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ABSTRACT

In infinite dimensional holomorphy most of the spaces encountered in the liter-
ature are not Banach spaces. Since there is a large number of Banach spaces of
analytic functions in the one complex variable theory, we ask if these spaces can
generate, in an interesting and natural way, Banach spaces of analytic functions in
any complex Banach space. In this work, we present a method of construction of
Banach spaces of analytic functions on the open unit ball of any complex Banach
space from Banach spaces of analytic functions in the open unit disk. We also
present some properties of these spaces.

1. Introduction

The study of analytic functions in infinite dimensions is as old an objective in
mathematics as functional analysis: it dates back to the end of the last century. The
theory was developed as a confluence of ideas and methods originating from one
complex variable and functional analysis.

Let E be a complex Banach space and denote by Bg (resp. Br) the open (resp.
closed) unit ball of E.

The Banach spaces of analytic functions on infinite dimensional spaces that have
been studied are the following:

(1) H*(Bg), the set of all complex valued functions that are analytic and bounded
on Bg, endowed with the sup norm;

(2) A,(Bg), the set of all functions in H*(Bg) that admit a uniformly continuous
extension to B, endowed with the sup norm;

(3) A™(Bg), the set of all functions in H*(Bg) that admit a continuous extension
to Bg, endowed with the sup norm.
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Several complete locally convex spaces of analytic functions that are not normed
spaces have also been extensively studied, for example, Hy(E) [1], [3] and [10], H,,(E)
(2], Hw(E) [2], Hk (E) [4], HN(E) [11] and [14], Hg(E) [13] and [16].

It seems that in infinite dimensional holomorphy most of the spaces encountered
in the literature are not Banach spaces but, since there are many Banach spaces of
analytic functions in the one complex variable theory, we can ask if these spaces
can generate, in an interesting and natural way, many Banach spaces of analytic
functions in any complex Banach space.

The aim of this paper is to present a method of construction of Banach spaces of
analytic functions on the open unit ball of any complex Banach space from Banach
spaces of analytic functions in the open unit disk and to present some properties of
these spaces.

2. Definition and examples

Throughout this paper, N, N* and C will denote the set of all non-negative
integers, positive integers and complex numbers, respectively. Let E be a complex
Banach space. For s > 0 and a € E, we denote the open ball of E with centre a and
radius s by Bg(a,s) and we denote the closed ball of E with centre a and radius
s by Bg(a,s). In the case where a = 0, we write Bg(s) and Bg(s), respectively. In
addition, if s = 1, we simply write B and Bp, respectively. For simplicity we write
A(a, s)(resp. A(a,s)) instead of B¢(a,s)(resp. Be(a,s)). In the case where a = 0, we
write A(s) and A(s). Moreover, if s = 1, we simply write A and A. The sphere of
E with centre a = 0 and radius s is denoted by Sg(s). In the case where s = 1, we
simply write Sg.

Given a function f : B — C and a point w € Sg, we define

fu 1l €A—s f(Uw)eC.

Definition 1. Let (H, | - ||) be a Banach space of holomorphic functions on A such
that the topology generated by its norm is finer than the compact-open topology.
We denote by Jy(Bg) the set of all functions f : B — C that satisfy the following
conditions:

(a) f is analytic on Bg;

(b) for every w € Sg, fw € H;

(c) the function &; : w € Sg — f,, € H is bounded and continuous.

Given f,g € Jy(Bg) and o € C, we define:

(f +8)(x) = f(x) +g(x) for x € B,
(2f)(x) = af (x) for x € B,
IfIIl = sup{llfwl : w € Sg}.

Theorem 2. (Jy(Bg),||l - |l|) is a Banach space.

ProOOF. It is easy to check that (Jy(Bg),|||-||]) is a normed vector space. Let us prove
that it is complete. For this purpose, let (f,) be a Cauchy sequence in (Jg(Bg), ||| |l]).
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It follows from the definition of ||| - ||| that, for each w € Sg, (f,w) is a Cauchy
sequence in H. Since H is a Banach space, for each w € Sg, (f,w) converges to a
function g,, € H.

