolation theorems for the multilinear operators from the product of
certain interpolation orbit spaces, in particular Ovchinnikov’s lower method spaces,
into generalised Marcinkiewcz spaces.

1. Introduction

It is well known that the results on interpolation of bilinear operators have found
interesting applications in general theory of Banach spaces. For example, by using
a theorem on interpolation of bilinear operators by complex method and certain
Maurey’s result on factorisation of operators on /), 1 < p < 2, Pisier [13] proved
that the space of 2-summing operators on complex /,-spaces with 1 < p < 2 is
super-reflexive.

In the present paper we study interpolation of multilinear operators between
Calderon-Lozanovskii spaces. Unfortunately, as far as we know, the problem is not
solved in general. Certain results have been proved by Astashkin [2] for positive
operators under some assumptions on the range couples and the dilation indices of
the concave function generating the spaces. In section 2 we prove in a quite different
way a general result on interpolation of positive operators between Calderon—
Lozanovskii spaces. We remark that an assumption in [2] on the indices of concave
function is superfluous.

In section 3 we apply the above-mentioned result to prove theorems on interpola-
tion of multilinear operators from the product of certain interpolation orbit spaces,
in particular Ovchinnikov’s lower method spaces, into generalised Marcinkiewicz
spaces. These results give a generalisation of the main results presented in [3].

In the paper we shall use the standard notation and notions from interpolation
theory, as presented e.g. in [4] or [12]. We recall that an interpolation method 1is
a functor & from the category of all compatible couples of Banach spaces into
the category of all Banach spaces such that, for any couple X, #(X) is a Banach
space intermediate with respect to X (ie. XoNX; < F(X) < Xy + X1), and
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T : #(X) —» Z(Y) for all Banach couples X, Y and every T : X — Y. Here, as
usual, we use the notation T : X — Y, which means that T : Xo+X; — Yo+ Y is a
linear operator such that the restriction of T to the space X is a bounded operator
from X; into Y}, j = 0, 1. The spaces of all operators T : X — Y is a Banach space
equipped with the norm | T|%_y = max{| T |x-v,, || Tllx,-v,}-

We recall that the space £(X},...,X,;Z) of all bounded n-multilinear (shortly
multilinear, or bilinear if n = 2) operators from the product [[._; X; of Banach
spaces into a Banach space Y is a Banach space equipped with the norm:

1Tl #x,,... %07y = sup{I T(x1,....xa) |y Ixillxy < L i=1L....n}.

Let X; = (Xi0, Xi1), i = l,...,nand Y = (Yy, Y1) be Banach couples. Throughout
thepaperwewrlteT 1T, X - YifT e (X10+Xi11,..., Xno+Xu1; Yo+ Y1) and
T € L(Xyj,...,Xy; Y)) for j=0,1. The space of all operators T : [T_; X; = Y is

r
denoted by Z(X1,...,X, 7) and is equipped with the norm

IT| ==max{||T | zxy.....x0:%0) | Tl ... xu:¥0) )

2. Calderon—Lozanovskil spaces

In this section we will study interpolation of positive multilinear operators in
Calderon-Lozanovskii spaces. We start with some basic definitions and notation.

Let (Q,p) = (2,2,u) be a measure space with u complete o-finite. As usual,
L%u) denotes the space of all equivalence classes of measurable functions on Q with
the topology of convergence in measure on p-finite sets.

Let E = L%u) be a Banach lattice (on (Q,)). If the unit ball By = {x €
E;|x|g <1} is closed in L%(u), so that E has the Fatou property, then E is called a
maximal Banach lattice. It is well known that E is maximal if and only if E = E”
isometrically, where E’ denotes the Kdthe dual of E, i.e.

E' = {y € Lw); |yle = sup / Ixyldp < OO}-
Q

XEBE

If E is a Banach lattice and w € L%(u) with w > 0 a.e., we define the weighted
space E(w) by the condition |x||gw) = [xw|[g < co. In the sequel the couples
(Z0,Z(27")) and (co,co(27")) of Banach sequence lattices defined on the set of
integers Z will be denoted by /., and ¢, respectively.

