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Abstract

A necessary and sufficient condition is given for the interpolation theorem to hold
for positive multilinear operators from the product of Calderón–Lozanovskiı̆ spaces
generated by any couples of Banach function spaces. In a particular case, if the
parameters generating those spaces are the same concave functions, the condition
is equivalent to supermultiplicativity of the generating function. This result is used
to obtain interpolation theorems for the multilinear operators from the product of
certain interpolation orbit spaces, in particular Ovchinnikov’s lower method spaces,
into generalised Marcinkiewcz spaces.

1. Introduction

It is well known that the results on interpolation of bilinear operators have found
interesting applications in general theory of Banach spaces. For example, by using
a theorem on interpolation of bilinear operators by complex method and certain
Maurey’s result on factorisation of operators on `p, 1 < p < 2, Pisier [13] proved
that the space of 2-summing operators on complex `p-spaces with 1 < p < 2 is
super-reflexive.

In the present paper we study interpolation of multilinear operators between
Calderón–Lozanovskiı̆ spaces. Unfortunately, as far as we know, the problem is not
solved in general. Certain results have been proved by Astashkin [2] for positive
operators under some assumptions on the range couples and the dilation indices of
the concave function generating the spaces. In section 2 we prove in a quite different
way a general result on interpolation of positive operators between Calderón–
Lozanovskiı̆ spaces. We remark that an assumption in [2] on the indices of concave
function is superfluous.

In section 3 we apply the above-mentioned result to prove theorems on interpola-
tion of multilinear operators from the product of certain interpolation orbit spaces,
in particular Ovchinnikov’s lower method spaces, into generalised Marcinkiewicz
spaces. These results give a generalisation of the main results presented in [3].

In the paper we shall use the standard notation and notions from interpolation
theory, as presented e.g. in [4] or [12]. We recall that an interpolation method is
a functor F from the category of all compatible couples of Banach spaces into
the category of all Banach spaces such that, for any couple X, F(X) is a Banach
space intermediate with respect to X (i.e. X0 ∩ X1 ⊂ F(X) ⊂ X0 + X1), and

∗Research supported by KBN-Grant 2 P03A 050 09.

Mathematical Proceedings of the Royal Irish Academy, 100A (2), 149–161 (2000) c© Royal Irish Academy



150 Mathematical Proceedings of the Royal Irish Academy

T : F(X) → F(Y ) for all Banach couples X, Y and every T : X → Y . Here, as
usual, we use the notation T : X → Y , which means that T : X0 +X1 → Y0 +Y1 is a
linear operator such that the restriction of T to the space Xj is a bounded operator
from Xj into Yj , j = 0, 1. The spaces of all operators T : X → Y is a Banach space
equipped with the norm ‖T‖X→Y := max{‖T‖X0→Y0

, ‖T‖X1→Y1
}.

We recall that the space L(X1, . . . , Xn;Z) of all bounded n-multilinear (shortly
multilinear, or bilinear if n = 2) operators from the product

∏n
i=1 Xi of Banach

spaces into a Banach space Y is a Banach space equipped with the norm:

‖T‖L(X1 , . . . , Xn;Y ) := sup{‖T (x1, . . . , xn)‖Y ; ‖xi‖X ≤ 1, i = 1, . . . , n}.
Let Xi = (Xi0, Xi1), i = 1, . . . , n and Y = (Y0, Y1) be Banach couples. Throughout

the paper we write T :
∏n

i=1 Xi → Y if T ∈ L(X10 +X11, . . . , Xn0 +Xn1;Y0 +Y1) and
T ∈ L(X1j , . . . , Xnj;Yj) for j = 0, 1. The space of all operators T :

∏n
i=1 Xi → Y is

denoted by L(X1, . . . , Xn;Y ) and is equipped with the norm

‖T‖ := max{‖T‖L(X10 , . . . , Xn0;Y0), ‖T‖L(X11 , . . . , Xn1;Y1)}.

2. Calderón–Lozanovskiı̆ spaces

In this section we will study interpolation of positive multilinear operators in
Calderón–Lozanovskiı̆ spaces. We start with some basic definitions and notation.

Let (Ω, µ) := (Ω,Σ, µ) be a measure space with µ complete σ-finite. As usual,
L0(µ) denotes the space of all equivalence classes of measurable functions on Ω with
the topology of convergence in measure on µ-finite sets.

Let E ⊂ L0(µ) be a Banach lattice (on (Ω, µ)). If the unit ball BE := {x ∈
E; ‖x‖E ≤ 1} is closed in L0(µ), so that E has the Fatou property, then E is called a
maximal Banach lattice. It is well known that E is maximal if and only if E = E′′
isometrically, where E ′ denotes the Köthe dual of E, i.e.

E ′ :=

{
y ∈ L0(µ); ‖y‖E′ = sup

x∈BE

∫
Ω

|xy|dµ < ∞
}
.

If E is a Banach lattice and w ∈ L0(µ) with w > 0 a.e., we define the weighted
space E(w) by the condition ‖x‖E(w) := ‖xw‖E < ∞. In the sequel the couples
(`∞, `∞(2−n)) and (c0, c0(2−n)) of Banach sequence lattices defined on the set of
integers Z will be denoted by `∞ and c0 respectively.

