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A

We construct non-unital semigroup crossed products by Ore semigroups. We
discuss their behaviour under short exact sequences and tensor products. Then we
specialise to some abelian C*-algebras, for which we give a description of the ideals
that respect the semigroup crossed product.

Introduction

In the study of crossed products of C*-algebras by semigroups of endomorphisms

such as the Bost-Connes Hecke C*-algebra, some analogues of standard results

about short exact sequences and tensor products of ordinary crossed products are

needed. Since these questions have also arisen in relation to the application of crossed

products by semigroups to Toeplitz algebras (cf. [1] for short exact sequences and [15]

for tensor decompositions), it seems worthwhile to seek general versions of these

theorems. As Adji [1] pointed out in the case of totally ordered abelian semigroups,

new technical hypotheses are required for dealing with exact sequences. The infinite

tensor decomposition exhibited by Laca and Raeburn [15] relies on the charac-

terisation of faithful representations of the relevant Toeplitz algebra, viewed as a

semigroup crossed product. Here we aim to use the universal properties of semigroup

crossed products to establish tensor decompositions. It is our goal to show that the

hypotheses identified in [1] and the features of the semigroup actions apparent in [15]

are essentially the only prerequisites for building a satisfactory theory. Our theorems

apply in most situations involving the current collection of examples [15; 4; 5 ; 17].

The general setting is that of non-unital C*-algebras, because we need results that

apply to ideals. We work with semigroups that can be embedded in a group, the so-

called Ore semigroups. This class is both large (it contains all partially ordered

cancellative abelian semigroups as well as a number of non-abelian semigroups) and

useful in the context of C*-algebra theory; many examples of such semigroups acting

on C*-algebras have already arisen, e.g. the semigroup . [7 ; 25], the totally ordered

abelian semigroups [19; 3; 1], normal semigroups [13], and the direct sums .k for k

in .e²¢´ [15; 5 ; 17]. We are interested in actions by endomorphisms of non-unital

C*-algebras which admit strictly continuous extensions to multiplier algebras; these

are called extendible endomorphisms in [1].

Short exact sequences of C*-algebras are preserved under crossed products by a

totally ordered abelian semigroup if the ideal is extendibly in�ariant with respect to

the action [1; 2]. This hypothesis basically means that restricting the extendible
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endomorphisms of the algebra to the ideal preserves extendibility in a way that is

consistent with the embedding of the ideal in the algebra. We prove that this

requirement on the ideal is the only obstruction to the existence of short exact

sequences of crossed products by Ore semigroups (cf. [21, proposition 2.2] or [23,

lemma 2.8.2] for ordinary crossed products).

We want to show that the maximal tensor product of two semigroup crossed

products is still such an object. It turns out that representations of two semigroup

crossed products commute, as they should when working with the maximal tensor

product, if their isometric components n-commute. This leads us to the notion of

quasi-lattice ordered groups and Nica-covariant isometric representations as

introduced in [20]. In order to isolate the covariant representations amongst all

isometric representations of a semigroup, we work with extendible endomorphisms

that are compatible with the quasi-lattice condition. (A similar compatibility

requirement appeared in [11] for a semigroup action on unital C*-algebras.)

Examples of semigroup actions covered by our theorem are contained in [15; 4;

5 ; 17].

In the first section we show how the Ore condition on the semigroup is decisive

for constructing non-unital semigroup crossed products and for dealing with short

exact sequences in the way pursued by Adji in the case of totally ordered abelian

semigroups [1]. In section 2 we discuss tensor decompositions of semigroup crossed

products. In section 3 we exhibit a composition series of ideals in a semigroup crossed

product arising from tensoring two short exact sequences of C*-algebras. This

situation is pertinent for the crossed products from [15, section 4] for which the action

of a direct product of semigroups on a tensor product of C*-algebras does not split

on the individual semigroups. In the last section we specialise to abelian C*-algebras

with endomorphic actions of the sort studied in [15; 4; 5 ; 17]. We give necessary and

sufficient conditions for the ideals to be extendibly invariant. Example 4.6 illustrates

the manner in which we will apply results of the present paper to the crossed products

from [18].

1. Non-unital semigroup crossed products

We first introduce some definitions and recall some known facts. An Ore

semigroup is a cancellative semigroup S that is right-reversible, in the sense that

SsfSt1W for all s, t `S. A semigroup S is right-reversible if and only if it can be

embedded in a group G such that G¯S−1S [6]. We shall always assume that the unit

element e in G is contained in S.

If B and I are C*-algebras, a homomorphism φ :I!M(B) is called non-degenerate

if there is an approximate unit (uλ)λ`Λ for I such that φ(uλ)! 1M(B) strictly in M(B). If

φ preserves approximate units as a map I!B we shall follow [8] and call it proper.