Fix wy € Sg and define h : B — C by

{ g (Ix]) if x#0
X) =
gw‘o(o) if x=0.

Since the topology of H is finer than the compact-open topology, f,.. — gw
pointwise on A, for each w € Sg. This implies that the definition of h does not
depend on our choice of wy, since, for all w € Sg,

fn(o) = fn,w(o) — gw(O) as n — oo.

In particular,
fn(0) — h(0) as n— oo
Also, for all x € Bg,x #+ 0,

fu(x) = fo. 5 (Ix]) — g (lIx[)) = h(x) as n— o0

> lxl [B]

Therefore, f, converges pointwise to h on Bg. Now, let 0 < s < 1. By the hypothesis
on the topology of H and the fact that (f,) is bounded, there is a constant C; > 0
such that

Ifaw(A)] < Cs forall weSg, neN and 1€ A(s).

This inequality implies that (f,) is locally uniformly bounded on Bg. Hence, h is
analytic on Bg (cf. [5, p. 204]).

To see that each h, € H, note that h,(1) = g,(4) for all 1 € (0,1). Since h is
analytic on Bg, h,, is analytic on A. Hence, by the principle of analytic continuation,
we get that h,, = g,,, which lies in H.

Since, for each w € Sg, fuw — hy in H and (f,) is a bounded sequence in
Ju(Bg), there is a constant M > 0 such that ||h,| < M for all w € Sg. In other
words, the function @, is bounded.

Now, given € > 0, there is an ny € N such that

[l fow — fuwll < lfu— fulll <e forall weSg whenever n,m > ny.
By letting m — oo, we see that
[fow—hy| <e forall weSg whenever n > n. (1)

By (1) and the fact that ||®;, (w) — @p(W)|| = [[fuw — hyw| for n € N and w € Sg, we
conclude that @; — @ uniformly on Sg. Since each @;, is continuous, so is @,
Therefore, h € Jy(Bg). Finally, (1) also implies that |||f, — h||| — 0 as n — oo. This
completes the proof of Theorem 2. MW

For each a € A, let h, : . € A— Ja € A. Let us now show that under certain
conditions distinct H yield distinct Jg(Bg).
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Theorem 3. Let (Hy,| - ||1) and (Hy, | - |2) be two Banach spaces of holomorphic
functions on A as in Definition 1, with Hy # H,. Assume the following conditions for
both H=H, and H =H, :

(i) the polynomials are contained in H;

(i) there is a constant M > 0 such that ||p|| < M||pll« for every polynomial p,

where ||plo = sup {|p(2)| : A € A} and ||p|| denotes the norm of p in H;

(ili) @ ohy € H and ||@ o hy| < ||@||, for all ¢ € H and for all a € A.

If the polynomials are dense in both Hy and H;, then

Ju,(Bg) # Ju,(Bg)  for all complex Banach spaces E.

ProoF. Let E be a complex Banach space. Fix wy € Sg. By the Hahn-Banach
Theorem, there is a continuous linear functional f on E such that f(wg) = 1 and
Ifll = 1. Since H; #+ H,, we can assume without loss of generality that there is
¢ € Hy — H,. Now, define g(x) = ¢(f(x)) for x € Bg.