Throughout the paper the set of all positive functions ϕ : R+ ×R+ → R+ non-
decreasing in each variable which are homogeneous of degree one, i.e. ϕ(λs, λt) =
λϕ(s, t) for any λ ≥ 0, is denoted by Φ. If ϕ ∈ Φ is concave, we write ϕ ∈ U. Clearly,
if ϕ ∈ Φ, then the function ϕ∗ defined by ϕ∗(s, t) := 1/ϕ(s−1, t−1) for any s, t > 0 is
also in Φ. The subset of all ϕ ∈ Φ for which ϕ(s, 1) → 0 and ϕ(1, t) → 0 as s → 0
and t→ 0 is denoted by Φ0.

Recall that if X = (X0, X1) is a couple of Banach lattices on (Ω, µ) and ϕ ∈ U,
then the Calderón–Lozanovskĭı space ϕ(X) = ϕ(X0, X1) consists of all x ∈ L0(µ) such
that |x| ≤ λϕ(|x0|, |x1|) µ-a.e. for some xj ∈ Xj with ‖xj‖Xj ≤ 1, j = 0, 1. The space



Masty Lo—Multilinear interpolation theorems 151

ϕ(X) is a Banach lattice on (Ω, µ) equipped with the norm

‖x‖ := inf{λ > 0; |x| ≤ λϕ(|x0|, |x1|), x0 ∈ BX0
, x1 ∈ BX1

}
(see [8]; [9]; [14]). In the case of the power function ϕθ(s, t) = s1−θtθ with 0 < θ < 1,
we obtain the space X1−θ

0 Xθ
1 introduced by Calderón [5]. We note that simple

calculations show that for any Banach lattice E and any weights w0 and w1 we have

ϕ(E(w0), E(w1)) = E(ϕ∗(w0, w1)),

with equivalent norms.
Let E1, . . . , En and F be Riesz spaces (i.e. vector lattices). A map T : E+

1 ×
. . . × E+

n → F+ is said to be positively multilinear if for each xj in positive
cone E+

j := {x ∈ Ej ; xj ≥ 0} of Ej , j = 1, . . . , n, j 6= i, the map X+
i 3 x 7−→

T (x1, . . . , xi−1, x, xi+1, . . . , xn) is positively homogeneous and additive.
A map T : E1 × . . . × En → F is said to be a positive multilinear map if the

restriction map T : E+
1 × . . .× E+

n → F+ is positively multilinear.
It is easy to see that if T : E1 × . . .× En → F is a positive multilinear map then

|T (x1, . . . , xn)| ≤ T (|x1|, . . . , |xn|)
for every (x1, . . . , xn) ∈ X1 × . . .×Xn.

If E1, . . . , En, F are normed lattices, the set of all positively multilinear maps is
denoted by L+(E1, . . . , En;F). On L+(E1, . . . , En;F) we introduce the functional

‖T‖L+(E1 , . . . , En;F) := sup{‖T (x1, . . . , xn)‖F ; 0 ≤ xj ∈ BXj , j = 1, . . . , n}.
Since every positive linear map from a Banach lattice into a normed lattice is

bounded, the Uniform Boundedness Principle immediately yields that every positive
multilinear map from the product E1 × . . . × En of Banach lattices into a normed
lattice F is a bounded multilinear operator. Clearly, in this case

‖T‖L(E1 , . . . , En;F) = ‖T‖L+(E1 , . . . , En;F).

We are now in a position to prove the main result of this section.

Theorem 2.1. Let X = (X0, X1), Y = (Y0, Y1), Z = (Z0, Z1) be couples of Banach lat-
tices on measure spaces (Ω0, µ0), (Ω1, µ1), (Ω2, µ2) respectively, and let S : (X0 + X1)
× (Y0 +Y1)→ Z0 +Z1 be an operator dominated by a positively bilinear map T such
that T : X+

j × Y +
j → Z+

j , j = 0, 1. If ϕ0, ϕ1, ϕ2 ∈ U are such that ϕ0(1, s)ϕ1(1, t) ≤
Cϕ2(1, st) for some C > 0 and all s, t > 0, then S : ϕ0(X)× ϕ1(Y )→ ϕ2(Z) and

‖S(x, y)‖ϕ2(Z) ≤ C max{‖T‖L+(X0 ,Y0;Z0), ‖T‖L+(X1 ,Y1;Z1)}‖x‖ϕ0(X)‖y‖ϕ1(Y )

for all (x, y) ∈ ϕ0(X)× ϕ1(Y ).

Proof. Let x ∈ ϕ0(X) and y ∈ ϕ1(Y ) with ‖x‖ϕ0(X) < 1 and ‖y‖ϕ1(Y ) < 1. Then

there exist 0 ≤ xj ∈ Xj , 0 ≤ yj ∈ Yj with ‖xj‖Xj < 1 and ‖yj‖Yj < 1 for j = 0, 1 such
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that |x| ≤ ϕ0(x0, x1) and |y| ≤ ϕ1(y0, y1) a.e. Since S is dominated by a positively
bilinear map T , we obtain

|S(x, y)| ≤ T (|x|, |y|) ≤ T (ϕ0(x0, x1), ϕ1(y0, y1)) a.e.

