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ABSTRACT

In this paper, we extend Putnam’s inequality to doubly commuting n-tuples of log-
hyponormal operators and study a relation of the Taylor spectrum and the Xia
spectrum.

1. Introduction

In [14], Xia introduced a class for semi-hyponormal tuples and the joint spectrum
of such non-commuting tuples, and he proved Putnam’s inequality of semi-
hyponormal tuples. In [4], Cho and Huruya generalised Putnam’s inequality of
p-hyponormal tuples (0 <p < 1). Also, in [9] Duggal has shown more clearly
inequality of doubly commuting n-tuples of p-hyponormal operators. Recently,
Tanahashi has studied log-hyponormal operators and extended Putnam’s inequality
to log-hyponormal operators ([11]; [12]). In this paper, we extend Putnam’s inequality
to doubly commuting n-tuples of log-hyponormal operators and show a relation
between the Taylor spectrum and the Xia spectrum of such tuples.

Let & be a complex separable Hilbert space and B(#") the set of all bounded
linear operators on #. For Te B(#), let o(T) denote the spectrum of 7. An operator
Te B() is called log-hyponormal if 7 is invertible and log(T*T) = log(TT*). Also
T is called p-hyponormal if (T*T) = (TT*y. Since the function log() is operator
monotone, invertible p-hyponormal operators are log-hyponormal. If p =1, then T'is
called semi-hyponormal. There exists a log-hyponormal operator which is not p-
hyponormal (cf. [12]). Let U be a unitary operator. If

FPEES) = s— lim (USU")

n-+ow
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exist, then the operators £ (S) are called the polar symbols of S with respect to U.
If T= U|T| is semi-hyponormal with unitary U, then ¥ Z(|T|) exist (cf. [15]).

2. Putnam’s inequality for doubly commuting rn-tuples of log-hyponormal operators

For a commuting n-tuple T = (7, ..., T)), the Taylor spectrum is denoted by ¢ ,(T).
A number z = (z,, ..., z,) is in the joint approximate point spectrum o (T) if and only
if there exists a sequence {x,} such that
(T—z)x,—~0as m—co forevery j=1,...,n.
It is well known that ¢,(T) = ¢,(T) if T is a commuting n-tuple of normal operators.
Tanahashi showed the following theorem.

Theorem A [11, lemma 3]. Let T be log-hyponormal. If, for a sequence {x,} of unit
vectors, lim(T—z) x, = 0, then lim (T—z)*x, = 0.

n—-ow n—-ow

Therefore, by [7, corollary 3.3], we have the following theorem.

Theorem 1. Let T =(T,,...,T) be a doubly commuting n-tuple of log-hyponormal
operators. Then

o,(T) ={(z,....2)eC":(2,,....2)eq,(T*)},
where T* = (T}, ..., T7).

Let U= (U,,...,U,) be a commuting n-tuple of unitary operators. An operator
Q(j=1,...,n) on B(A) is defined by
0,8 =S—-USU*(SeB(AX)).
Let A€ B(#') and be hermitian. An (n+ 1)-tuple (U, 4) is called a semi-hyponormal

tuple if
0,...0, 420
forall 1 <j, < - - <j, <n LetU=(U,...,U) be a commuting n-tuple of unitary
operators, A be hermitian and 0 < k < 1. We denote
(0N (A) = kS (A)+(1=k) S (4).
Further, let 0 < k, k. < 1,

L]
(S (k) S (k) (A) = (S (k) (k) (4))).
For k = (k,, ..., k) €[0, 11", the general polar symbols 4(k) of 4 with respect to U are
defined by
Ak) = (H Z(k,)) (A).
j=1
Then from [4] it follows that (U, A(k)) is a commuting (n+ 1)-tuple of normal
operators for every ke[0, 1]". Hence ¢,(U, A(k)) is non-empty for every ke[0, 1]". The
Xia spectrum (U, 4) of (U, 4) is defined by
o (U, A) = |J a,U, AK)).

kelo, 11"
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Further, Xia proved the following theorem.

Theorem B [14, theorem 5]. Let (U, A) be a semi-hyponormal tuple and A = 0. Then
10, 0,4] < m(a,(U, A)),

where m is the product of Haar measure on {z€ C:|z| = 1}" and the Lebesgue measure
on R.

Also, Duggal demonstrated the following theorem.

