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Abstract

We give an estimate of the best constant C with the following property: any

quadratic form Q on any hyperplane of a normed space E has an extension Q̃ on E

with ‖Q̃‖ ≤ C · ‖Q‖.
1. Introduction

Let E be a normed vector space and let F be a subspace of E. The well-known
Hahn–Banach theorem asserts that every continuous linear form ϕ on F extends to
E as a continuous linear form ϕ̃.

More precisely, there exists an extension ϕ̃ with ‖ϕ̃‖ ≤ ‖ϕ‖. In fact, this is
a quite easy consequence (using Zorn’s lemma or some transfinite induction) of
the same result when F is a hyperplane of E. A lot of work has been done to
generalise the first statement for polynomials or holomorphic functions instead of
linear forms; see, for instance, [2] and [3]. Positive results are obtained for some
pairs of spaces (E, F), in particular when E is the bidual of F . Some negative results
are also obtained; for instance, in [2] an example is given of an embedding of
F ' lp (p ∈ N, p ≥ 2) into E ' l∞ for which the canonical polynomial

∑
xpn does

not extend to a holomorphic function on a neighbourhood of 0 in E and of course
does not extend to a continuous polynomial on E.

Here we are interested in the generalisation for quadratic forms of the second
statement when F is a hyperplane of E. So the problem is as follows.

Find a constant C such that, for any hyperplane H in a normed vector space E
and any continuous quadratic form Q on H , there exists a continuous extension Q̃

on E with ‖Q̃‖ ≤ C · ‖Q‖. (Here the norm of a quadratic form is the supremum of
its modulus on the unit ball.) Of course C = 1 does not work; otherwise, using the
same induction argument as in the Hahn–Banach theorem, the extension would be
possible in all codimensions (finite or infinite).

It is easy to see that the problem is essentially a finite-dimensional one: more
precisely, if a constant C works for finite-dimensional spaces, then the same constant
works for all spaces.

For finite-dimensional space it is known that, for any hyperplane H in a normed
vector space E, there exists a linear projection π from E to H with ‖π‖ ≤ 2; so

any quadratic form Q on H has an extension Q̃ = Q ◦ π with ‖Q̃‖ ≤ 22‖Q‖ and
the constant C = 4 works. Therefore the problem is to find a constant less than 4
and, if possible, the best one. It turns out that this best constant depends on the
scalar field which is used, so for K = R or K = C we will denote by C(K) the least
constant C such that:
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For any normed K-vector space E, any hyperplane H in E and any contin-
uous quadratic form Q on H there exists a continuous quadratic form Q̃ on
E extending Q with ‖Q̃‖ ≤ C · ‖Q‖.

Then we have the following theorem.

Theorem. C(R) = 2 and 7
3
≤ C(C) ≤ 2

√
2 .

2. An upper bound for C (K )

2.1. Notation
If E is a vector space, let us denote by

⊗2
E the tensor product E ⊗ E and by

S2(E) the quotient of
⊗2

E by the subspace generated by the x⊗ y − y ⊗ x (x and
y running through E). For x and y in E we will denote by xy the class of x⊗ y in
the quotient S2(E) and by x2 the product xx (notice that one has xy = yx). Now
any quadratic form Q on E defines, by polarisation, a bilinear symmetric form Q1

on E and hence a linear form Q2 on
⊗2

E which, because of the symmetry, can
be factorised to define a linear form Q3 on the quotient space S2(E). We then have
Q1(x, y) = 〈Q3 | xy〉 and Q(x) = 〈Q3 | x2〉.

Remark. There is a symmetrisation map σ defined on
⊗2

E by σ(x⊗y) = 1
2
(x⊗y+

y⊗ x) (see for instance [1]). This map is a projector of
⊗2

E on the subspace
⊗2

s E

of the symmetric tensors. The kernel of σ is generated by the x ⊗ y − σ(x ⊗ y) =
1
2
(x ⊗ y − y ⊗ x); since the space S2(E) is the quotient of

⊗2
E by this kernel, it

is isomorphic to the image of σ. So S2(E) can be canonically identified with
⊗2

s E.
Notice that, under this identification, the product xy is identified with 1

2
(x⊗y+y⊗x),

which is sometimes called the symmetric tensor product of x and y and x2 is identified
with x⊗ x.

If E is a normed space then the norm of a quadratic form Q is defined by
‖Q‖ = sup‖x‖<1 |Q(x)|. We want to define a norm νE on S2(E) such that the norm of
the quadratic form Q is equal to the norm of the linear form Q3.