In order to finish the proof, it suffices to show that for all 0 ≤ xj ∈ Xj, 0 ≤ yj ∈ Yj ,
j = 0, 1, the following inequality holds:

T (ϕ0(x0, x1), ϕ1(y0, y1)) ≤ Cϕ2(T (x0, y0), T (x1, y1)) a.e.

Let u = x0 + x1 and v = y0 + y1. Suppose first that x0, x1 and y0, y1 are simple
elements with respect to u and v respectively, i.e.

x0 =

n∑
k=1

akuk and x1 =

n∑
k=1

bkuk

y0 =

n∑
k=1

ckvk and y1 =

n∑
k=1

dkvk,

where ak, bk, ck, dk ≥ 0, uk ∧ um = 0 and vk ∧ vm = 0 for k 6= m, k, m = 1, . . . , n and
Σnk=1uk = u, Σnk=1vk = v. Hence we have

ϕ0(x0, x1) =

n∑
k=1

ϕ0(ak, bk)uk,

ϕ1(y0, y1) =

n∑
k=1

ϕ1(ck, dk)vk.

This implies that

T (ϕ0(x0, x1), ϕ1(y0, y1)) = T

(
n∑
k=1

ϕ0(ak, bk)uk,

n∑
k=1

ϕ1(ck, dk)vk

)

=

n∑
i=1

n∑
j=1

ϕ0(ai, bi)ϕ1(cj , dj)T (ui, vj).

By the assumption on ϕ0, ϕ1, ϕ2, it follows that ϕ0(s1, t1)ϕ1(s2, t2) ≤ Cϕ2(s1s2, t1t2)
for any sj , tj > 0, j = 0, 1. In consequence, by subadditivity of concave function ϕ2,
we obtain

T (ϕ0(x0, x1), ϕ1(y0, y1)) ≤ C
n∑
i=1

n∑
j=1

ϕ2(aicj , bidj)T (ui, vj)

≤ C
n∑
i=1

ϕ2

 n∑
j=1

T (aiui, cjvj),

n∑
j=1

T (biui, djvj)


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≤ Cϕ2

 n∑
i=1

n∑
j=1

T (aiui, cjvj),

n∑
i=1

n∑
j=1

T (biui, djvj)


= Cϕ2(T (x0, y0), T (x1, y1)).

If 0 ≤ xj ∈ Xj and 0 ≤ yj ∈ Yj (j = 0, 1) are arbitrary, then it follows by
0 ≤ xj ≤ u and 0 ≤ yj ≤ v that there are sequences {xjn} and {yjn} of simple
elements with respect to u and v respectively such that 0 ≤ xjn ≤ xj , 0 ≤ yjn ≤ yj
and xj − xjn ≤ u/n, yj − yjn ≤ v/n for all n ∈ N, j = 0, 1. Combining the above with
concavity of ϕ0 and ϕ1 we get

0 ≤ ϕ0(x0, x1)− ϕ0(x0
n, x

1
n) ≤ ϕ0(x0 − x0

n, x1)− ϕ0(0, x1)

+ ϕ0(x0
n, x1 − x1

n)− ϕ(x0
n, 0) + ξ0

nu

and

0 ≤ ϕ1(y0, y1)− ϕ1(y0
n , y

1
n) ≤ ϕ1(y0 − y0

n , y1)− ϕ1(0, y1)

+ ϕ1(y0
n , y1 − y1

n)− ϕ(y0
n , 0) + ξ1

nv,

where ξjn = (ϕj(1/n, 0)− ϕ0(0, 1) + ϕj(1, 1/n)− ϕj(1, 0)) for n ∈ N and j = 0, 1. The
above estimates imply that

ϕ0(x0, x1) ≤ ϕ0(x0
n, x

1
n) + ξ0

nu,

ϕ1(y0, y1) ≤ ϕ1(y0
n , y

1
n) + ξ1

nv.

By using the previous estimate for simple elements, and the positivity and bilinearity
of T , we obtain

T (ϕ0(x0, x1), ϕ1(y0, y1)) ≤ T (ϕ0(x0
n, x

1
n), ϕ1(y0

n , y
1
n)) + T (ϕ0(x0

n, x
1
n), ξ

1
nv)

+ T (ξ0
n un, ϕ1(y0

n , y
1
n)) + T (ξ0

nu, ξ
1 v)

≤ Cϕ2(T (x0, y0), T (x1, y1)) + ξ1
n T (ϕ0(x0, x1), v)

+ ξ0
n T (u, ϕ1(y0, y1)) + ξ0

n ξ
1
n T (u, v).

Thus the required inequality follows by ξjn → 0 as n→∞ for j = 0, 1.

Similarly we show the following result.