If φ :I!M(B) is non-degenerate, there is a unique strictly continuous extension

φ :M(I )!M(B) by [16, lemma 1.1]. The same holds if φ :I!B is proper. A non-proper

endomorphism φ of I, which is typical in the context of non-unital semigroup

dynamical systems, still has a unique extension M(I )!M(I ) if there are an

approximate unit (uλ)λ`Λ for I and a projection pφ in M(I ) such that φ(uλ)! pφ strictly

in M(I ) [10, corollary 1.1.15; 1]. Such endomorphisms are called extendible in [1]. An

extendible endomorphism satisfies the condition that φ(uλ)!φ(1M(I)) strictly in M(I )
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for any approximate unit (uλ)λ`Λ Z I. In particular, if π :I!"(H ) is a non-degenerate

representation on a Hilbert space H, then the extension π :M(I )!"(H )¯M(K(H ))

is strictly continuous.

A semigroup dynamical system is a triple (I,S,α) consisting of a C*-algebra I, a

semigroup S and an action α :S!End(I ). A covariant representation of (I,S,α) is a

pair (π,V ), with π a non-degenerate representation of I on a Hilbert space H and V

a representation of S by isometries on H such that the covariance condition

π(αs(a))¯Vs π(a)V$
s is satisfied for all a in A and s in S [14].

We write ιI , ιS in the following definition rather than iI , iS as in [14] since we will

later need i to stand for the canonical embedding of an algebra into the multiplier

algebra of its maximal tensor product with some other algebra.

Definition 1.1. A crossed product for a semigroup dynamical system (I,S,α) is a triple

(B, ιI , ιS) such that B is a C*-algebra, ιI :I!B is a proper homomorphism and ιS :S!
Isometries(M(B)) is a semigroup homomorphism satisfying:

(i) ιI (αs(a))¯ ιS (s) ιI (a) ιS (s)*, for all a ` I, s `S ;

(ii) for any covariant representation (π,V ) of (I,S,α) on a Hilbert space H,

there exists a non-degenerate representation π¬V of B on H such that

π¬Va ιI ¯π and π¬Va ιS ¯V ;

(iii) B is generated by ²ιI (a) ιS (s) r a ` I, s `S´.
We shall use the notation Inα S or just InS for the algebra B.

Remark 1.2. Let (I,S,α) be a semigroup dynamical system with extendible

endomorphisms, in the sense that each αs is extendible, and let (π,V ) be a covariant

representation of the system. For an approximate unit (uλ)λ of I and m in M(I ) let

λ!¢ in the equation Vs π(uλ m)V$
s ¯π(αs(uλ m)). Since π(uλ m)!π(m) strictly in M(I )

and since αs is extendible, it follows that (π,V ) is a covariant representation of

(M(I ),S,α). Hence,

Vs V$
s ¯π(αs(1M(I))), for all s `S. (1.1)

Lemma 1.3. Assume that S is an Ore semigroup and (I,S,α) is a semigroup dynamical

system with extendible endomorphisms. If (π,V ) is a co�ariant representation, then

C*(π(I )V(S ))¯ span²V$
s π(a)Vt r a ` I, s, t `S´.

P. The set #B²V$
s π(a)Vt r a ` I, s, t `S´ is closed under taking adjoints and is

contained in C*(π(I )V(S )). Since # contains the generators of C*(π(I )V(S )) it is

enough to show that it is closed under multiplication. Fix V$
s π(a)Vt and V$

z π(b)Vr

in #. Since S is right-reversible, there exist u, � in S such that wB ut¯ �z `S. By

covariance and (1.1) we have that :

V$
s π(a)Vt V$

z π(b)Vr ¯V$
s π(a)V$

u Vu Vt V$
z V$

� V� π(b)Vr

¯V$
s V$

u π(αu(a))Vw V$
w π(α�(b))V� Vr

¯V$
s V$

u π(αu(a))π(αw(1M(I)))π(α�(b))V� Vr

¯V$
us π(αu(a)αw(1M(I))α�(b))V�r `#. (1.2)

+
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Proposition 1.4. Let S be an Ore semigroup. If the dynamical system with extendible

endomorphisms (I,S,α) admits a non-zero co�ariant representation, then there exists

a crossed product for the system, and it is unique up to isomorphism.

P. The proof follows the paths from [1] and [9]. Recall from [1] that a

covariant representation (π,V ) on a Hilbert space H is called cyclic if the C*-algebra

C*(π,V ) generated by π(I )eV(S ) has a cyclic vector. Two such representations are

equivalent if there is a unitary intertwining their images.

If (π,V ) is a covariant representation of (I,S,α) on a Hilbert space H, then for

each h in H the subspace span²V$
s π(a)Vt h r a ` I, s, t `S´ of H is invariant under

π(A), V*(S ) and, by the assumption on S, also under V(S ). Hence it is invariant under

C*(π,V ), so restricting (π,V ) to it gives a cyclic covariant representation. By

performing a standard Zorn’s lemma argument, the space H can be decomposed into

a direct sum of subspaces on which (π,V ) is cyclic. Correspondingly, (π,V ) is

equivalent to a direct sum of cyclic covariant representations.

