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ABSTRACT

We introduce a method of approximating the eigenvalues associated with the
linear, second order equation

V' 4 (1" —q)y =0,

where —c0 < a < 0 < b < o0, q is a real-value member of L'[a,b] and u° is a real
parameter, which may be positive or negative and o > 0. The approximations have
an error term of the form O(u®) as |u| — «, where R can be made arbitrarily large.

1. Introduction

We consider the problem of calculating the form of solutions of the linear,
second-order differential equation

V' + (1Px* —q)y =0 on [a,b], (L1)

where —00 < a <0 < b < o0, q is a real-valued member of L![a,b] and x> is a real
parameter, which may be positive or negative. We suppose that o« > 0 and is such
that x* changes sign as x passes through 0. In particular we are concerned with the
case when (1.1), augmented by the boundary conditions

y(a)cosy + y'(a)siny =0 (1.2)
y(b)cos f + y'(b)sin f =0, (1.3)

is used to define an eigenvalue problem. It was shown in [2] that, for an equation
more general than (1.1), there is a doubly infinite set of eigenvalues of (1.1)—(1.3)
with ..., < A < Ay < A... where A4, — 400 as n — oo. Also in [2] the
asymptotic form of A4, was derived to within a o(1) error term. The analysis of [2]
used a Priifer transformation of (1.1) and a partition of [a, b] into intervals on which
q has one sign.

Another approach to approximating the form of solutions of (1.1), and hence
the form of eigenvalues of (1.1)—(1.3), was followed in [8] and [9]. The main idea
here was to approximate solutions of (1.1) in terms of solutions of the equation

V' 4+ 1Px*y = 0. (1.4)
Equation (1.4), with o > —1, is solvable in terms of Bessel Functions and this led, in
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[9], to a two-term approximation of solutions of (1.1) with an error term that went
to zero at a computable rate as ,u2 — +o0.

The analysis of [9], like that of [2], does not seem to admit refinements that would
enable the asymptotic expansion of a solution of (1.1) (with g # 0) in decreasing
powers of |u|. Such an expansion would enable the eigenvalues of (1.1)—(1.3) to be
represented in the form

Jin = F(n,k) + O(n™) as n — oo (1.5)

for any natural number k. In this paper we use a method of analysis of (1.1),
introduced in [5] that synthesises the approaches of [2] and [9] and leads to a
representation of the form of (1.5).

It is possible by a simple change of variables to reduce an equation of the form

V' F (P (x = x0)* —q)y =0 (1.6)

to the form (1.1). It is also possible to extend the analysis of the present paper to
include (1.1) on the intervals [a,0] and [0, b]. These observations enable us to deal
with equations of the form

V' + (4w —q)y = 0 on [a,b],
where w(x) has finitely many zeros of the form

_ (x—=x0)" x < xo
wix) = { (x —x0)® x0 <X

in the intervals [a, b]. The computation of the connecting constants in these circum-
stances is routine but lengthy, and we refer to [10] for an examination of some of
the details.

The cases where (1.1) has a singularity of the form (x — x¢)* for —1 < a < 0 are
covered in [9] and are also amenable to our analysis, see also [4]. The details are
different and will be pursued elsewhere.

It is also possible, under certain circumstances, to transform more general equa-
tions of the form

V' 4+ (1P f(x) + g(x)y =0
to the form (1.6). This may be done, supposing sufficient differentiability, by means
of the Liouville transformation. We refer to [2], [7] and [9] for details.
There are two possibilities involving g to consider, namely that with u = 4
and that with g = i2!/? for 2!/? real and positive. The analysis of the two cases is
similar and we give detailed proofs for the former.

1/2

2. Results

We define a sequence of functions {r,(x, 1)} for x € [a,b] where u = A'/? or i!/2,
We set

o
H»(v—)](k lﬂxk)

o) o= ol ,
H‘(vl)(kfl,uxk)
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1 _at2
a+2""
In the case u = A'/% we set

where v = and H(V is the Hankel-Bessel function of order v.

b
r(x,2) = — / &) A g 1)y

1 b )
T XHD (kLR / tH (k=212 g (o, @.1)

and forn > 1

1 b n—1
— (1)1, —151/2k\2 (t )
Fur1(x, 4) = fo.l)(k—l/ll/zxk)z/x tHV (k= 274t l2jzlr](t,/u)+rn(t,/1)}rn(t,/l)dt.
(2.2)
In the case pu = il!/?
r(x.7) :=/ 2 S )t
= xHD (k1 21/2xk)2 / ' #dt, (2.3)
a tHy (ik=121/2¢k)2
and for n > 1
X 1
— g ip—151/2 ky2 I
Tt (5,4) = xH, AT / tHD (ik—11/2¢k)2
n—1
X (2 it 2) 4 ralt, ) rat, A (2.4)
j=1
We set
r(x, 4) = Z Fa(x, A) =:S(x,4) +iT(x, 1) (2.5)
n=0

for x € [a,b], where S and T are real-valued.