Any u in S2(E) can be written u =
∑
αpx

2
p with αp ∈ C and xp ∈ E; moreover, we

may suppose that ‖xp‖ ≤ 1. Let us denote by νE(u) the infimum of the sums
∑ |αp|

for all these decompositions of u. In other words, νE is the Minkowski functional
of the balanced convex hull in S2(E) of the set of the x2 for x running through
the closed unit ball of E. It is now easy to prove that νE is a norm on S2(E)
having the required property. Notice that for x ∈ E one has νE(x2) ≤ ‖x‖2 (in fact
νE(x2) = ‖x‖2).

With the norm νE the correspondence Q 7→ Q3 is one-to-one and isometric, so
we will identify the quadratic form Q and the linear form Q3 and we will denote
again by Q the form Q3.

2.2. Using the usual Hahn–Banach theorem
Let E be a normed vector space, H a hyperplane of E, Q a continuous quadratic

form on H , and C a constant; we want to find sufficient conditions (on C) to ensure
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the existence of an extension of Q with norm less than C · ‖Q‖. The injection H ↪→ E

gives an injection S2(H) ↪→ S2(E); each of these spaces is endowed with a norm νH
(resp. νE) and Q is a linear form on S2(H) with norm ‖Q‖. The problem is now to
extend this linear form by a linear form on S2(E) with norm less than C · ‖Q‖.

By the classical Hahn–Banach theorem such an extension exists if one as N(Q) ≤
C · ‖Q‖, where N(Q) denotes the norm of the linear form Q when S2(H) is endowed
with the restriction of νE . The problem is that this restriction is not the norm νH
(otherwise the Hahn–Banach theorem would be true for quadratic forms!). It is now
clear that a sufficient condition for the existence of the extension is:

for any u in S2(H) νH (u) ≤ C · νE(u).

(In fact this condition is also necessary to extend all the quadratic forms Q with
‖Q‖ ≤ C · ‖Q‖.)

2.3. C(R) ≤ 2, C(C) ≤ 2
√

2
With the above notation and using the definition of νE we have to prove the

following:

let u =
∑
αpx

2
p with xp ∈ E, ‖xp‖ ≤ 1 and u ∈ S2(H), then νH (u) ≤ C ·∑ |αp|

with C = 2 (resp. C = 2
√

2) if the scalar field is R (resp. C).

Let us denote by ϕ a linear form on E such that H = Kerϕ. For any linear form
ψ on E the product Q = ϕψ is a quadratic form and 〈Q | u〉 =

∑
αpϕ(xp)ψ(xp);

since the restriction of Q to H is zero and u ∈ S2(H) we have 〈Q | u〉 = 0. So, if
ϕ(xp) = λp, for any ψ we have ψ(

∑
αpλpxp) = 0, hence

∑
αpλpxp = 0. Applying the

form ϕ we get
∑
αpλ

2
p = 0.

From these equalities, for any index q we have:∑
p

αp(λpxq − λqxp)2 = λ2
q · u,

and, if θq is such that |αqλ2
q| = αqλ

2
qθq (|θq| = 1),

∑
p,q

αpαqθq(λpxq − λqxp)2 = A · u with A =
∑ |αqλ2

q|.

By symmetry one gets
∑

p,q αpαq(θp + θq)(λpxq − λqxp)2 = 2A · u.
Clearly λpxq − λqxp ∈ Kerϕ = H , so νH ((λpxq − λqxp)2) ≤ ‖λpxq − λqxp‖2.
Since ‖xk‖ ≤ 1, we have ‖λpxq−λqxp‖2 ≤ (|λp|+ |λq|)2 ≤ 2(|λp|2 + |λq|2); therefore

2AνH (u) ≤ 2
∑
p,q

|αp||αq||θp + θq|(|λp|2 + |λq|2).
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By symmetry this gives AνH (u) ≤ 2
∑

p,q |αp||αq||θp + θq||λp|2.

So, if we prove, for any index q,
∑

p |αp||θp + θq||λp|2 ≤ (C/2) · A we obtain the
desired estimate νH (u) ≤ C ·∑ |αq| (the case A = 0 is obvious).

(A) Suppose that K = R.
Then θk equals 1 or −1 and |θp + θq| = 1 + θpθq . Consequently,∑

p

|αp||θp + θq||λp|2 =
∑
p

|αp||λp|2 +
∑
p

θpθq|αp||λp|2,

the first sum is A and the second is

θq
∑
p

θp|αp||λp|2 = θq
∑
p

θ2
pαpλ

2
p = θq

∑
p

αpλ
2
p = 0.

The proof is complete with C = 2.

(B) Suppose that K = C.
The Cauchy–Schwarz inequality gives

∑
p

|αp||θp + θq||λp|2 ≤
(∑

p

|αp||λp|2 ·
∑
p

|αp||θp + θq|2|λp|2
)1/2

.