Fix a set Λ of cyclic covariant representations of (I,S,α) such that every cyclic

covariant representation of this system is equivalent to an element of Λ (such a set

exists if we consider covariant representations on a fixed Hilbert space of sufficiently

large dimension, depending on the cardinality of I ). Let

ιI (a)¯ G
(π,V )`Λ

π(a) and ιS (s)¯ G
(π,V )`Λ

Vs for a ` I, s `S.

If we let B denote C*(ιI (I ) ιS (S )), then B equals span²ιS (s)* ιI (a) ιS (t) r a ` I, s, t `S´ by

Lemma 1.3. We claim that (B, ιI , ιS) is a crossed product for (I,S,α). To check the

properness of ιI it suffices to show that ιI (uλ) b! b for an approximate unit (uλ) in I and

b of the form ιS (s)* ιI (a) ιS (t). This convergence follows by covariance and the

extendibility of αs for all s, since we sum up over non-degenerate representations of I.

Verifying covariance of (ιI , ιS) is routine, hence (i) in Definition 1.1 holds, (ii) follows

since every covariant representation is equivalent to a direct sum of cyclic covariant

representations from Λ, and finally (iii) is included in the definition of B. If (B«, ι!I, ι!S)
is another triple satisfying (i)-(iii) from Definition 1.1, it is immediate that φ¯
ι!I¬ι!S :B!B« given by (ii) is an isomorphism such that φa ιI ¯ ι!I and φa ιS ¯ ι!S. +

The assumption that the semigroup dynamical system admits a non-zero

covariant representation is usually trivially fulfilled. All known interesting examples

have such a covariant representation (in practice there are lots of them), although

there are (uninteresting) systems which do not admit any non-zero covariant

representations. For injective endomorphic actions of Ore semigroups on unital

C*-algebras it is proved in [12] that there is always a non-zero covariant representation.

The same holds in the non-unital case [22].

Remark 1.5. If the systems (I,S,α) and (J,S,τ) with extendible endomorphisms admit

crossed products and if σ :I! J is an isomorphism such that σ−1 a τs aσ¯αs for all s

in S, then by uniqueness of the crossed product we have that Inα SF Jnτ S.

Definition 1.6 ([1]). Suppose that α is an extendible endomorphism of a C*-algebra A.
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Given an ideal I of A, let ψ :A!M(I ) denote the canonical non-degenerate

homomorphism defined by ψ(a)a«¯ a[a«, a `A, a« ` I. Then I is called extendibly α-

invariant if it is α-invariant, in the sense that α(I )Z I, and for an approximate unit

(uλ)λ Z I we have α(uλ)!ψ(α(1M(A))) strictly in M(I ).

As an example, consider A¯C(.e¢) with the forward shift α( f ) (n)¯ f(n®1)

if n& 1 and α( f ) (0)¯ 0. Take I¯ c0(.). If (uλ)λ is an approximate unit for I, then

α(uλ) converges strictly to (0, 1, 1,…), which equals ψ(α(1, 1,…)). Hence I is

extendibly α-invariant [1]. Another example is provided in the last section.

Given a semigroup dynamical system (A,S,α) and an ideal I of A, there is a system

(A}I,S,αI ) with endomorphisms given by αI
s(a­I )¯αs(a)­I for all a in A and s in

S. By [1], αI
s is extendible if αs is.

Theorem 1.7. Let S be an Ore semigroup. If (A,S,α) is a system with extendible

endomorphisms, assume that (Anα S, ιA, jS) is a crossed product and I is an extendibly

αs-in�ariant ideal of A for all s in S. Then there is a short exact sequence

0! Inα S!
φ

Anα S !
ψ

A}InαI S! 0

where φ is an isomorphism of Inα S onto the ideal DB span ² jS (s)* ιA(a) jS (t) r a `
I, s, t `S´ of Anα S.

If ιI , ιS denote the maps I! Inα S,S!M(Inα S ) and similarly ιA/I , hS denote

A}IUA}InαI S,S!M(A}InαI S ), then

φa ιI ¯ ιArI , φa ιS ¯ jS and ψa ιA ¯ ιA/I a qI, ψa jS ¯ hS. (1.3)

P. By computations similar to (1.2) we see that D is an ideal of Anα S.

Let ιI :I!D be the composition of the canonical homomorphism Anα S!M(D)

with ιArI and ιS :S!M(D) be the composition of M(Anα S )!M(D) with jS :S!
M(Anα S ).