Throughout the paper the set of all positive functions ¢ : IR; x R, — IR} non-
decreasing in each variable which are homogeneous of degree one, i.e. ¢(1s,At) =
A@(s,t) for any 4 > 0, is denoted by @. If ¢ € @ is concave, we write ¢ € %. Clearly,
if ¢ € @, then the function ¢. defined by ¢.(s,t) := 1/@(s~!,t7") for any s,t > 0 is
also in @. The subset of all ¢ € & for which ¢(s,1) — 0 and ¢(1,t) > 0ass — 0
and t — 0 is denoted by @y.

Recall that if X = (Xo,X1) is a couple of Banach lattices on (2, ) and ¢ € %,
then the Calderén—Lozanovskii space p(X) = ¢(Xo, X1) consists of all x € L(x) such
that |x| < A¢(|xol,[x1]) u-a.e. for some x; € X; with |x;[x, <1, j =0, 1. The space
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¢(X) is a Banach lattice on (, u) equipped with the norm
||l := inf{Z > 05 |x| < Ap(|xol, [x1]), X0 € Bx,, X1 € By, }

(see [8]; [9]; [14]). In the case of the power function @g(s,t) = s' 7t/ with 0 < 0 < 1,
we obtain the space X} XY introduced by Calderon [5]. We note that simple
calculations show that for any Banach lattice E and any weights wy and w; we have

P(E(wo), E(w1)) = E(@+(wo, w1)),

with equivalent norms.

Let Ei,...,E, and F be Riesz spaces (i.e. vector lattices). A map T : El+ X

. x Ef — FT is said to be positively multilinear if for each x; in positive

cone Ef = {x € E;;x; 2.0} of Ej, j=1...n j# i, the map X2 xr—
T (X1, 5 Xi—1,X, Xit1,---,Xy) 18 positively homogeneous and additive.

Amap T : E; X...x E, — F is said to be a positive multilinear map if the
restriction map T : E| x ... x E;” — F* is positively multilinear.

It is easy to see that if T : E; X ... X E, — F is a positive multilinear map then

[T (x1,....,x0)| < T(x1],-..,]xu])

for every (xq,...,x,) € X1 X ... X X},
If Eq,...,E,, F are normed lattices, the set of all positively multilinear maps is
denoted by L*(Ey,...,E,;F). On L™(Ey,...,E,;F) we introduce the functional

I T L+ k... Eir) = SUPUIT(X1,..., x0)|lF 30 < X € B, j=1,...,n}.

Since every positive linear map from a Banach lattice into a normed lattice is
bounded, the Uniform Boundedness Principle immediately yields that every positive
multilinear map from the product E; X ... X E, of Banach lattices into a normed
lattice F is a bounded multilinear operator. Clearly, in this case

1T #k,... Ecr) = ITIL+E,,....E.:F)-

We are now in a position to prove the main result of this section.

Theorem 2.1. Let X = (X, X1),Y = (Yo, Y1),Z = (Zy,Z1) be couples of Banach lat-
tices on measure spaces (Qo, 1), (21, 11), (22, o) respectively, and let S : (Xo + X1)
X (Yo + Y1) = Zy+ Z, be an operator dominated by a positively bilinear map T such
that T :X;r X Yj+ - Z;r, j=0,1. If @o, 1,02 € U are such that ¢o(1,s)e1(1,1) <
Cos(1,st) for some C > 0 and all s,t >0, then S : po(X) X ¢1(Y) = @2(Z) and

1569 gizy < € max{| T oxmoizon | T 0w,z 151 oy 19

Jor all (x,y) € @o(X) x @1(Y).

PrOOF. Let x € ¢o(X) and y € ¢(Y) with 11 o) < 1 and |yl, 5, < 1. Then
there exist 0 < x; € X;,0 < y; € Y; with |x;[lx, < 1 and | y;lly, <1 for j = 0,1 such



152 Mathematical Proceedings of the Royal Irish Academy

that |x| < @o(x0,x1) and |y| < @1(yo,y1) a.e. Since S is dominated by a positively
bilinear map T, we obtain

IS(x, )l < T(Ix,[y]) < T(po(x0,x1), @1(yo, y1)) a.e.