The second sum in brackets can be expanded as

2 ·∑
p

|αp||λp|2 +
∑
p

θpθq|αp||λp|2 +
∑
p

θpθq|αp||λp|2.

The first of these sums is A, the third one is θq
∑

p αpλ
2
p = 0, and the second one

is the conjugate. So the expression in brackets is 2A2 and the proof is complete with
C = 2

√
2.

3. A lower bound for C (K )

Let us consider the following data: an integer N (N ≥ 2),
for 1 ≤ p ≤ N αp ∈ K such that

∑
αp = 0,

for 1 ≤ p ≤ N and 1 ≤ q ≤ N εp,q ∈ K such that |εp,q| ≤ 1, εp,q = εq,p
and

∑
p αpεp,q is a constant A independent of q (which implies

∑
p,q αpαqεp,q =

A
∑

q αq = 0).

The space KN with canonical basis (ep)1≤p≤N is endowed with the norm ‖x‖ =∑ |xp|. Select λp such that
∑
λpαp = A (for instance λp = εp,1) and let u =

∑
αpep.

For x = (x1, . . . , xN), define ϕ(x) =
∑
xp and ψ(x) =

∑
λpxp, so that ϕ(u) = 0 and

ψ(u) = A.
Denote by E the quotient space KN/Ku endowed with the quotient norm and

by H the hyperplane Kerϕ/Ku.



Mazet—A Hahn–Banach theorem for quadratic forms 181

Let us define a quadratic form P on KN by:

P (x) =
∑
p,q

εp,qxpxq − 2ϕ(x)ψ(x).

For t ∈ K we have

P (x+ tu) = P (x) + 2t
∑
p,q

εp,qαpxq + t2
∑
p,q

εp,qαpαq

−2t (ϕ(u)ψ(x) + ϕ(x)ψ(u))− 2t2ϕ(u)ψ(u).

Since ϕ(u) = 0, ψ(u) = A =
∑

p εp,qαp and
∑

p,q εp,qαpαq = 0, we see that P (x+ tu)

is independent of t; hence P defines a quadratic form Ṗ on the quotient space E.
Denote by Q the restriction of Ṗ to H . On Kerϕ we have P (x) =

∑
p,q εp,qxpxq and,

by |εp,q| ≤ 1, we conclude that |P (x)| ≤ ‖x‖2 and so ‖Q‖ ≤ 1.

Let us consider now an extension Q̃ of Q to E and denote by ėp the canonical
image of ep in E. For any vector v in E let us consider the sum

S =
∑
p

αpQ̃(ėp + v) =
∑
p

αpQ̃(ėp) + 2
∑
p

αpQ̃
′(ėp, v) +

∑
p

αpQ̃(v)

(where Q̃′ denotes the symmetric bilinear form defined by Q̃). The second sum is
Q̃′(
∑

p αpėp, v), which is zero since
∑

p αpėp = 0; the third one is also zero since∑
p αp = 0.
So we have proved that S does not depend on v. When v = −ė1 the vectors

ėp − ė1 are in H (because ϕ(ep) = ϕ(e1) = 1) and so S depends only on Q and not

on the extension Q̃. In particular, we can compute S with v = 0 and Q̃ = Ṗ . We
obtain

S =
∑
p

αpP (ep) =
∑
p

αpεp,p − 2
∑
p

αpλp =
∑
p

αpεp,p − 2A.

We can also compute S with v = 0 and Q̃ such that ‖Q̃‖ ≤ C(K)‖Q‖; since
‖Q‖ ≤ 1 and ‖ėp‖ ≤ 1 we obtain

|S | ≤ C(K)
∑
p

|αp| and, if the αp are not all zero, C(K) ≥ |
∑

p αpεp,p − 2A|∑
p |αp|

.

Example 1. K = R. For any n ∈ N (n ≥ 1) let us use the above construction with
the following data: N = 2n, αp = (−1)p, εp,p = −αp and εp,q = (αp + αq)/2 when
p 6= q. The hypotheses are clearly satisfied with A = n − 2. Now

∑
p αpεp,p = −2n;

hence C(R) ≥ (4n− 4)/2n = 2− 2/n. This must be true for all n ≥ 1, so C(R) ≥ 2.

Example 2. K = C. For any n ∈ N (n ≥ 1) let us use the above construction with
the following data: N = 3n, αp = e2ipπ/3 and, if αp = αq and p 6= q, then εp,q = −αpαq;
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otherwise εp,q = αpαq . The hypotheses are clearly satisfied with A = −2(n− 1). Now∑
p αpεp,p = 3n; hence C(C) ≥ (7n − 4)/3n. This must be true for all n ≥ 1, so

C(C) ≥ 7/3.
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