Clearly g is well defined and is analytic on Bg. Now, for all w € Sg, g,(4) =
@(2f(w)), 4 € A. So, for all w € Sg, gw = ¢ o hy(), which lies in H; by hypothesis.
The boundedness of @, follows from (iii). To see that @, is continuous, let w € Sg
and e > 0. By the density of the polynomials in (Hy, || - ||1), there is a polynomial p
such that

€
Ip— ol < 3 (2)

Since p is uniformly continuous on A and f is a continuous linear functional on E,
there is 0 > 0 such that for all w' € Sg with ||w —w'|| < J, we get that

Ip o hswy —pohsule < (3)

€
3IM’
Now, for each a € A, consider T, : u € H — poh, € H;. Clearly, T, is linear. By
condition (iii) we get that || T,|| < 1. By condition (ii), (3) implies

€
I Trory(p) — Tron(P) < 3 (4)

So, if w' € Sg with ||w —w'|| <, then
[®g(W)—Pe(W) 1 = [ Tyow)(9) — Trowy (@)1 < 2[l@ —plli + [ Tron)(p) — Trwy(p) 11 < e,

by (2) and (4). This proves the continuity of @, at w. Since w is arbitrary in Sg, @,
is continuous. This finally allows us to say that

g € Ju,(Bg). (5)

Now, if g were in Jy,(Bg), then g,, would be in H,. But, g, = ¢, which is not in
H,. So g ¢ Ju,(Bg), which proves the theorem. N

Denote by A4 the disk algebra and for 1 < p < oo, denote by H? and A4” the
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Hardy and Bergman spaces, respectively. Recall that for all f € 4,

[f1la = sup [f(2)],
|21<1

for all f € H?,

_ L AP NP Y,
Il = sup [ [ lpteeypao)'

O<r< —7

and for all f € 4P,

fle =1 / /A £ Gt in)|P dxdy]'?.

These spaces are Banach spaces of holomorphic functions on A that verify the
hypotheses of Theorem 3 (cf. [8] and [12]). Therefore, they provide many examples
of ‘J-spaces’. More precisely, we have the following corollary.

Corollary 4. Let 1 < p < q < co. Then, for all complex Banach spaces E,

Jna(Bg) & Jur(Bg),

J44(Bg) < J4(Bg),
Ju(Bg) S Jue(Bg) S Jar(BEg).

Proor. The inclusions follow from the classical inclusions and Definition 1. That
the inclusions are strict follows directly from Theorem 3. H

For f € H*(Bg), we denote [|f|l., = sup{|f(x)| : x € Bg}. For simplicity, H* will
denote H*(A). Note that A™(A) = A.

It is natural to ask whether Theorem 3 remains true if we do not assume that
the polynomials are dense in both H; and H;. The next result shows that this is not
the case. Indeed, although 4 = H* and the polynomials are dense in A, we will see
that J4(Bg) = Jy=(Bg) for all complex Banach spaces E.

Theorem 5. For all complex Banach spaces E,
Ja(Bg) = Ju=(Bg) = A™(Bg).
PrOOF. The proof is divided into two steps.

First, let us prove that A*(Bg) < J4(Bg). For this purpose, let f € A*(Bg). By
the definition of A*(Bg), the only thing we have to show in order to have f € J4(Bg)
is that @, is continuous. Let wy € Sg and let e > 0. For each 4 € A, since f is
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continuous at Awy, there is 6, > 0 such that
If (x) — f(Awg)| < g forall xe& Bg with |[x—iwg| < 6, (6)

By compactness, there are Ai,...,4, € A such that A < Ulsisu A(ii,%). Let 6 =

min{% :1 <i < n}. Now, given 1 € A, there is 1 < j < n such that 1 € A(4j; %),

and therefore

If(Aw) — f(Ajwo)] < g whenever w € Sg and ||w —wo| <. (7)

In particular,
, €
[f(Awo) — f(Zjwo)l < 5. (8)
Finally, (7) and (8) lead us to conclude that

[fw— fwollo <€ whenever weSg and |w—wp| <.

Now, let f € J4(Bg). Since each f,, is defined on A, we can extend f to Bg by
putting f(w) = f,(1),w € Sg. That f is bounded on Bg follows from the fact that
£l = llIflll. To prove the continuity of f on Bg, let wy € Si and let e > 0. By the
continuity of @y, there is 6; > 0 such that

[ fw — fwolloo < g whenever w € Sg and ||w — wgl < d;. 9)
Also, by the continuity of f,, on A, there is 5, > 0 such that

fuo(2) — Fuo (D] < % whenever z€A and |z —1] <0 (10)

Let 6 = min{%,éz, 1}. Let x € Bg be such that | x —wg| < d. By (9) and (10),

1F () = Fwo)l < If = (Ix1) = fuo (IxIDE + 1fwo (IX1) = fuwe (D] < e.