In order to finish the proof, it suffices to show that forall 0 < x; € X;, 0<y; € Y},
j = 0,1, the following inequality holds:

T (po(x0,x1), @1(y0, ¥1)) < Cp2(T (x0, y0), T(x1,y1)) a.e.

Let u = x¢ + x; and v = yg + y;. Suppose first that xo,x; and yg, y; are simple
elements with respect to u and v respectively, i.e.

n n
X = E apuy, and x; = E bruy
k=1 k=1

n n
Yo = E e and y; = E dyv,
=1 =1

where ay, by, i, dy > 0, ux Au,, =0 and v, Av,, =0 for k = m, k,m = 1,...,n and
2¢_yuk =u, 2}_ v =v. Hence we have

n
Po(x0,X1) = Y _ o, bi)u,
k=1

®1(yo,y1) = Z @1 (ck, di)vr.
=1

This implies that
n n
T(@o(x0,x1), @1(yo,y1)) = T (Z Po(ak, i), Y 401(Ck,dk)vk>
k=1 k=1
=33 eolaibei(cjd)) T (ui,v)).
i=1 j=1
By the assumption on ¢, @1, @2, it follows that ¢o(si,t1)@1(s2,t2) < Cpa(si2,tita)

for any s;,t; > 0, j = 0, 1. In consequence, by subadditivity of concave function ¢,
we obtain

T (@o(x0.x1). @1(y0. 1)) < C Y > @aaic;, bid)) T (uy, v;)

i=1 j=1

<C Z 2 Z T (aju;, cjvj), Z T (biu;, d;jv;)
i=1 Jj=1 j=1
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< Cor [ DD Tlamicjv),y > T(bui,djv))

i=1 j=1 i=1 j=1
= Coa(T (x0, y0), T (x1, y1)).
If0<x; € Xjand 0 <y; € Y; (j =0,1) are arbitrary, then it follows by
0 < x; <u and 0 < y; < v that there are sequences {x/} and {y/} of simple
elements with respect to u and v respectively such that 0 < X, <x;,0<yl <y

and x; —x} <u/n, yj—y) <v/nfor alln € N, j =0,1. Combining the above with
concavity of ¢y and ¢ We get

0 < @o(x0,x1) — <P0( X0, x1) < @o(xo — X0, x1) — @o(0, x1)
+ @o(x0, x1 — x)) — (x3,0) + Eu

and

0 < 0130, y1) — @130 ¥) < @1(yo — yo, ¥1) — @1(0, 1)
+ @1(y, y1 — ya) — @(¥3,0) + &,

where & = (¢;(1/n,0) — @o(0,1) + ¢;(1,1/n) — ¢;(1,0)) for n € N and j =0, 1. The
above estimates imply that

@o(x0,X1) < @o(x9, x}) + Eou,
@150, y1) < @1(¥0, yi) + Epv.

By using the previous estimate for simple elements, and the positivity and bilinearity
of T, we obtain

T(@o(x0. X1), @1(y0, 1)) < T(@0(xXy, x), @1 (v i) + T (@0 (x5, X ), Env)
+ T un @1 (v ) + T(Eu, &' o)
< Cpa(T(x0,y0), T(x1, 1)) + &} T(@o(x0, X1),0)
+ & T, @1(yo, y1)) + &L &) T(u, v).

Thus the required inequality follows by ¢/ — 0 asn — oo for j=0,1. ®
Similarly we show the following result.

Theorem 2.2. Let X; = (Xj0,X;1), i=1,...,n, and Y = (Yo, Y1) be couples of Banach
lattices and let S : [[_,(Xio + Xi) — Yo + Y1 be an operator dominated by a pos-
itively multilinear map T such that T : T[i_; X;7 — Y;* is bounded for j = 0,1. If
Qls...sPn, @ € U satisfy the estimate @1(1,s1) ... @u(1,8,) < Co(1,81 ... " sp) for
some C > 0 and all sy,...,s, > 0, then S is bounded from the product []._, 0i(X;)
into (Y).