Theorem 2.2. Let Xi = (Xi0, Xi1), i = 1, . . . , n, and Y = (Y0, Y1) be couples of Banach
lattices and let S :

∏n
i=1(Xi0 + Xi1) → Y0 + Y1 be an operator dominated by a pos-

itively multilinear map T such that T :
∏n

i=1 X
+
ij → Y +

j is bounded for j = 0, 1. If
ϕ1, . . . , ϕn, ϕ ∈ U satisfy the estimate ϕ1(1, s1) · . . . · ϕn(1, sn) ≤ Cϕ(1, s1 · . . . · sn) for
some C > 0 and all s1, . . . , sn > 0, then S is bounded from the product

∏n
i=1 ϕi(Xi)

into ϕ(Y ).

Corollary 2.3. Let Xi = (Xi0, Xi1) for i = 1, . . . , n and Y = (Y0, Y1) be couples of
Banach lattices and let T :

∏n
i=1(Xi0 + Xi1) → Y0 + Y1 be a positive multilinear
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operator such that T :
∏n

i=1 Xij → Yj for j = 0, 1. If ϕ ∈ U satisfies the estimate
ϕ(1, s)ϕ(1, t) ≤ Cϕ(1, st) for some C > 0 and all s, t > 0, then T is bounded from the
product

∏n
i=1 ϕ(Xi0, Xi1) into ϕ(Y0, Y1).

We note that the above result is an extension of the result presented in [2], where
under the above conditions it is shown, in a quite different way, that T is bounded
from

∏n
i=1 ϕ(Xi0, Xi1) into ϕ(Y ′′0 , Y ′′1 ) ∩ (Y0 + Y1) provided that the dilation indices

of ρ = ϕ(1, ·) defined by αρ := limt→0(ln sρ(t)/ ln t), βρ := limt→∞(ln sρ(t)/ ln t) are
non-trivial, i.e. 0 < αρ ≤ βρ < 1. Here sρ(t) := sup{ρ(tu)/ρ(u) ; u > 0} for t > 0.

Theorem 2.4. Let ϕij , ϕi, ψj ∈ U and let Xi be couples of Banach lattices, i = 1, . . . , n,
j = 0, 1. Assume that T :

∏n
i=1(ϕi0(Xi), ϕi1(Xi))→ (ψ0(Y ), ψ1(Y )) is a positive multi-

linear operator. If there exists C > 0 such that ϕ1(1, s1)· . . .·ϕn(1, sn) ≤ Cψ(1, s1 · . . .·sn)
for all s1, . . . , sn > 0, then T is bounded from the product

∏n
i=1 ϕi(ϕi0, ϕi1)(Xi) into

ψ(ψ0, ψ1)(Y ).

Proof. Since for any φ0, φ1, φ ∈ U and any couple E = (E0, E1) of Banach lattices
the following reiteration formula holds (see [10]),

φ(φ0(E), φ1(E)) = φ(φ0, φ1)(E),

the result follows by Theorem 2.1.

Let E be a Banach lattice on (Ω, µ). It is easy to see that if ψ is an Orlicz
function (i.e. ψ : [0,∞) → [0,∞) is a convex function which takes value zero only
at zero) and ϕ ∈ U is defined by ϕ(0, 0) = 0, ϕ(s, t) = tψ−1(s/t) for s, t > 0, then
the Calderón–Lozanovskiı̆ space ϕ(E, L∞) coincides isometrically with the Banach
lattice

Eψ := {x ∈ L0(µ); ψ(|x|/λ) ∈ E for some λ > 0}
equipped with the norm

‖x‖Eψ := inf{λ > 0; ‖ψ(|x|/λ)‖E ≤ 1}.
In particular, ϕ(L1(µ), L∞(µ)) coincides isometrically with the Orlicz space Lψ(µ).

Applying Theorem 2.4, we can obtain a multilinear theorem for positive multi-
linear operators between spaces of the type Eϕ. We only formulate a result for the
Orlicz spaces.

Theorem 2.5. Let φi, ψi, i = 1, . . . , n, θ0, θ1 be Orlicz functions and let ϕ1, . . . , ϕn, ϕ ∈
U be such that there exists C > 0 such that ϕ1(1, s1) · . . . ·ϕn(1, sn) ≤ Cϕ(1, s1 · . . . · sn)
for all s1, . . . , sn > 0. If T :

∏n
i=1(Lφi(µi), Lψi(µi)) → (Lθ0

(µ), Lθ1
(µ)) is a positive

multilinear operator, then T is bounded from the product
∏n

i=1 LΦi(µi) into Lθ(µ),
where θ−1(t) = ϕ(θ−1

0 (t), θ−1
1 (t)) and Φ−1

i (t) = ϕi(φ
−1
0 (t), φ−1

1 (t)) for t > 0, i = 1, . . . , n.

We note that it follows from the proofs that in all results of this section as well
as in the next one the norm of interpolated multilinear operator T is estimated by
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C‖T‖L(X1 ,...,Xn;Y ), where C is a positive constant depending on parameters generating

intermediate spaces with respect to Banach couples X1, . . . , Xn and Y . In fact, in the
case of the Calderón–Lozanovskiı̆ spaces, the above-mentioned estimate for positive
operators is equivalent to the generalised C-supermultiplicativity of the involved
functions as it follows from the following result.