Ix]

This proves that f € A*(Bg). Therefore, step 1 is done.

Step 2. Jy=(Bg) = A”(Bg).
By step 1 and the fact that J4(Bg) = Jy«(Bg), we get that A*(Bg) < Jy=(Bg).
The proof of the other inclusion is divided into two cases.

Case 1. E =C.

Let f € Jy-(A). Define f(w) = lim;_; f,,(1) for all w € Sc for which this
limit exists. Since f € H®, f is defined a.e. on Sc. Let us prove that f is in fact
defined everywhere on S¢ and that it is continuous. For this purpose, let wy € Sc.
Choose a sequence (w,) in Sc such that w, — wy and lim;_,;-f,, (4) exists, say
a, = lim,;_,-f,,,(4). Since @; is continuous at wy,

Hf\vn_f‘v()Hoo—’O as n — oo. (11)
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By (11), (an) is a Cauchy sequence; therefore it converges to some point a € C.
Again by (11) we get that a = lim,_, - f\,(4). This proves that f(wo) is defined and
that f is continuous at w.

Now since, for all r < 1 and 0 € [—=n, «],

. 1 T
fore®y = 5— [ J@)P0—1)d,
we get that f € A (cf. [12, p. 32]).

Case 2. E is any complex Banach space.
Let f € Ju=(Bg). Since @7 : w € Sg — f,, € H® is continuous, we have that,
for all w € Sg, the function

¢f“_ A E Scr— fiw € H®

is continuous. Therefore, for all w € Sg, f,, € Jy=(A). By case 1, this means that
fw € A, for all w € Sg. This implies that f € J4(Bg), which is A*(Bg) by step 1. H

Remark 6. Step 2 of the above theorem gives us a characterisation of all functions
on H*(Bg) that lie in A®(Bg). They are precisely the functions f € H*(Bg) for
which @; is continuous. In particular, for E = C, we have the following result. A
function f € H* lies in the disk algebra A if and only if

If(€”2) = f(z)]l.. — O as 6 —0.

3. Some properties of ‘J-spaces’

In this section we will present some analytic properties and some Banach space
properties of Jy(Bg). Let us begin by showing the following proposition.

Proposition 7. For every f € Ju(Bg), the Taylor series of f at O converges uniformly
on Be(r) for all 0 <r < 1.

ProOOF. Since the topology of H is finer than the compact open topology, for all
0 < s < 1 there is a constant Ry > 0 such that

If(x)] < Ry||Iflll forall feJy(Bg) and forall x € Bg(s). (12)

The above inequality implies that r;(0) (the radius of boundness of f at 0) is 1. Since
r¢(0) = min{1, R;(0)},

where R;(0) denotes the radius of uniform convergence of the Taylor series of f at

0 (cf. [10, p. 219]), we have that R;(0) > 1. Now, the proposition follows from the
definition of R;(0). M



8 Mathematical Proceedings of the Royal Irish Academy

This is a very good property, since in infinite dimensional holomorphy even an
entire function may have a Taylor series around O that does not converge uniformly
on Bg(s) for some 0 < s < 1. In fact, as a consequence of Josefson—Nissenzweig’s
Theorem [6, p. 219], if dim E = oo, then, for all s > 0, there is a complex-valued
entire function on E such that f(Bg(s)) is unbounded (see also [5, p. 222]).

The next result is a version of Hurwitz’s Theorem (cf. [15, p. 348]) for ‘J-spaces’.

Theorem 8. Let (f,) be a sequence in Jy(Bg) such that each f, is zero-free in Bg and
fn— f in Jg(Bg). Then, either f is zero-free in Bg or f is identically zero in Bg.