Corollary 2.3. Let X; = (Xi0,Xj1) for i = 1,...,n and Y = (Yo, Y1) be couples of
Banach lattices and let T Hf:I(X,-o + Xi1) — Yo + Yy be a positive multilinear
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operator such that T : [[_, X;j — Y; for j = 0,1. If ¢ € U satisfies the estimate
o(1,8)0(1,t) < Co(1,st) for some C >0 and all s,t > 0, then T is bounded from the
product TT'_; ¢(Xi0, Xi1) into @(Yo, Y7).

We note that the above result is an extension of the result presented in [2], where
under the above conditions it is shown, in a quite different way, that T is bounded
from ], ¢(Xi, Xi1) into ¢(Yy,Y]) N (Yo + Y1) provided that the dilation indices
of p = ¢@(1,-) defined by «, := lim,o(Ins,(t)/Int), B, = lim,(Ins,(t)/Int) are
non-trivial, i.e. 0 < o, < f, < 1. Here s,(t) := sup{p(tu)/p(u) ; u > 0} for t > 0.

Theorem 2.4. Let ¢ij, ¢i,yp; € % and let X; be couples of Banach lattices, i = 1,...,n,
Jj=0,1. Assume that T : T]'_(¢i0(X:), pi1(X:)) = (po(Y ), w1(Y)) is a positive multi-
linear operator. If there exists C > 0 such that ¢(1,s1)"...-@u(1,s,) < Cyw(1,51°..."sy)
for all sq,...,s, > 0, then T is bounded from the product H7:1 il i, 0i1)(X;) into
v (o, wi1)(Y).

PROOF. Since for any ¢, ¢1,¢ € % and any couple E = (Eo, E{) of Banach lattices
the following reiteration formula holds (see [10]),

d(po(E), $1(E)) = d(¢o, $1)(E),

the result follows by Theorem 2.1. ®

Let E be a Banach lattice on (£, p). It is easy to see that if y is an Orlicz
Sfunction (ie. v : [0,00) — [0,00) is a convex function which takes value zero only
at zero) and ¢ € % is defined by ¢(0,0) = 0, ¢(s,t) = tp~'(s/t) for s,t > 0, then
the Calderon-Lozanovskii space ¢(E, L,,) coincides isometrically with the Banach
lattice

E, ={xe L%u); y(|x|/2) € E for some A > 0}
equipped with the norm

Ix]lg, = inf{Z > 0; [lw(|x|/A)r < 1}.

In particular, @(Li(u), Loo()) coincides isometrically with the Orlicz space Ly, (u).

Applying Theorem 2.4, we can obtain a multilinear theorem for positive multi-
linear operators between spaces of the type E,. We only formulate a result for the
Orlicz spaces.

Theorem 2.5. Let ¢, yp;, i =1,...,n, 0y,01 be Orlicz functions and let ¢q,..., ¢, @ €
AU be such that there exists C > 0 such that @(1,51) ...  @u(1,8,) < Co(l,s1"..."5,)
Sor all sy,....sy > 0. If T : TTiL (Lg, (i), Ly, (i) — (Loy(1), Lo, () is a positive
multilinear operator, then T is bounded from the product []i_; Lo,(ti) into Lo(p),
where 071(t) = @(04(1), 071(¢)) and &7 (1) = @i(pg (1), p7(1)) for t >0, i=1,...,n.

We note that it follows from the proofs that in all results of this section as well
as in the next one the norm of interpolated multilinear operator T is estimated by
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CITl g, x,7) where C is a positive constant depending on parameters generating
intermediate spaces with respect to Banach couples X1,...,X, and Y. In fact, in the
case of the Calderon—Lozanovskii spaces, the above-mentioned estimate for positive
operators is equivalent to the generalised C-supermultiplicativity of the involved
functions as it follows from the following result.