Theorem 2.6. Let ϕ1, . . . , ϕn, ϕ ∈ U and let Xi, i = 1, . . . , n and Y be couples of
Banach lattices. The following conditions are equivalent:

(i) there exists C > 0 such that the estimate ϕ1(1, s1)·. . .·ϕn(1, sn) ≤ Cϕ(1, s1·. . .·sn)
holds for all s1, . . . , sn > 0;

(ii) there exists C > 0 such that for any Xi, Y and any positive multilinear operator
T ∈L(X1, . . . , Xn;Y ) it holds that ‖T‖L(ϕ1(X1), . . . , ϕn(Xn);Y )≤C‖T‖L(X1 , . . . , Xn;Y );

(iii) for any Xi, Y there exists C > 0 such that for any positive multilinear operator
T ∈L(X1, . . . , Xn;Y ) it holds that ‖T‖L(ϕ1(X1), . . . , ϕn(Xn);Y )≤C‖T‖L(X1 , . . . , Xn;Y ).

Proof. (i) ⇒ (ii) follows by Theorem 2.2 and the proof of Theorem 2.1. (ii) ⇒
(iii) is obvious. Thus we need only show the implication (iii) ⇒ (i). Let Xi =
(L1(R+, m), L∞(R+, m)) for i = 1, . . . , n and let Y = (L1(Rn

+, mn), L∞(Rn
+, mn)). Define

a map T : L0(m)× . . .× L0(m)→ L0(mn) by

T (x1, . . . , xn) = x1 ⊗ . . .⊗ xn,
where x1 ⊗ . . . ⊗ xn(s1, . . . , sn) := x1(s1) · . . . · xn(sn) for (s1, . . . , sn) ∈ Rn

+. Clearly,
T :

∏n
i=1 Xi → Y and ‖T‖L(X1 , . . . , Xn;Y ) = 1. We have ϕi(Xi) = Lψi(m) and ϕ(Y ) =

Lψ(mn) isometrically with suitable Orlicz functions ψi and ψ defined by ϕi(s, t) =
tψ−1

i (s/t) and ϕ(s, t) = tψ−1(s/t) for t > 0. This easily implies that for any si > 0,
i = 1, . . . , n, we have

‖χ(0,si)‖ϕi(Xi)
= 1/ϕi(s

−1
i , 1)

and

‖χ(0,si) ⊗ . . .⊗ χ(0,sn)‖ϕ(Y ) = 1/ϕ(s−1
1 · . . . · s−1

n , 1).

Thus, if we assume that (iii) holds, we would have

‖T (x1, . . . , xn)‖ϕ(Y ) ≤ C‖T‖L(X1 , . . . , Xn;Y )‖x1‖ϕ1(X1) · . . . · ‖xn‖ϕn(Xn)
.

Combining the above with xi = χ(0,si), si > 0 for i = 1, . . . , n, we obtain by homo-
geneity of ϕi and ϕ

ϕ1(1, s1) · . . . · ϕn(1, sn) ≤ Cϕ(1, s1 · . . . · sn).
This completes the proof.

3. Applications

In this section we will apply the obtained results to prove certain abstract
multilinear interpolation theorems. First of all we observe that the results we have
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proved hold true for multilinear operators provided that the range couples are
weighted L∞-spaces. To see this, we need the following result, which is a multilinear
version of the well-known classical result on the existence of the modulus for order-
bounded linear operators between Riesz spaces. The proof is a simple modification of
the argument for the classical case (see e.g. [1, theorem 1.10]) and is therefore omitted.

Proposition 3.1. Let T : E1× . . .×En → F be a multilinear map between Riesz spaces
such that sup{|T (y1, . . . , yn)| ; |yj | ≤ xj, j = 1, . . . , n} exists in F for each (x1, . . . , xn) ∈
E+

1 × . . .× E+
n . Then |T | : E+

1 × . . .× E+
n → F+ defined by

|T |(x1, . . . , xn) := sup{|T (y1, . . . , yn)| ; |yj | ≤ xj, j = 1, . . . , n}
is a positively multilinear map which dominates T .

Proposition 3.2. Let Xi = (Xi0, Xi1), i = 1, . . . , n, and (L∞(w0), L∞(w1)) be couples of
Banach lattices, and let T :

∏n
i=1 Xi → (L∞(w0), L∞(w1)) be a multilinear operator. If

ϕ1, . . . , ϕn, ϕ ∈ U satisfy the estimate ϕ1(1, s1) · . . . · ϕn(1, sn) ≤ Cϕ(1, s1 · . . . · sn) for
some C > 0 and all s1, . . . , sn > 0, then T is a bounded operator from the product∏n

i=1 ϕi(Xi) into L∞(ϕ∗(w0, w1)).