We claim that (D, ιI , ιS) is a crossed product for (I,S,αrI). To get ιI proper it is

crucial that I is extendibly αs-invariant. Indeed, if (uλ)Z I is an approximate unit,

ψ is as in Definition 1.6, s `S and i ` I, then ιA(αs(uλ) i) converges in norm to

ιA(ψ(αs(1M(A))) i), which equals ιA(αs(1M(A))) ιA(i). By (1.1) for the pair (ιA, jS) this limit

is jS(s) jS(s)* ιA(i). Hence the product ιI (uλ) jS (s)* ιA(i) jS (t), which by covariance is

jS (s)* ιA(αs(uλ) i) jS (t), converges in norm to jS (s)*ıA(i)jS (t). Since elements of the form

jS (s)* ιA(i) jS (t) span D, it follows that ιI (uλ)! 1M(D) strictly.

It is routine to verify the covariance of (ιI , ιS). If (π,V ) is a covariant representation

of (I,S,α), let π« be the composition of π :M(I )!"(Hπ) with A!M(I ). Since I is

extendibly invariant, (π«,V ) is a covariant representation of (A,S,α). Restricting

π«¬V to D gives a non-degenerate representation, which is readily seen to play the

role of π¬V from Definition 1.1 (ii). Condition (iii) is immediate. By Proposition 1.4

there is an isomorphism φ :Inα S!D satisfying the first half of (1.3).

Pick a representation ρ of Anα S with kernel D, and notice that ker(ρa ιA)¯ I.

Hence there is a non-degenerate representation η of A}I which forms a non-zero

covariant representation of (A}I,S,αI ) together with ρa jS. Therefore there is a

crossed product for (A}I,S,αI ). The pair (ιA/I a qI, hS) satisfies covariance, hence by
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representing A}InαI S non-degenerately on a Hilbert space we get a non-degenerate

homomorphism ψ :Anα S!M(A}InαI S ) such that ψa ιA ¯ ιA/I a qI and ψa jS ¯ hS.

The representation η¬(ρa jS) of A}InαI S lifts to ρ and we get the non-trivial

inclusion ker(ψ)ZD. +

Remark 1.8. If the ideal is not extendibly invariant with respect to the action, one may

not get a short exact sequence of crossed products, as illustrated below.

Let A¯C0(:). The action by automorphisms determined by the forward shift

α1( f ) (n)¯ f(n®1), f `A, n `:, restricts to an action by extendible endomorphisms on

the ideal I¯² f `C0(:) r f(n)¯ 0 for n% 0´FC0(.). It was shown in [1] that I is not

extendibly αn-invariant for any n `., although it is invariant (for any approximate

unit (uλ)λ of I, α1(uλ)! (0, 1, 1,…) strictly in M(I ), whereas ψ(α1(1M(A)))¯ψ(1M(A))¯
(1, 1,…) in M(I )). The system (I,.,α) admits the covariant representation (π,V ) on

l 2(.), where π is given by multiplication operators and V is the Toeplitz representation

defined on the canonical basis ²εk rk `.´Z l 2(.) by Tn(εk)¯ εk+n. If In. embeds as

an ideal of An.(FAn:), then the non-degenerate representation π¬V of In.

extends to a representation χ of An:. This in turn corresponds to a covariant

representation (ρ,W ) of (A,:,α) where W is a unitary representation, because

covariance implies Wk W$
k ¯ ρ(αk(1))¯ 1 for all k `:. Since χ extends π¬V, its

restriction to . is V by Definition 1.1 (ii). This is a contradiction because V acts by

proper isometries.

2. Tensor products of non-unital crossed products

For semigroup dynamical systems (A,S,α) and (B,T, β) in which S,T are Ore

semigroups, we aim to prove an isomorphism of the form

(ACmax B)nαCβ (S¬T )F (Anα S )Cmax (Bnβ T ). (2.1)

The maximal tensor product interacts well with crossed products because it too is

characterised by a universal property: if φ :C!L and ψ :D!L are homomorphisms

of C*-algebras with commuting ranges, then there is a unique homomorphism

φCmax ψ :CCmax D!L such that φCmax ψ(cC d )¯φ(c)ψ(d ) when c `C and d `D

(see e.g. [24]). Thus (2.1) says, loosely speaking, that pairs of commuting covariant

representations of (A,S,α) and (B,T, β) correspond to covariant representations of

(ACmax B)nαCβ (S¬T ). It turns out that to get from a commuting pair of covariant

representations to a commuting pair of representations of the crossed product C*-

algebras we need to know that the isometric components are n-commuting. To satisfy

this condition we restrict attention to quasi-lattice ordered groups and covariant

isometric representations as introduced by Nica in [20].