Theorem 2.6. Let ¢1,...,¢0u¢ € U and let X;, i = 1,...,n and Y be couples of
Banach lattices. The following conditions are equivalent :
(i) there exists C > 0 such that the estimate @1(1,s1)... @u(1,s,) < Co(1,s;1"...'s,)
holds for all sy,...,s, > 0;
(ii) there exists C > 0 such that for any X;, Y and any positive multilinear operator
TeX(Xy,...,Xu:;Y)it holds that 1T g @0y.....n @) <CI Tl gz, %, 7y
(ili) for any X;, Y there exists C > 0 such that for any positive multilinear operator
TeZ(Xy,....,Xu;Y) it holds that | T 4, %)), 0@ <CIT oz, %7
PrOOF. (i) = (ii) follows by Theorem 2.2 and the proof of Theorem 2.1. (ii) =
(iii) is obvious. Thus we need only show the implication (iii) = (i). Let X; =
(L1(R4,m), Ls(Ry,m)) for i =1,...,nand let Y = (L{(R’,, my,), Lo(R",,m,)). Define
amap T : L%m) x ... x L°(m) = L%(m,) by

T(X1,..03Xp) =X1 ® ... ® Xy,

where X1 ®... @xn(sl,...,sn) = x1(s1) ... xp(s,) for Lﬁ,...,s,l) € RL. Clgrly,
T: [ Xi— Y and |Tl|,x, . x 7, = 1. We have ¢(X;) = L;,(m) and o(Y) =

-------

L (m,) isometrically with suitable Orlicz functions y; and y defined by ¢;(s,t) =
ty:1(s/t) and ¢(s,t) = typ~1(s/t) for t > 0. This easily implies that for any s; > 0,
i=1,...,n, we have

05l x) = 10575 )

and

[ 2005) ® - ® K100 | o7y = 1/ (5T -5, 1),

Thus, if we assume that (iii) holds, we would have

[ T(x1,.. xn)H < CHTHJ ,,,,, }’I;Y)HXI H(p](}]) Tl HX"HW(XJ'

Combining the above with x; = y o), si > 0 for i = 1,...,n, we obtain by homo-
geneity of ¢; and ¢

P1(Ls1) o @a(l,sy) < Co(l,sy - ... sp).
This completes the proof. W

3. Applications

In this section we will apply the obtained results to prove certain abstract
multilinear interpolation theorems. First of all we observe that the results we have
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proved hold true for multilinear operators provided that the range couples are
weighted L, -spaces. To see this, we need the following result, which is a multilinear
version of the well-known classical result on the existence of the modulus for order-
bounded linear operators between Riesz spaces. The proof is a simple modification of
the argument for the classical case (see e.g. [1, theorem 1.10]) and is therefore omitted.

Proposition 3.1. Let T : E; X...x E,, — F be a multilinear map between Riesz spaces
such that sup{|T(y1,...,yn)l 5 |yjl £ xj, j =1,...,n} exists in F for each (xi,...,X,) €
Eff X...xE; . Then |T| : E{ x...x E} — F* defined by

ITI(X1,. .., %n) == SUp{T (V1o vl 5 Vil < xj, j=1,...,n}

is a positively multilinear map which dominates T.

Proposition 3.2. Let X; = (Xi0, Xi1), i = 1,...,n, and (Lo(Wo), Loo(w1)) be couples of
Banach lattices, and let T : T]'_; Xi = (Loo(Wo), Lo(w1)) be a multilinear operator. If
Plyeves O, @ € U satisfy the estimate @i(1,s1) ... @a(1,5,) < Co(l,s1"..."sy,) for
some C > 0 and all sy,...,s, > 0, then T is a bounded operator from the product
[1L; @i(Xi) into Lo (@«(wo, w1)).