PrROOF. Suppose that f is not zero-free in Bg. We have to show that f is identically
zero in Bg. For this purpose, fix xg € Bg such that f(x¢) = 0.

Case 1. xo =0.

Let w € Sg and define g,(4) = fuw(4) and g(4) = f(4), for 2 € A. Since f, — f
in Jy(Bg) and the topology of H is finer than the compact open topology, we get
that (g,) is a sequence of analytic functions from A into C that converges normally to
the analytic function g. Now, since each g, is zero-free on A, the classical Hurwitz’s
Theorem leads us to conclude that either g is zero-free or g is identically zero on
A. But g(0) = f(0) = 0. Thus, g is identically zero, that is, f,, = 0. Since w € Sg is
arbitrary, we get f = 0.

Case 2. xo #+ 0.

Let wy = H’i—gu By the same argument as above, we conclude that f,, = 0. In

particular, f(0) = 0. Now it follows from case 1 that f is identically zero. H

For each n € N we denote by #("E) the space of all continuous n-homogeneous
polynomials from E into C. The space of continuous linear maps from E into
C, 2('E), will also be denoted by E*. Recall that the space of all continuous
polynomials from E into C is by definition @,y Z("E). This space will be denoted
by Z(E). Now, we have the following proposition.

Proposition 9. Let H be as in Definition 1. If H contains all polynomials in one com-
plex variable, then #(E) < Jy(Bg).

ProOF. Since Jy(Bg) is a vector space, it is enough to show that Z("E) < Jy(BE),
for all n € N. For this, fix n € N and let P € Z("E). We have that P is analytic on
Bg. Now, for all w € Sg, P, (4) = A"P(w), for all 1 € A. So, for all w € Sg, P, € H.
Moreover, if we define by g,(1) = A", 1 € A, we get that

[Pwll = lignlllPOW) < lgnllIP]loc  forall w e Sg,

which proves that @p is bounded. The continuity of ®p follows from the fact that
P is continuous on B. H
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It is natural to ask which conditions on H guarantee that Jy(A) = H. Note
that this is not always the case. For instance, Jy=(A) = A # H® (see Theorem 5).
However, we have the following proposition.

Proposition 10. Let (H,| - ||) be as in Definition 1. If the polynomials are dense in H
and |[|f|ll = I f] for all f € Ju(A), then Jy(A) = H.

Proor. Clearly Jg(A) = H. On the other hand, by Proposition 9 and the hypotheses,
we get

H=20)"cigA)'=Jy). m

Corollary 11. J4(A) = A and for all 1 < p < oo, Jgr(A) = H? and J(A) = AP.

Proposition 12. Let H be as in Definition 1 and suppose it contains all polynomials in
one complex variable. For all m € N and for all £ € Bg, the map

1 4
¢me : f € Ju(Bp)—> def(f) € Ju(Bg)
is a continuous linear operator.

PrOOF. Let m € N and ¢ € Bg. The linearity of ¢,,¢ is clear. Now, by the proof of
Proposition 9, we get that

H@me (O < ligmllll@me(f)le  forall  f € Ju(Bg). (13)

Fix || <r < 1. Let 0 < s < 1 such that Bg(&,s) < Bg(r). By the Cauchy integral
formula and (12), there is a constant R, > 0 such that for all w € Sg

1
[ome(NWI < ZRANSNI forall f € Ju(Bg). (14)
By (13) and (14) we conclude that

I gm IR,

S)‘H

Home (P < Il forall  f e Jy(Bg),

which proves the proposition. B

Corollary 13. Let H be as in Proposition 12. Then, for all m € N, the vector space
P(ME) is a complemented subspace of Jy(Bg). Consequently, if E is an infinite dimen-
sional complex Banach space such that, for some m € N*, 2("E) is reflexive, then
Ju(Bg) does not have the Dunford—Pettis property [8].