Proof. Clearly sup{|T (y1, . . . , yn)| ; |yi| ≤ xi, i = 1, . . . , n} exists in L∞(w0) + L∞(w1)
for each (x1, . . . , xn) ∈ (X10 + X11)+ × . . . × (Xn0 + Xn1)+. Thus we conclude by
Proposition 3.1 that T is dominated by a positively multilinear operator |T |. To
complete the proof, it suffices to apply Theorem 2.2 and the obvious observation
that, by boundedness of T , we obtain that

|T | : X1j
+ × . . .×Xnj

+ → L∞(wj)
+

is bounded for j = 0, 1.

Before the presentation of the main result of this section we need some more
definitions and notation.

Let A be any fixed Banach couple and let 0 6= a ∈ A0 + A1. We recall (see e.g.
[12]) that the interpolation orbit OrbA(a,X) of a in the couple X is the Banach space
consisting of all elements of the form x = Ta for some T : A → X, equipped with
the norm

‖x‖ := inf{‖T‖A→X ; x = Ta}.
Clearly F = OrbA(a, ·) is an exact interpolation functor. If aϕ := {ϕ(1, 2n)}∞−∞ for
ϕ ∈ Φ, then Orb`∞ (aϕ, ·) is the lower Ovchinnikov’s functor denoted by ϕ`(·) (see [12]).

Let ϕ ∈ U and let X be a Banach couple. The space Mϕ(X) of all x ∈ X0 + X1

such that

‖x‖ϕ := sup{K(1, t, x;X)/ϕ(1, t) ; t > 0} < ∞
is called a generalised Marcinkiewicz space. Here K is the functional defined on
X0 +X1 by

K(s, t, x;X) := inf{s‖x0‖X0
+ t‖x1‖X1

; x = x0 + x1}, s, t > 0.



Masty Lo—Multilinear interpolation theorems 157

Let X = (X0, X1) be a Banach couple and let X be a Banach space intermediate
with respect to X. We recall that the Gagliardo completion Xc of X is the space of
all limits in X0 + X1 that are bounded in X. We also recall that Xc is a Banach
space equipped with the norm

‖x‖Xc = inf
{xn}

sup ‖xn‖X,

where the infimum is taken over all bounded sequences {xn} in X such that xn → x

in X0 +X1.

Theorem 3.3. Let Ei = (Ei0, Ei1) be a couple of Banach lattices and let ai ∈ Ei0 + Ei1
be such that ai ∈ ϕi(Ei)c, where ϕi(s, t) � K(s, t, ai;Ei) for i = 1, . . . , n. Assume that
ϕ ∈ U is such that there exists a constant C > 0 such that ϕ1(1, s1) · . . . · ϕn(1, sn) ≤
ϕ(1, s1 · . . . ·sn) for all s1, . . . , sn > 0. If Xi = (Xi0, Xi1), i = 1, . . . , n and Y = (Y0, Y1) are
couples of Banach spaces and T :

∏n
i=1 Xi → Y , then T is bounded from the product

OrbE1
(a1, X1)× . . .× OrbEn (an, Xn) into Mϕ(Y ).

Proof. Assume that ‖T‖L(X1 , . . . , Xn;Y ) ≤ 1. Let xi ∈ Xi := OrbEi(ai, Xi) with ‖xi‖Xi <
1 for i = 1, . . . , n. Thus xi = Si(ai) for some Si : Ei → Xi with ‖Si‖Ei→Xi

≤ 1. Let

V : Y → `∞ be any operator such that ‖V‖Y→`∞ ≤ 1. Define an operator U = UV

by

U(y1, . . . , yn) := VT (S1y1, . . . , Snyn)

for (y1, . . . , yn) ∈∏n
i=1(Ei0 + Ei1). Clearly, for j = 0, 1 we have

‖U(y1, . . . , yn)‖`∞(2−jn) ≤ ‖y1‖E1j
· . . . · ‖yn‖Enj .

This means that U :
∏n

i=1 Ei → `∞. By Proposition 3.2 there exists a constant C1 > 0
such that

‖U(y1, . . . , yn)‖`∞(ϕ∗(1,2−n)) ≤ C1‖y1‖ϕ1(E1) · . . . · ‖yn‖ϕn(En)
for all (y1, . . . , yn) ∈ ∏n

i=1 ϕi(Ei). Since the multilinear map U :
∏n

i=1(Ei0 + Ei1) →
`∞ + `∞(2−n) is continuous and `∞(ϕ∗(1, 2−n))c = `∞(ϕ∗(1, 2−n)), we easily obtain
that

‖U(y1, . . . , yn)‖`∞(ϕ∗(1,2−n)) ≤ C1‖y1‖ϕ1(E1)c · . . . · ‖yn‖ϕn(En)c
for all (y1, . . . , yn) ∈∏n

i=1 ϕi(Ei)
c.