Proor. Clearly sup{|T(y1,...,yu)|; |yil < xi, i =1,...,n} exists in L(wo) + Lo (w1)
for each (x,...,x,) € (X10+ X11)" X ... X (X0 + X,u1)". Thus we conclude by
Proposition 3.1 that T is dominated by a positively multilinear operator |T|. To
complete the proof, it suffices to apply Theorem 2.2 and the obvious observation
that, by boundedness of T, we obtain that

‘T‘ 2X1j+ X ... X X”j+ — Lw(Wj)Jr
is bounded for j =0,1. =

Before the presentation of the main result of this section we need some more
definitions and notation.

Let A be any fixed Banach couple and let 0 & a € Ay + 4. We recall (see e.g.
[12]) that the interpolation orbit Orb4(a, X) of a in the couple X is the Banach space
consisting of all elements of the form x = Ta for some T : A — X, equipped with
the norm

Ix|| :==inf{|| T4 % ; x = Taj.
Clearly # = Orb(a,) is an exact interpolation functor. If a, = {¢(1,2")}*, for
@ € @, then Orb; (ay, ') is the lower Ovchinnikov’s functor denoted by ¢/(-) (see [12]).

Let ¢ € % and let X be a Banach couple. The space M,(X) of all x € Xo + X,
such that

HxH(p = Sup{K(la t,x,Y)/qD(l,t) 7 t > 0} < 0

is called a generalised Marcinkiewicz space. Here K is the functional defined on
Xo + X by

K(s,t,x;X) := inf{s||xo[lx, + tl|x1llx, 5 x =x0+x1}, s>0.
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Let X = (Xo,X1) be a Banach couple and let X be a Banach space intermediate
with respect to X. We recall that the Gagliardo completion X¢ of X is the space of
all limits in Xy + X; that are bounded in X. We also recall that X¢ is a Banach
space equipped with the norm

[l xe = %nf} sup [[x, [ x.

Xn

where the infimum is taken over all bounded sequences {x,} in X such that x, — x
in Xy + X;.

Theorem 3.3. Let E; = (Ej, Ei1) be a couple of Banach lattices and let a; € Ejy + Ej
be such that a; € @i(E;)°, where @i(s,t) < K(s,t,a;;E;) for i = 1,...,n. Assume that
@ € U is such that there exists a constant C > 0 such that @(1,s1) ...  @u(1,5,) <
o(1,51-...-8,) for all sq,...,8, > 0. If X; = (Xj0,Xs1), i=1,...,nand Y = (Yo, Y1) are
couples of Banach spaces and T :[[i_, X; — Y, then T is bounded from the product
Orbg, (a, X1) X ... % OrbE(a,,,Yn) into M,(Y).

PrOOF. Assume that HTHL(Y ,,,, X7 = 1. Let x; € X; := Orbg,(a;, X;) with || x;||x, <
1 fori=1,...,n. Thus x; = Si(a;) for some S; : E; —» X; with HSl-Hfﬁyi < 1. Let
V .Y — 7/, be any operator such that |[V|y_; < 1. Define an operator U = Uy
by

Uyt,--sn) == VT (S1y15...,Suyn)
for (y1,...,yn) € [1i2,(Eio + Ei1). Clearly, for j = 0,1 we have

U1 ylleeom < Ivilley - IvallE,,-

This means that U : []'_; E; — /... By Proposition 3.2 there exists a constant C; > 0
such that

anwmmmefwsamwm@aumen
for all (y1,...,yn) € [1_; @i(E;). Since the multilinear map U : [[_,(Eip + E;y) —

{w + {(27") is continuous and Lo(@+(1,27") = Zo(9+(1,27")), we easily obtain
that

IUs - vl esoei2m) < Cillyilly, @ e - 1vnlly, @ e

for all (y1,...,yn) € [Ti2; @i Ei).
By the co-orbital description of the K-method spaces (see e.g. [4], [6] or [12]),
we have

191l pr, 7y = = sup{| V¥l .05 IVIy_z, <1}

Since a; € ¢;(E;)°, we conclude that

1Tty 7y = SUP{I Up (@ an) iz 1V Iy, < 1)
< Cillaill,, @y - lanly, @z, = C

holds for all (x1,...,x,) € H;':I X; with ||x;||x, < 1. This completes the proof. W
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Theorem 3.4. Let X; = (Xj0,Xi1), i = 1,...,n, and Y = (Yy, Y1) be Banach couples
and let T : [[_;X; — Y be a multilinear operator. If @i,...,pn, @ € U satisfy
o1(L,s1) ... ou(l,sy) < Co(1,51 ... s,) for some C > 0 and all sq,...,s, > 0,
then T is bounded from [['_; ir(X;) into M,(Y). If additionally ¢; € ®y, then T
is bounded from [\, Orbz (ay,, X;) into M,(Y).