Theorem C [9, lemma 3]. Let T = (7}, ..., T) be a doubly commuting n-tuple of semi-
hyponormal operators with unitaries U, of the polar decomposition T, = U|T)| for every

j=1,...,n. Also, let U= (U,,...,U) and A = n|7;| Then

J=1

L7117 < m(o, (U, 4))

Remark. Theorems B and C are extended to a doubly commuting n-tuple of
p-hyponormal operators with unitaries of the polar decompositions (cf. [3]).

First we have the following theorem.

Theorem 2. Let T =(T,...,T) be a doubly commuting n-tuple of log-hyponormal
operators T, with the polar decomposition T = U|T| (j = 1,...,n). Let U = (U,, ..., U).
We assume that, for every j,1og|T| = 0 (j = 1, ...,n). Also, let A = (log|T;|)- - - (log| T,)).
Then (U, A) is a semi-hyponormal tuple.

Proor. Since 4 = log|T;|- - -log|T,| and U log|T]| = (log|T}|) U, for i # j, we have

0,4 = (Ttoei71) ozl 71— U el ) 1) = ([ Treel ) ozl 71— toxi77)

i#] i#j
for every j (j=1,...,n). Hence for every 1 <j, < --- <j < n we have
Q, 0 A= (il—[ logIT,-|> (A H (loglﬁkl—long?Zl)) =0,
i#/1,.. Jm =1,..., m

because log|7,| (i #j,,...,j,) and 10g|77k| —10g|T;’i| (k=1,...,m) are commuting
positive operators. Hence (U, A4) is a semi-hyponormal tuple. W

Hence we have the following theorem.

Theorem 3. Let T = (T,...,T) be a doubly commuting n-tuple of log-hyponormal
operators. Let T, = U|T) be the polar decomposition (j =1, ...,n), U = (U,,...,U,) and
A = (log|T[)- - - (log|T)). If every log|T| =2 0 (j=1,...,n), then

[ Taog 71108l | < m(o,(U. 0.
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ProoF. Since (U, 4) is a semi-hyponormal tuple by Theorem 2, by Theorem C we have

| T]oglT1—logTH) || < m(,(U, 4)). m
j=1

Finally, we show the following theorem. The proof is similar to the proof of [3,
theorem 3], but for completeness we will give a proof.

Theorem 4. Let T = (T,,...,T) be a doubly commuting n-tuple of log-hyponormal
operators. Let T, = U|T| be the polar decomposition of T, for every j=1,...,n. Also
let U= (U,...,U) and A =log|T}|- - -log|T)|. Then

o, (T) = {(r,e?,re®, ....refn):(e%,e%, ... e logr, -logr, - -logr)ea, (U, A)}.
For the proof, we need the following Berberian’s extension theorem.

Theorem D [1, theorem 1]. Let B(#) be the algebra of all bounded linear operators on
H . Then there exist an extension space X~ of H# and a faithful *-representation of B(H)
into B(A"): T— T° such that

o(T,...T)=0/T3,...T)) =a,(T},....T}),

n

where o (T, ..., T;) is the joint point spectrum of (T, ..., T;). Moreover, if T is log-
hyponormal, then T° is also log-hyponormal.

ProOOF OF THEOREM 4. We prove Theorem 4 by induction. First, for a log-hyponormal
operator T = U|T|, we prove that re’ea(T) if and only if (¢?,logr)ea, (U, log|T)).
We choose a positive number ¢ such that log|cT| = 0. Let S = Ulog|cT|. Then S is
semi-hyponormal. By [11, lemma 6] we have

re’ea(T)< cre’ea(cT) < (logcr)elea(S).
Since S = Ulog|cT| is semi-hyponormal, it follows that, by [4, theorem 3],
(logcr)e?ea(S) < (e, logcr)ea (U, logleT|) < (e?,logr)e o, (U, log|T)).

Hence Theorem 4 holds for n = 1. Next, we assume that Theorem 4 holds for such
(n—1)-tuples. Let (z,,...,2,,a)€a,(U, A). Then we show that there exist positive
numbers «,, ..., a, such that

(zya,....,z,a)ea,(T) and a = (loga,)- - -(loga,).