By the co-orbital description of the K-method spaces (see e.g. [4], [6] or [12]),
we have

‖y‖Mϕ(Y ) = sup{‖Vy‖`∞(ϕ∗(1,2−n)) ; ‖V‖Y→`∞ ≤ 1}.
Since ai ∈ ϕi(Ei)c, we conclude that

‖T (x1, . . . , xn)‖Mϕ(Y ) = sup{‖UV (a1, . . . , an)‖`∞(ϕ∗(1,2−n)) ; ‖V‖Y→`∞ ≤ 1}
≤ C1‖a1‖ϕ1(E1)c · . . . · ‖an‖ϕn(En)c = C

holds for all (x1, . . . , xn) ∈∏n
i=1 Xi with ‖xi‖Xi < 1. This completes the proof.
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Theorem 3.4. Let Xi = (Xi0, Xi1), i = 1, . . . , n, and Y = (Y0, Y1) be Banach couples
and let T :

∏n
i=1 Xi → Y be a multilinear operator. If ϕ1, . . . , ϕn, ϕ ∈ U satisfy

ϕ1(1, s1) · . . . · ϕn(1, sn) ≤ Cϕ(1, s1 · . . . · sn) for some C > 0 and all s1, . . . , sn > 0,
then T is bounded from

∏n
i=1 ϕi`(Xi) into Mϕ(Y ). If additionally ϕi ∈ Φ0, then T

is bounded from
∏n

i=1 Orbc0
(aϕi , Xi) into Mϕ(Y ).

Proof. Let Ei = `∞ and let ai = {ϕi(1, 2n)}∞−∞ for i = 1, . . . , n. By the well-known
equivalence K(s, t, ai; `∞) � supn min{s, t2−n}, we have K(s, t, ai; `∞) � ϕi(s, t). Since

ϕi(`∞)c = ϕi(`∞) = `∞(ϕi∗(1, 2−n)),

we have aϕi ∈ ϕi(`∞)c. Thus the result follows by Theorem 3.3.
Now recall (see [15, pp 451, 471]) that if E is a Banach lattice on (Ω, µ) then

x ∈ X ′′ if and only if there exists a sequence {xn} of elements of E, such that
0 ≤ xn ↑ |x| a.e. and supn ‖xn‖E < ∞. For x ∈ E ′′ we have

‖x‖E′′ = inf
{

lim
n→∞‖xn‖E ; 0 ≤ xn ↑ |x| a.e.

}
.

Hence a routine calculation shows that if X is a couple of Banach lattices on (Ω, µ)
and X is an intermediate Banach lattice with respect to X having order-continuous
norm (i.e. ‖xn‖X → 0 whenever 0 ≤ xn ↓ 0 with xn ∈ X), then Xc = X ′′ ∩ (X0 +X1).
Since ϕ(c0) = c0(ϕ∗(1, 2−n)) for any ϕ ∈ U and ϕ(c0)′′ = `∞(ϕ(1, 2−n)), we conclude
that

ϕ(c0, c0(2−n))c = `∞(ϕ(1, 2−n))

for any ϕ ∈ U ∩ Φ0.
To complete the argument, suppose that ϕi ∈ U ∩ Φ0 for i = 1, . . . , n. Then

aϕi ∈ ϕi(c0)c. Since K(s, t, aϕi; c0) � ϕi(s, t), we obtain by Theorem 3.3 that T is
bounded from the product

∏n
i=1 Orbc0

(aϕi , Xi) into Mϕ(Y ).

Corollary 3.5. Let Xi, i = 1, . . . , n and Y be Banach couples and let ϕ ∈ U be such
that ϕ(1, s)ϕ(1, t) ≤ Cϕ(1, st) for some C > 0 and all s, t > 0. If T :

∏n
i=1 Xi → Y ,

then T is bounded from
∏n

i=1 ϕ`(Xi) into Mϕ(Y ). If additionally ϕ ∈ Φ0, then T is
bounded from

∏n
i=1 Orbc0

(aϕ,Xi) into Mϕ(Y ).

Applying the above corollary, we easily obtain a generalisation of the main
results presented in [3] on interpolation of bilinear operators from the product
of interpolation spaces generated by the Peetre functor 〈·〉ρ or Gustavsson–Peetre
functor 〈·, ρ〉 determined by a parameter concave function ρ : R+ → R+. We refer
the reader to [6] or [12] for the definitions of these functors.

Corollary 3.6. Let X = (X0, X1), Y = (Y0, Y1) and Z = (Z0, Z1) be Banach couples
and let ρ : R+ → R+ be a concave function such that ϕ(s, t) := sρ(t/s) satisfies
ϕ ∈ Φ0 and ϕ∗ ∈ Φ0. If there exists C > 0 such that ρ(s)ρ(t) ≤ Cρ(st) for all s, t > 0
and T : X × Y → Z is any bilinear operator, then T is bounded from the product
〈X, ρ〉×〈Y , ρ〉 into Mϕ(Z). In particular, T is bounded from 〈X〉ρ×〈Y 〉ρ into Mϕ(Z).



Masty Lo—Multilinear interpolation theorems 159

Proof. It is well known that if ϕ ∈ U is such that ϕ ∈ Φ0 and ϕ∗ ∈ Φ0, then
Orbc0

(X) = 〈X, ρ〉 (see [6] or [12, section 8]). Since

〈X〉ρ ↪→ 〈X, ρ〉
holds with continuous inclusion for any Banach couple X, where ρ(t) = ϕ(1, t) for
t > 0, the proof is finished by Theorem 3.5.