PROOF. Let E; = /,, and let a; = {¢;(1,2")}*,, for i = 1,...,n. By the well-known
equivalence K (s,1,a;;/,) = sup, min{s, 127"}, we have K(s,t,a;;/+) = ¢i(s, ). Since

Pill2)" = @il ) = Lo(@in(1,27")),

we have a,, € @i(/s)". Thus the result follows by Theorem 3.3.

Now recall (see [15, pp 451, 471]) that if E is a Banach lattice on (€2, 1) then
x € X" if and only if there exists a sequence {x,} of elements of E, such that
0 < x, 7 |x|] a.e. and sup,, ||x,||g < co. For x € E” we have

Ix|gr = inf{ lim X[z ;0 < %, T |X] a.e.}.
n—o0

Hence a routine calculation shows that if X is a couple of Banach lattices on (£, i)
and X is an intermediate Banach lattice with respect to X having order-continuous
norm (ie. ||x,||lx — O whenever 0 < x,, | 0 with x, € X), then X = X" N (Xo + X1).
Since ¢(co) = co(@«(1,27")) for any ¢ € % and ()" = £/ (¢(1,27")), we conclude
that

@(co, co(27"))" = /eo(ep(1,27"))

for any ¢ € U N @.

To complete the argument, suppose that ¢; € # N @y for i = 1,...,n. Then
ae; € @i(co)°. Since K(s,t,a,4,;¢0) < @i(s,t), we obtain by Theorem 3.3 that T is
bounded from the product [, Orbz (a,, X;) into M,(Y). W

Corollary 3.5. Let X;, i =1,...,n and Y be Banach couples and let ¢ € % be such
that ¢(1,5)p(1,t) < Co(1,st) for some C > 0 and all s,t > 0. If T : [[_; X; > Y,
then T is bounded from [[_; ¢,(X;) into M,(Y). If additionally ¢ € ®, then T is
bounded from [[_, Orbg (a,, X;) into M,(Y).

Applying the above corollary, we easily obtain a generalisation of the main
results presented in [3] on interpolation of bilinear operators from the product
of interpolation spaces generated by the Peetre functor (-), or Gustavsson—Peetre
functor (-, p) determined by a parameter concave function p : Ry — R,. We refer
the reader to [6] or [12] for the definitions of these functors.

Corollary 3.6. Let X = (X0, X,),Y = (Yo,Yy) and Z = (Zo,Z;) be Banach couples
and let p : Ry — R, be a concave function such that ¢(s,t) := sp(t/s) satisfies
@ € ®y and @« € &y. If there exists C > 0 such that p(s)p(t) < Cp(st) for all s,t >0
and T : X x Y — Z is any bilinear operator, then T is bounded from the product
(X, p) x (Y, p) into M,(Z). In particular, T is bounded from (X), x (Y ), into M,(Z).
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PrOOF. It is well known that if ¢ € % is such that ¢ € @y and ¢. € @y, then
Orbz,(X) = (X, p) (see [6] or [12, section 8]). Since

<X>PL9<XZP>

holds with continuous inclusion for any Banach couple X, where p(t) = ¢(1,t) for
t > 0, the proof is finished by Theorem 3.5. ®

We note that the above result has been proved in [3] in a quite different way
under the additional assumption that the dilation indices of the function p are
non-trivial.