Recall that by [20] a partially ordered group (G,S ) consisting of a group G and

a subsemigroup S such that SfS−1 ¯²e´ is called quasi-lattice ordered if every finite

subset of G with an upper bound in S has a least upper bound in S. If s, t `G, let

sh t denote the least upper bound when s and t have a common upper bound in S. A

representation W of S by isometries on a Hilbert space is Nica-co�ariant if

Ws W$
s Wt W$

t ¯
1

2
3

4

Wsht W$
sht if sh t exists

0 otherwise.
(2.3)
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Then, by [14],

W$
s Wt ¯Ws−

1(sht) W$
t−

1(sht). (2.2)

Remark 2.1. If (G,S ) is a quasi-lattice ordered group and (I,S,α) is a dynamical

system with extendible endomorphisms such that

αs(1M(I))αt(1M(I))¯
1

2
3

4

αsht (1M(I)) if sh t exists

0 otherwise
(2.3)

for all s, t `S, then, given a covariant representation (π,V ), it follows from (1.1) that

V is Nica-covariant.

Remark 2.2. Given C*-algebras A and B, there exist non-degenerate homomorphisms

iA :A!M(ACmax B) and iB :B!M(ACmax B)

with commuting ranges such that iA(a) iB(b)¯ aC b if a `A and b `B (see [24, theorem

B. 27]). Hence we have iA Cmax iB :M(A)Cmax M(B)!M(ACmax B), which is the

identity on ACmax B.

Lemma 2.3. If α in End(A) and β in End(B) are extendible, then there is an extendible

endomorphism αC β of ACmax B whose extension αC β to M(ACmax B) satisfies

αC βa (iA Cmax iB)¯ (iA aα)Cmax (iB a β). (2.4)

Notice that this lemma implies that if (A,S,α) and (B,T, β) are semigroup

dynamical systems with extendible endomorphisms, then there is an action αC β of

ACmax B by extendible endomorphisms.

P. By [24, lemma B. 31], there is an endomorphism αC β of ACmax B such that

(αC β) (aC b)¯α(a)C β(b) for a in A, b in B. If (uλ)λ and (�µ)µ are approximate units

for A and B, then by extendibility of α and β it follows that (αC β) (uλ C �µ) converges

strictly to iA(α(1M(A))) iB(β(1M(B))), which is a projection because iA and iB have

commuting ranges. Since (uλ C �µ)λ,µ is an approximate unit for ACmax B, αC β is

extendible. The equality (2.4) follows by extendibility of α and β and the defining

properties of iA and iB. +

A straightforward argument shows the following.

Lemma 2.4. Gi�en non-degenerate representations π1 :A!"(H ), π2 :B!"(H ) with

commuting ranges, we ha�e π1 Cmax π2[(iA Cmax iB)¯π1 Cmax π2.

Remark 2.5. If S is an Ore semigroup with enveloping group G such that Sf
S−1 ¯²e´ and if any pair of elements in S have a least upper bound in S, then the

pair (G,S ) is quasi-lattice ordered by [5, theorem 2.3]. Let T be another Ore semi-

group such that H¯T−1 T,TfT−1 ¯²e«´, the unit of H, and any pair of elements
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of T have a least upper bound in T. Then (G¬H,S¬T ) with the product order,

namely (s1, t1)% (s2, t2) if and only if si % ti , i¯ 1,2, is again a quasi-lattice ordered

group.

Theorem 2.6. Let (G,S ) and (H,T ) be pairs of groups and generating semigroups as in

Remark 2.5. Suppose that the dynamical systems with extendible endomorphisms

(A,S,α) and (B,T, β) admit a pair of commuting co�ariant representations. If the actions

α and β satisfy (2.3), then

(ACmax B)nαCβ (S¬T )F (Anα S ) Cmax (Bnβ T ).

P. Let (AnS, ιA, ιS) and (BnT, ιB , ιT) denote the crossed products that exist

by Proposition 1.4. If (π1,V1), (π2,V2) are a pair of covariant representations of

(A,S,α) and (B,T, β) with commuting ranges, then by setting (V1 CV2) (s, t)¯
V1(s)V2(t) for s `S, t `T, it follows that (π1 Cmax π2,V1 CV2) is a covariant rep-

resentation of (ACmax B,S¬T,αC β). Hence there exists a crossed product

((ACmax B) nαCβ(S¬T ), ιACB, ιS×T).

Using Remark 2.2, define ι!S×T :S¬T!M((AnS ) Cmax (BnT )) by the formula

ι!S×T (s, t)¯ iAnS (ιS (s)) iBnT (ιT (t)). Setting ι!ACB B ιA Cmax ιBgivesaproperhomomorphism

A Cmax B! (AnS )Cmax (BnT ). If we can show that ((AnS )Cmax (BnT ), ι!ACB ,

ι!S×T) is another crossed product for the system (ACmax B,S¬T,αC β), then the

theorem follows by uniqueness.

It is easily verified that (ι!ACB , ι!S×T) satisfies covariance, hence Definition 1.1 (i)

holds. To verify (ii), let (π,U ) be a covariant representation of (ACmax B,S¬T,αC
β) on a Hilbert space H. We must show that there is a non-degenerate representation

π¬U of (AnS )Cmax (BnT ) on H such that

π¬Ua ι!ACB ¯π and π¬Ua ι!S×T ¯U. (2.5)

By setting π1 Bπa iA and π2 Bπa iB , we get non-degenerate representations of A and

B. The formulas U1(s)¯U(s, e«) and U2(t)¯U(e, t) give isometric representations of

S and T. Moreover, (π1,U1) and (π2,U2) are covariant representations of (A,S,α) and

(B,T, β). We aim to show that π1¬U1(AnS ) and π2¬U2(BnT ) commute in "(H ).