In particular, if E satisfies the hypothesis of Corollary 13, A*(Bg) does not have
the Dunford-Pettis property. Information about the reflexivity of Z(™E) can be
found in [10].
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Proposition 14. Let (H, | -|) be as in Theorem 3. Then, for all complex Banach spaces
E, H is isometrically isomorphic to a complemented subspace of Jy(BE).

ProOF. Let E be a complex Banach space. Fix wy € Sg. By the Hahn—Banach
Theorem, there is f € E* such that f(wy) = 1 = ||f||. Define the function

F:peH— ¢ofp, € Ju(Bg).

The proof of Theorem 3 shows us that F is well defined (cf. (5)). Moreover, since F
is linear and |||F(¢)||| = || @]l, we have that F is an isometry. Now, the function

HW() -8 € ‘]H(BE)'—) F(gWo) € JH(BE)
is a linear projection of Jy(Bg) onto F(H). H

Corollary 15. For all complex Banach spaces E, A*(Bg) does not have the Schur or
the Radon—Nikodym properties.

Let (H,| - |) be as in Definition 1. Suppose the polynomials are dense in H.
What can we say about the density of the polynomials in Jy(Bg) if dim E < o0?
Thus we have the following theorem.

Theorem 16. Let (H, || - ||) be as in Definition 1. Suppose that:
(i) the polynomials are dense in H;
(i) there is a constant M > 0 such that |p|| < M||p|« for every polynomial p;
(ili) @ ohy, € H and | o hy| < ||@||, for all ¢ € H and for all a € A.
If dim E < oo, then #(E) is dense in Jy(Bg).

PrOOF. Let g € Jy(Bg) and let € > 0. We want to find P € Z(E) such that
[l|P — g||| < e. For this purpose define, for each n € N*,

89 = (1 — )v), x € By,

Note that, for each n € N*, g, € A*(Bg). Since H contains the polynomials,
condition (ii) implies that A < H. Therefore, each g, € Jy(Bg). The proof that
g, — g in Jy(Bg) is divided into two steps.

Step 1. For all w € Sg, g, — gw in H.
Fix w € Sg and let 6 > 0. By (i), there is a polynomial p such that

0
Ip—gull <3 (15)

Put p,(2) = p((1 — %)}V), /. € A. By the uniform continuity of p on A, there is n,, > 0
such that

0
- 0 AL > Ny,
[pn — Pl < M forall n>n (16)
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Note that by condition (iii) we get that, for all n € N*,

Ignw = pPull < lgw —pll. (17)

Now, (15), (16), (17) and (ii) lead us to conclude that ||g,,, —gw| < ¢ for all n > n,,
which proves step 1.

Step 2. g, — g in Jy(Bg).
Let 6 > 0. By step 1 and the fact that @, is continuous, for all w € Sg there is
n, € N* and there is J,, > 0 such that

) )
[ gnw — gwll < 3 forall n>n, and |g,—gwl < 3 whenever |w —w|| < 6.
(18)
Note that condition (iii) implies that, for all w,w’ € Sg and for all n € N*,

Hgn,w — &nw | < ng — 8w [. (19)

By the compactness of Sg, Sg is contained in a finite union of the form U{:l A(w;, dy,).
Now, let N = max{n,, : 1 <i< j}. By (18) and (19) we get that

lgnw —gwl <6 forall n>N andforall we Sg,

which proves step 2.

Now, by step 2, there is ngp € N* such that |[|g,, —gl|| < 5. Since the Taylor series
of g,, at 0 converges uniformly on B, there is P € 2(E) such that |P —g,, ||, < e
By (ii) we finally conclude that |||[P —g||| <e. ®

Corollary 17. Let (H,|| - ||) be as in Theorem 16. If dim E < oo, then Jy(Bg) is
separable.

We can get a more general result about the separability of Jy(Bg) when dim E <
0.

Theorem 18. Let H be a separable Banach space of holomorphic mappings on A sat-
isfying the property stated in Definition 1. If dim E < oo, then Jy(Bg) is separable.