Concluding this section, let us show some further applications to interpolation
of multilinear operators defined on the abstract K-method spaces. We recall that if
E is a parameter of the K-method, i.e. E is a Banach sequence lattice intermediate
with respect to (£4,Z(27")), then the K-space X consists of all x € Xy + X; with
{K(1,2",x;X)}2_, € E. It is well known that X is equipped with the norm

n=—0o0
[l = [{K(1,2", x5 X)} |

is an exact interpolation space with respect to X.

Let E = (Eo, E1) be a couple of parameters of the K-method. An interpolation
functor . is said to be stable on X with respect to E if the following reiteration
formula holds:

%(YanyE]) = Yf(Eo,El)'

It is well known that if Ey and E; are parameters of the real method, then any
interpolation functor is stable on any Banach couple X (see e.g. [4]; [12]). Recall
that a Banach sequence space E is said to be a parameter of the real method if
(o Nlp(27") > E — /1 +/1(27") and the Calderon operator 2 defined by

0

(28, = Y min{1,2"5}&,

k=—c0

is bounded in E.

We remark that it is shown in [11] that if X = (Xo, X;) is an ordered couple (i.e.
Xo = X or X; — Xj) of Banach lattices on measure space with X; = L,(w), then
any interpolation functor % is stable on X with respect to (Eo, E1) for any parameter
of the real method E;_; and E; = /.,(27/") with corresponding j = 0 or j = 1 for
which X; = L..(w). The next result can be formulated for orbit interpolation functors
satisfying the general conditions of Theorem 3.3 and couples for which we have the
stability property. For simplicity, we formulate only the following result.

Theorem 3.7. Let A" = (Ao, Ait) and Y be any Banach couples and let E; = (Ei, Ei1)
be a couple of parameters of the real method, i = 1,....n. If @1,...,0n,¢0 € U
satisfy the estimate @(1,s1) ... @u(1,5,) < (1,51 - ... s,) for some C > 0 and
all sy,...,s, > 0, then any multilinear operator T : [[\_,(A'gy, A'g,) — Y is bounded
from H;;l(Aio,An)wi/(E) into M,(Y).



160 Mathematical Proceedings of the Royal Irish Academy

Proor. If we put X; = (EEiO,EEil) for i = 1,...,n, then it follows by Theorem 3.4
that T is bounded from []._; ¢i(X;) into M,(Y). Since E; are parameters of the
real method the reiteration formula applies for each functor ¢;(-), i =1,...,n. This
completes the proof. M

As an application of Theorem 3.7 we present a result on interpolation of
bilinear operators between generalised Marcinkiewicz spaces. We refer the reader
to [7], where results on interpolation of multilinear operators are presented for the
classical real method spaces.

Corollary 3.8. Let X, Y and Z be Banach couples. Assume that ¢;,p;,0; € U have
non-trivial indices for i = 0,1. If ¢ € U is such that ¢(1,s)p(1,t) < Ce(1,st) for some
C >0 and s,t > 0, then any operator T : (My,(X), My, (Y)) X (My(X), M, (Y)) —
(M()O(Z), Mgl (Z)) is bounded from M@(WO,Wl)(X) X M<P(1P0114/‘1)(Y) into Mw(goﬂgl)(Z).

Proor. The result follows from Theorem 3.7. To see this observe that M,(A) =
Ay, (p.(12-) for any Banach couple 4 and y € %. Moreover, if y has non-trivial
indices, then E = /,,(1,27") is a parameter of the real method. We also have

@/ o(Wo), £o(W1)) = @(£o(Wo), £ oo(W1)) = oo (1ps(Wo, W1))

for any ¢ € % and any weights wo, w; (see [12]). In order to complete the proof, we
need only to recall (see e.g. [4, p. 349]) that the following reiteration formula,

M(p(MQO(Z)’ M91 (Z)) = M@(eoﬁl)(z)s
holds for any Banach couple Z and ¢,0p,0; € %. =

We remark that, taking X =Y = Z = (L(u), L..(n)) (or resp. (C(0,1),C'(0, 1))),
we obtain the results on interpolation of bilinear operators between classical
Marcinkiewcz symmetric spaces or Lipschitz spaces respectively.
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