Then, by setting π¬UB(π1¬U1)Cmax (π2¬U2), we obtain a representation of (An
S )Cmax (BnT ) on H, which is non-degenerate because both π1¬U1 and π2¬U2 are.

The representations π1 and π2 commute because iA, iB do, and U1 and U2 are easily

seen to commute. By (2.4), αC β satisfies (2.3), since α and β do by hypothesis. Hence

U is Nica-covariant, and this implies that U1 and U2 are also n-commuting: indeed,

by (2.2) we have

U1(s)*U2(t)¯U(s, e«)*U(e, t )

¯U((s, e«)−1((s, e«)h (e, t)))U((e, t)−1((s, e)h (e, t)))*

¯U((s−1, e«) (s, t))U((e, t−1) (s, t))*¯U(e, t)U(s, e«)*

¯U2(t)U1(s)*.
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By Remark 1.2 in the second equality, (2.4) in the fourth equality and covariance for

appropriate pairs we have that U1(S ) and π2(B) commute, as follows:

U1(s)π2(b)¯U(s, e«)πa iB(b)¯π(αC β(s,e«) (iB(b)))U(s, e«)

¯π(αC β(s,e«) (iA(1M(A)) iB(b)))U(s, e«)

¯π(iA(αs(1M(A))) iB(βe«(b)))U(s, e«)

¯π(iB(b))πa iA(αs(1M(A)))U1(s)

¯π(iB(b))π1(αs(1M(A)))U1(s)

¯π2(b)U1(s)π1(1M(A))

¯π2(b)U1(s).

Similar computations apply to U2 and π1, hence we obtain a non-degenerate

representation π¬U of (AnS )Cmax (BnT ) on H. The equations in (2.5) follow

from Lemma 2.4 and the defining properties of πi¬Ui , i¯ 1, 2.

Finally, since AnS¯C*(ιA(A)[ιS(S )) and BnT¯C*(ιB(B)[ιT (T )), we have that

(AnS )Cmax (BnT )¯C*(ι!ACB(ACmax B), ι!S×T (S¬T )), hence (iii) in Definition 1.1 is

fulfilled. +

3. Ideals in tensor products

In this section we describe a composition series of ideals in a tensor product of

semigroup crossed products by an Ore semigroup S. We use the following notation:

if (C,S,α) and (D,S, β) are semigroup dynamical systems and φ :C!D is a

homomorphism such that φaα¯ βaφ, then the induced homomorphism Cnα S!
Dnβ S will be denoted φnS. All tensor products are maximal and in order to avoid

heavy notation we write only C.

Theorem 3.1. Gi�en C*-algebras A and B and ideals I of A and J of B, assume that we

ha�e actions γ and δ of an Ore semigroup S by extendible endomorphisms of A and B

such that I is extendibly γs-in�ariant and J is extendibly δs-in�ariant for all s in S.

Consider γC δ :S!End(ACB) and the actions γI :S!End(A}I ) and δJ :S!End(B}J )

induced by γ and δ.

If (A,S,α) and (B,S, β) admit co�ariant pairs then there is a composition series

0q I1 q I2 q (ACB)nγCδ S (3.1)

such that:

(i) the embedding IC JXACB induces an isomorphism of IC JnγCδ S onto I1 ;

(ii) I2}I1 F (A}IC J )nγICδ SG (ICB}J )nγCδJ S;

(iii) if q denotes the map qI C qJ :ACB! (A}I )C (B}J ), then qnS induces an

isomorphism of (ACBnγCδ S )}I2 onto (A}ICB}J )nγICδJ S.

The proof will rely on a couple of lemmas.

Lemma 3.2. Gi�en C*-algebras C and D, suppose that α `End(C ), β `End(D), and

suppose that K is an extendibly α-in�ariant ideal of C and L is an extendibly β-in�ariant

ideal of D. Then KCL is extendibly αC β-in�ariant in CCD.
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P. Composing the canonical homomorphisms C!M(K ),D!M(L) with

iK :M(K )!M(KCL) and iL :M(L)!M(KCL) given as in Remark 2.2 gives rise to

homomorphisms C!M(KCL) and D!M(KCL) with commuting ranges. Direct

computations show that the induced homomorphism η :CCD!M(KCL) is the

canonical one. If (uλ)λ ZK and (�µ)µ ZL are approximate units, then it follows

from the assumption on K and L that iK(α(uλ)) iL(β(�µ))! ηa (αC β(1M(CCD)
)) strictly

in M(KCL). But iK(α(uλ)) iL(β(�µ)) equals αC β(uλ C �µ), hence the conclusion

follows. +

Lemma 3.3. With the assumptions from Theorem 3.1 we ha�e

ker(qnS )F (AC J )nγCδ S­(ICB)nγCδ S.