Proor. Denote by C(Sg,H) the set of all continuous functions from Sg into H,
endowed with the sup norm. Define the function

()] Zf S JH(BE)|—> d)f S C(SE,H)

Clearly, @ is an isometric isomorphism. Since Sg is compact and H is separable, it
follows that C(Sg, H) is separable (cf. [9, p. 263]). Since a subspace of a metrisable
separable space is separable and @ is a linear isometry, we conclude that Jy(Bg) is
separable. W
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Let H be as in Definition 1. The following proposition shows that if dim E = oo,
then Jy(Bg) is not necessarily separable.

Proposition 19. If H contains the polynomials and E* is not separable, then Jy(Bg)
is not separable.

ProoOF. By Proposition 9, we have that E* = Jy(Bg). Now, with m =1 and f € E*
in (14), we get that ||f|l,, < C |||f]|| for some constant C > 0. Since E” is not
separable, the above inequality shows that (E*,||| - |||]) is not separable. Therefore,
neither is Jy(Bg). W

For 1 < p < o, R. M. Aron proved that 2(?1,) is not separable when considered
with its usual topology. Supposing that H contains the polynomials, (13) and (14)
lead us to conclude that the topology of Jy(B,) restricted to #(”l,) coincides with
its usual topology. So, even when E* is a separable infinite dimensional Banach
space, Jy(Bg) may not be separable.

If dim E = oo, Z(E) is not necessarily dense in Jy(Bg). For instance, Z(E) =
Au(Bg) # A®(Bg) = J4(Bg) whenever dim E = oo (cf. [3, p. 90]). Let us now see
that #(E) is not necessarily dense in Jy2(Bg), either.

Proposition 20. 2(l,) is not dense in Jy:(By).

Proor. Consider f(x) =>,;2, xﬁ, X € By,. We have that f € H*(Bj,), which implies
that f,, € H? for all w € S, and that @; is bounded. To see that @, is continuous,
let w € ), and let € > 0. Since the function x € [0,1) — = € [0,c0) tends to 0 as
x tends to 0, there is 0 < 6 < 1 such that

n

1x . < 2 forall n>1, whenever 0<x <. (20)

By the fact that w € ,, there is ng € N* such that |w,| < % for all n > ny. This and
(20) imply

0 no o
1Y G| < O/H™ € foral seh

Now, if w' € S, and |w —w| < %, then by (20)

0 o o
DA 1(5_/25)/2 < Z forall /€A,

k=ng

no—1

Choose 0 < &y < &/4 such that ||[w — w'|| < &; implies > 0% [wf — (wp)| <
5. Therefore, for all w' € §;, with |w" — w|| < 61, the above inequalities imply
I fiw—fwlowo < e Since || fw —fwllgz < |l fw—fwlw, we conclude that @; is continuous
at w. Hence,

f S JHz(Blz).
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Let 0 <e < % Suppose there is a polynomial P, say of degree m, such that
[I|IP — f]|| < e. This implies that, for all k € N*,

Hpek_fek”Hz <69 (21)

where {e; : k € N*} denotes the standard basis of I,. Denote by 2, the set of all
complex polynomials with degree < m. By (21) we get that (P,,) is a | - | g2-bounded
family of polynomials in £,,. Hence, since #,, is a finite dimensional space, there
are a polynomial Q € 2, and a subsequence (Pek/_) of (P,,) such that Pek]_ — Q in
the || - | g2-norm. By this fact and (21), there is jo € N such that

fe, = Qll: <2¢ forall j= j. (22)

By applying the triangle inequality on (22) and by using the canonical isometric
imbedding of H? into L? (cf. [12, pp 38 and 39]), we get

- 1
ik0 1HL2 < —

2

for some k € N”, because of our choice of e. Since this is a contradiction, our
theorem is proved. W

le

Remark 21. The proof of Proposition 20 can easily be adapted to show that
#(l,) is not dense in  Jy«(By,)
foralll<p<oand 1 <q < 0.