We note that the above result has been proved in [3] in a quite different way
under the additional assumption that the dilation indices of the function ρ are
non-trivial.

Concluding this section, let us show some further applications to interpolation
of multilinear operators defined on the abstract K-method spaces. We recall that if
E is a parameter of the K-method, i.e. E is a Banach sequence lattice intermediate
with respect to (`∞, `∞(2−n)), then the K-space XE consists of all x ∈ X0 +X1 with
{K(1, 2n, x;X)}∞n=−∞ ∈ E. It is well known that XE is equipped with the norm

‖x‖ := ‖{K(1, 2n, x;X)}‖E
is an exact interpolation space with respect to X.

Let E = (E0, E1) be a couple of parameters of the K-method. An interpolation
functor F is said to be stable on X with respect to E if the following reiteration
formula holds:

F(XE0
, XE1

) = XF(E0 ,E1).

It is well known that if E0 and E1 are parameters of the real method, then any
interpolation functor is stable on any Banach couple X (see e.g. [4]; [12]). Recall
that a Banach sequence space E is said to be a parameter of the real method if
`∞ ∩ `∞(2−n) ↪→ E ↪→ `1 + `1(2−n) and the Calderón operator P defined by

(Pξ)n =

∞∑
k=−∞

min{1, 2n−k}ξk

is bounded in E.
We remark that it is shown in [11] that if X = (X0, X1) is an ordered couple (i.e.

X0 ↪→ X1 or X1 ↪→ X0) of Banach lattices on measure space with Xj = L∞(w), then
any interpolation functorF is stable on X with respect to (E0, E1) for any parameter
of the real method E1−j and Ej = `∞(2−jn) with corresponding j = 0 or j = 1 for
which Xj = L∞(w). The next result can be formulated for orbit interpolation functors
satisfying the general conditions of Theorem 3.3 and couples for which we have the
stability property. For simplicity, we formulate only the following result.

Theorem 3.7. Let Ai = (Ai0, Ai1) and Y be any Banach couples and let Ei = (Ei0, Ei1)
be a couple of parameters of the real method, i = 1, . . . , n. If ϕ1, . . . , ϕn, ϕ ∈ U
satisfy the estimate ϕ1(1, s1) · . . . · ϕn(1, sn) ≤ ϕ(1, s1 · . . . · sn) for some C > 0 and
all s1, . . . , sn > 0, then any multilinear operator T :

∏n
i=1(AiEi0 , A

i
Ei1 ) → Y is bounded

from
∏n

i=1(Ai0, Ai1)ϕi`(Ei) into Mϕ(Y ).
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Proof. If we put Xi = (AiEi0 , A
i
Ei1 ) for i = 1, . . . , n, then it follows by Theorem 3.4

that T is bounded from
∏n

i=1 ϕi`(Xi) into Mϕ(Y ). Since Ei are parameters of the
real method the reiteration formula applies for each functor ϕi`(·), i = 1, . . . , n. This
completes the proof.

As an application of Theorem 3.7 we present a result on interpolation of
bilinear operators between generalised Marcinkiewicz spaces. We refer the reader
to [7], where results on interpolation of multilinear operators are presented for the
classical real method spaces.

Corollary 3.8. Let X, Y and Z be Banach couples. Assume that ϕi, ψi, θi ∈ U have
non-trivial indices for i = 0, 1. If ϕ ∈ U is such that ϕ(1, s)ϕ(1, t) ≤ Cϕ(1, st) for some
C > 0 and s, t > 0, then any operator T : (Mϕ0

(X),Mϕ1
(Y )) × (Mψ0

(X),Mψ1
(Y )) →

(Mθ0
(Z),Mθ1

(Z)) is bounded from Mϕ(ϕ0 ,ϕ1)(X)×Mϕ(ψ0 ,ψ1)(Y ) into Mϕ(θ0 ,θ1)(Z).

Proof. The result follows from Theorem 3.7. To see this observe that Mψ(A) =
A`∞(ψ∗(1,2−n)) for any Banach couple A and ψ ∈ U. Moreover, if ψ has non-trivial
indices, then E = `ψ∗(1, 2

−n) is a parameter of the real method. We also have

ϕ`(`∞(w0), `∞(w1)) = ϕ(`∞(w0), `∞(w1)) = `∞(ψ∗(w0, w1))

for any ϕ ∈ U and any weights w0, w1 (see [12]). In order to complete the proof, we
need only to recall (see e.g. [4, p. 349]) that the following reiteration formula,

Mϕ(Mθ0
(Z),Mθ1

(Z)) = Mϕ(θ0 ,θ1)(Z),

holds for any Banach couple Z and ϕ, θ0, θ1 ∈ U.

We remark that, taking X = Y = Z = (L1(µ), L∞(µ)) (or resp. (C(0, 1), C1(0, 1))),
we obtain the results on interpolation of bilinear operators between classical
Marcinkiewcz symmetric spaces or Lipschitz spaces respectively.
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