P. Since short exact sequences are preserved under the maximal tensor product

with an arbitrary C*-algebra [24, proposition B. 30], we obtain by successive

applications of Lemma 3.2 and Theorem 1.7 the following commutative diagram:

By a diagram chase, any element f of (ACB)nS such that qnS( f )¯ 0

is seen to be the sum of an element from (ICB)nγCδ S and an element from

(AC J )nγCδ S. +

P  T 3.1. As in the proof of Lemma 3.3, IC J is extendibly (γC δ)s-

invariant in ACB by Lemma 3.2; hence, by Theorem 1.7, (IC J )nS is isomorphic

to an ideal of ACBnS, which we denote I1. This gives (i).

Set I2 B (AC J )nγCδ S­(ICB)nγCδ S. This is an ideal of ACBnS. By

Remark 1.5 for the systems ((AC J )}(IC J ),S, (γC δ)ICJ ), (A}IC J,S, γI C δ) and

((ICB)}(IC J ),S, (γC δ)ICJ), (ICB}J,S, γC δJ ) respectively, we obtain (ii) as

follows:

I2}I1 ¯ ((AC J )nγCδ S­(ICB)nγCδ S )}(IC J )nγCδ S

¯ ((AC J )nγCδ S )}((IC J )nγCδ S )G ((ICB)nγCδ S )}((IC J )nγCδ S)

F (AC J )}(IC J )nγCδICJ SG (ICB)}(IC J )nγCδICJ S

F (A}IC J )nγICδ SG (ICB}J )nγCδJ S.
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Finally, (iii) follows from Lemma 3.3. +

4. Extendibly invariant ideals of abelian C*-algebras

For a class of endomorphisms of an abelian C*-algebra we describe the extendibly

invariant ideals, thus providing a setting in which Theorem 1.7 can be applied.

Examples of such algebras and endomorphisms are studied in [15; 4; 5 ; 17].

Given a compact Hausdorff space X, assume that θ :X!X is continuous and

injective, and that θ(X ) is open in X. Notice that this implies that θ(X ) must be clopen

in X.

Proposition 4.1. The formula

α( f ) (x)¯
1

2
3

4

f a θ−1(x), if x ` θ(X )

0, x `Xcθ(X )
(4.1)

defines an endomorphism of C(X ).

P. We need only note that α( f ) `C(X ) for f `C(X ) because θ(X ) is open. +

Any ideal I of C(X ) has the form C0(Y ) for some open subset Y of X. We

determine when I is extendibly α-invariant according to Definition 1.6.

Remark 4.2. If θ(Y )ZY, then I is α-invariant. Indeed, pick f in C0(Y ) and x in X cY.

In particular, x `Xcθ(Y ). If x ` θ(X )cθ(Y ), then θ−1(x) a θ−1(θ(Y ))¯Y by injectivity

of θ. Hence α( f ) (x)¯ f(θ−1(x))¯ 0. If x a θ(X ) then α( f ) (x)¯ 0 by the definition

of α.

Theorem 4.3. If α is an endomorphism of C(X ) gi�en by (4.1) and C0(Y ) is an ideal of

C(X ), then the following conditions are equi�alent:

(i) C0(Y ) is extendibly α-in�ariant;

(ii) θ(Y )¯ θ(X )fY;

(iii) θ(Y )ZY and θ(XcY )ZXcY.

P. The map ψ :C(X )!M(C0(Y ))¯Cb(Y ) from Definition 1.6 is simply the

restriction to Y. We note that I¯C0(Y ) being extendibly α-invariant is equivalent to

the fact that I is α-invariant, αrI is extendible and αrI (1M(I))¯ψ(α(1C(X))). We readily

compute that ψ(α(1C(X)))¯ψ(α(1C(X)))¯ χθ(X)rY , where χθ(X) denotes the characteristic

function of θ(X ).

Let ( fλ)λ be an approximate unit for I and assume that (ii) holds. By Remark 4.2,

I is α-invariant. We claim that α( fλ) converges strictly to χθ(Y) in M(C0(Y )). Recall

that strict convergence on bounded subsets of M(C0(Y )) is the same as uniform

convergence on compact subsets of Y. If K is compact in Y, then by the assumption

(ii) it follows that Kf θ(Y )¯Kf θ(X ), which is compact in X. Since θ is injective,

K«B θ−1(K )fY is compact in X, and θ(K«) is compact in θ(Y ). But θ :Y!Y is a

homeomorphism onto its image, hence K« is compact in Y. The claim follows now

because α( fλ)rKfθ(Y) ¯ fλrθ−1(K)fY ¯ fλrK« and α( fλ)rKcθ(Y) ¯ 0¯ χθ(Y)rKcθ(Y). Therefore αrI is
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extendible and αrI (1M(I))¯ χθ(Y). Hence (ii) implies (i). Conversely, we have that

α( fλ)! χθ(X)rY strictly in M(C0(Y )). But α( fλ) converges pointwise to χθ(Y), thus (ii)

follows.