Let us now see that the Taylor coefficients of functions in Jy(Bg) enjoy a good
equicontinuity property.

Proposition 22. Let f € Jy(Bg). Then, the family {%21’”]‘(0) :m € N} is uniformly
equicontinuous on Bg(s) for all 0 < s < 1.

PROOF. Let 0 <s <1 and let € > 0. Since f is uniformly continuous on BEg(s), there
is 6 > 0 such that, if z1,z2 € Bg(s) and |z; — z2|| <9, then [f(z1) — f(z2)| < €. Now,
let x,y € Bg(s) and ||x — y|| < . By the Cauchy integral formula we get that

iAm o iAm _ i f(}x)_fUJ/)
SO = S O =15, | i
< sup{lf(Zx) — f(Ay)l : 1Al = 1]} <,
for all m € N. This proves what we wanted. W

The next proposition shows that the Taylor coefficients of functions in Jy»(Bg)
are uniformly bounded.
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Proposition 23. Let 1 < p < oo and let f € Jy»(Bg). Then, for all m € N,

1 “m
H|@d SO <1

ProOOF. Let f € Jg»(Bg). Then, for all w € S,

o0

fu)=3" *d'"f(O)( )", A€ A.

mO

Since, for each w € Sg,
“1 [t . .
foD) = (— | fu@)e ™do)m, 1 e A
2n
m=0 -

where fw denotes the radial limit of f,, it follows from the unicity of the coefficients
of the Taylor series that, for all w € Sg,

L0 =5 [ Fu@ean. (23)

21
Now the desired inequality follows. H
If f € Jyr(Bg), then the fact that &, is continuous and (23) lead us to conclude
that the Taylor coefficients of f verify the following type of equicontinuity on Sg:
let Wo € Sg. Given € > 0, there is 6 > 0 such that, if w € Sg, |[w — wp|| < J, then
m,d”‘ f(0)(w) — m,d’” f(0)(wo)| < e, for all m € N. A natural question is whether the

Taylor coefficients are equicontinuous on Bp. In this direction we have the following
proposition.

Proposition 24. Let E be a finite dimensional complex Banach space and let 1 < p <
oo. If f € Jur(Bg), then the family {, d"f(0) :m e N} is equicontinuous on Bg.

Proor. Let f € Jy»(Bg). For each x € Bg, we denote by f, the function f, : 4 €
A+— f(2x) € C. Now, for each 0 <r < 1, denote by @y, the function

¢fr ‘w € Sk '—’frw € HP.
Claim. ®; — & uniformly on Sg as r — 1.
Proor oF CLAIM. Let € > 0. For each w € Sg, there is R,, > 0 and §,, > 0 such that

€ . € .
Hfrw_wa < § if Rw <r<l1 and wa’_wa < § if W/ € SE> HW/_WH < 5w~
(24)
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Note that if w € Sg and |w' — w| < d,,, then

fre — frur | < g forall R, <r< 1. (25)

By the compactness of Sg, Sg < U{;l A(w;, dy,). Let R = max{R,, : 1 <i < j}. By
(24) and (25) we get that

frw —fwll <e forall weSg, whenever R<r <1,

which proves our claim.
Define the function

¥ :x € Bpr— f, € H.
Note that ‘I"SE = @, and for x € Bg, fx € H”. By the claim and the fact that @y is
continuous, we get that ¥ is continuous on B.

Now, let € > 0. The continuity of ¥ implies that there is 6 > 0 such that, if
X,y € Bg with |x —y| <, then ||fx — f, | <e. Since, for all x € B,

dmf / fY 19 7m19d0
where fx denotes the radial limit of f, it follows that

1 4 1 A
| d"F(0)(x) — —d"FO)V)| < |fs — fyll <e.
m! m!
whenever x,y € Bg with ||x —y|| < é and m € N. This proves the desired result. M
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