By the assumption there exist k = (k,,...,k,)€[0,1]" and a sequence {x,} of unit
vectors such that

(U—z)x,~0(=1,...,n) and (A4(k)—a)x, >0,

where A(k) = (H %(k/)) (A). By the proof of Theorem 3 we have

J=1

A0 = [ 40,
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where A(j) = (¥(k)) (log|T|). By Theorem D, let .#" be the extension space of 7.
Then

M= Ker(Us—z) () [ Ker(U2—z,) () Ker(A(k)°—a)
is a non-zero subspace of 4 . Since (US, ..., US, A(1)°, ..., A(n)°) is a commuting 2n-

tuple, .# is an invariant subspace for 4(1)°, ..., A(n)°. Also, since aea(A(k) ), there
exist b, ...,b, and a non-zero vector x°e.# such that

(A(jy>—b)x° =0 forevery j (j=1,...,n)and a= b, - b,

n

by Theorem D and the spectral mapping theorem of the joint spectrum. Let
A =Ker(U—z,) () Ker(A(n)°—b,).
Then by the above it follows that

(ZpseerZp @y ra, )€ (U, A),

n—1
where U = (U,,...,U,_)) and 4" = HA(j). By Theorem D and the assumption of

=1
induction, we have
b b,
(zye',...,z,_emNea(T,...,T_).

Since S = (T%, 4, ..., T, ) is a doubly commuting (n— 1)-tuple of log-hyponormal
operators on A" and (z, ¢, ...,z,_, e’1)eq,(S), by Theorems 1 and D it follows that
there exists a non-zero vector )° in .4 such that
(T9—ze)*y° =0 forevery j (j=1,...,n—1).

Let

n—1

£ = (\Ker((T¢—z;e")*).

j=1
Then 4" 0 & is a non-zero subspace of .#". Hence we have (z,, ¢’ € g,(Uy ¢, A(n)7y)
and (z,, e’ €0, (Uy ,10g|T, &|°). Also by induction we have

z,emea(Tyq).
Since T'j ¢ is a log-hyponormal operator on %, there exists a non-zero vector w°e &
such that
(To—z,e")*w° =0 (= (T —z,e)*w® (j=1,...,n—1)).

Hence there exists a sequence {x,} of unit vectors such that

(T—z,e")*x,,—0 for every j (j=1,...,n).

Let a,= €% (j=1,...,n). Then we have (z,a,,...,z,a,) €a,(T).

Conversely, we assume that (z,q,,...,z,a,)€d,(T). Also we assume that the
theorem holds for doubly commuting (7 — 1)-tuples of log-hyponormal operators. By
Theorem 1 there exists a sequence {x,} of unit vectors such that

(T—z,a)*x,,—0 for every j (j=1,...,n). )
Consider the extension space # of J# and let

U =Ker(T0—z,a,)*).

nn
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Then by Theorem D and (1) there exists z°e % such that
(Ty—z;a)*z° =0 for every j (j=1,...,n—1).

Since (T3, ..., T°_,) is a commuting (n — 1)-tuple of log-hyponormal operators on %, it
follows that (z,a,,...,z, ,a, )ea Ty, ..., T,_4). By the assumption of induction we
have

(zyp-erz,_,loga,- - -loga, )ea, (U, 4",

where U = (U3y,...,U, ) and A" =log|T5,| - -log|T;_,,I|. Hence there exist
(,....,1,_)€l0,1]"" and a non-zero vector u°€4% such that

(U —z)u = (A(1)°- - - A(n—1)°—loga, - -loga

where A(j) = (£ (1)) (og|T)]) for every j (j=1,...,n—1).
Next, let

1) uo = 09

n—

n—1
7" = (\Ker(U;—z) (| Ker(A(1)’ - - A(n—1)°—loga, - - *loga, ).

j=1
Since % ﬂ " is a non-zero subspace, we have
J
Zn an € 0-( nl"f’/')'

Hence by Theorem 1 there exists 0 </, < 1 such that z,a,ea(U, A(n)), where A(n) =
(& (1)) (log|T)|). Since U, A(n) is a normal operator, by Theorem D there exists v°e ¥~
such that

(Uy—z,)v° = (A(n)°’—loga,° = 0.

Let/=(l,....I)and A(]) = nA(j). Since by Theorem C we have

j=1
(zps-.nzloga,- - -loga)ea (U5, ..., U, A(1)°),
it follows, from the definition of the Xia spectrum, that

(z)5...,z,,loga,- - -loga)eo, (U, 4). N
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