Because θ is injective, it is straightforward that (ii) and (iii) are equivalent. +

Remark 4.4. We have shown in [17] that there is an action α of the Ore semigroup

.k,k `.e¢, by endomorphisms of C*(Γ) for an abelian discrete group Γ ;

namely, if β :.k !End(Γ) is an action by surjective endomorphisms, than α is charac-

terised on the canonical unitaries δr `C*(Γ) by

αm(δr)¯
1

r²s r βm(s)¯ r´r
3

²s rβm(s)=r´
δs, for r `Γ,m `.k. (4.2)

If # :C*(Γ)!C(Γ# ) is the Fourier transform, we can regard α :.k !End(C(Γ# )) as

αm (fW )¯α j
m( f ) for f `C*(Γ). Let β# be the action of .k by injective endomorphisms

of Γ# given by βW m(γ)¯ γ a βm, for all m `.k. We now show that the action .k !
End(C(Γ# )) is by endomorphisms of the form (4.1).

Proposition 4.5. If fW `C(Γ# ), γ `Γ# and m in .k, then we ha�e

αm( f
W ) (γ)¯

1

2
3

4

fW(βW −1
m (γ)) if γ ` βW m(Γ# ),

0 otherwise.
(4.3)

P. We claim that αm ( fW ) (βW m(χ))¯ fW(χ) if χ `Γ# and αm( f
W ) (γ)¯ 0 if γ a βW m(Γ# ). Then

(4.3) follows.

Since ²δr r r `Γ´ spans a dense subspace of C*(Γ), it suffices to pick f¯ δr for a fixed

r. For χ `Γ# we obtain the first half of the claim as follows:

αm(δ
W
r) (β

W
m(χ))¯ 0 1

r²s r βm(s)¯ r´r
3

²s rβm(s)=r´
δs1

#

(βW m(χ))

¯
1

r²s r βm(s)¯ r´r
3

²s rβm(s)=r´
βW m(χ) (s)

¯
1

r²s r βm(s)¯ r´r
3

²s rβm(s)=r´
χ(βm(s))

¯ χ(r)¯ δW r(χ).

Assume that γ a βW m(Γ# ). Since the solutions of the equation βm(s)¯ r are the elements

of the form s0­s« for s0 a particular solution and s« `ker(βm), we have

αm(δ
W
r) (γ)¯

1

r²s r βm(s)¯ r´r
3

²s rβm(s)=r´
γ(s)

¯
1

r²s r βm(s)¯ r´r
3

s«`ker(βm)

γ(s0) γ(s«)

¯ γ(s0) 0 1

rker(βm)r
3

s«`ker(βm)

γ(s«)1 . (4.4)
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The annihilator of ker(βm) in Γ# is isomorphic to (Γ}ker(βm)) # , hence to βm(Γ) # . Since

βm(Γ) # ¯²χa βm r χ `Γ# ´¯ ²βW m(χ) r χ `Γ# ´¯ βW m(Γ# ), we see that γ is not identically 1 on

ker(βm). Hence γ(ker(βm)) is a non-trivial subgroup of 4, and therefore the sum in (4.4)

is zero. +

Example 4.6. Let p be a prime number and let Gp denote the group ²(r}pk)­: r r,k `:,

k& 0´. There is an action β :.!End(Gp) such that βm is multiplication by pm modulo :.

SinceGp is the inductive limit!
lim

(1}pk):}:with inclusionmaps,GW p will be isomorphic to

the inverse limit of ((1}pk):}:) # . This turns out to equal the additive group:p of p-adic

integers, which are formal sums x¯Σ¢
k=0 xk p

k with 0%xk ! p for all k. If x `:p, then

βW m(x) is obtained by multiplying pm on x. Consider the augmentation homomorphism

ε :C*(Gp)!# defined on the generating unitaries ²δg r g `Gp´ by δg * 1. Since ε(δg) is

evaluation of the trivial character in G np at g from Gp, it follows that ε( f )¯ fW(0)

for f `C*(Gp), thus ker(ε)FC0(:pc²0´). The action α on C*(Gp) given by (4.2) (see

also [15]) is of the form described in Proposition 4.5. Hence ker(ε) is extendibly

α-invariant by Theorem 4.3 (iii).

In [18] we will study an action of .2 on a group Gp,q similar to Gp but involving

two primes p and q. We will use the results of this paper to write down a composition

series of ideals for a semigroup crossed product C*(Gp,q)nα .2 in which we can

identify the subquotients in terms of interesting number-theoretic dynamical systems.
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