Theorem 1. There exists Ay such that any real-valued solution of (1.1) can be expressed
as

Z(x, 1) = cyela SE2 cos{cy + / T(t, A)dt)

a
for x € [a,b] and |1] = Ay, where ¢ and c; € R. If Z satisfies (1.2) then it may be
shown, as in [6], that

02=3C§=%if“/=0

1
= tan™! (T(a, ) {S(a,A) + coty}) if y #+0. (2.6)
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Similarly, if Z satisfies (1.3) then

czzzcgzmn-‘rgifﬁ:O

= mn + tan™! ( {S(b, ) + cot /3}) if f#0 (2.7)

T(b,7)

for integral m. It follows from (2.6) and (2.7) that the eigenvalues of (1.1)—(1.3) are
the values of 4 for which

b
s+ / T(t,A)dt = cb. (2.8)

Theorem 2. There exists a function E(A) such that
(i) E(A) > 0 as |A] > oo;
(ii) |rj(x,2)| < C;E(2) for x € [a,b] and |1 = Jy.

Theorems 1 and 2 give a means of developing expansions for real-valued solutions
of (1.1) and, combined with (2.8), give a means of obtaining the asymptotic expansion
of eigenvalues of (1.1)—(1.3).

3. The main idea

We consider the equation
V' + (1*x" —q)y = 0 on [a,b], (3.1)

where y denotes a strictly complex-valued solution in the sense that neither the real
nor the imaginary part of y is identically zero. Since y?> and q are real-valued there
exist non-trivial, real-valued solutions y; and y, of (3.1) with

y(x, ) =: y1(x, 4) 4 iya(x, 2). (3.2)

We may also write
(%, 4) =1 R(x, )¢, (3.3)

where R and 0 are real-valued.

Lemma 1. If there exists xo € [a,b] with r(xo,2)*0'(x0,2) # 0, then y, and y, are
linearly independent.

Proor. This follows from an examination of the Wronskian. W
We note from (3.2) and (3.3) that

Y R0 for x e [ab]. (3.4)
y R
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If the conditions of Lemma 1 are satisfied, then the solution y of (3.2) is without
zeros in [a, b] since it is a complex linear combination of real, linearly independent
solutions.

Lemma 2. If there is an xq satisfying the conditions of Lemma 1, then any real-valued
solution of (3.1) may be written as

z(x, 4) = p(x, 2) cos (P(x, 1)),
where p and ¢ are real-valued functions such that for all x € [a,b]

PR mag =0 (3.5)
p R

with R and 0 defined in (3.3).
Proor. This is [6, lemma 2]. W

Guided by (3.4) we now seek a complex-valued solution, y, of (3.1) so that we
may set

R =Re{y} =:S5(x,4) and ¢’ =Im{y} =:T(x,A).
R y y

The determination of S and T from any one complex-valued solution of (3.1)
enables us, by Lemma 2, to describe all real-valued solutions of (3.1) up to additive

contrasts. ,

We note that if y is a solution of (3.1) then the quotient, y—, satisfies the Riccati
equation g
v = =X+ g — 02 (3.6)
It may be verified, as in [5], that
%
v(x,4) = Z ra(x, A) (3.7)
n=0

is a series solution of (3.6), where the r, functions are given in §2.

4. Bounds for r,

Lemma 3. If u = 2'/? there is a constant, C, independent of J,x and t such that
|e2fx WEAE| < C fora<x <t <b.

Proor. This is, essentially, contained in [5, lemmas 4, 5 and 6]. The main idea is to
write

la,b] = [a,—AL""] U [-AA",—BA"]U [—BA ", BA']U [BA ", AA"TU [AA7", b]
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and to bound the real part of ry(s, 4), the quotient of Bessel functions, on each
interval. We omit the details. W

We now need a result analogous to a uniform form of the Riemann—Lebesgue
Lemma.

Lemma 4. There exists a function E(2) so that in both cases u = /% and p = ii'/?
(i) E(A) > 0as || — ow©;
(i) |ri(x,4)] < E(4) for all x € [a,b].

PrOOF. In the case u = 1!/2 the outline of the proof of this result is given in §6. The
case u = il'/? is proved similarly. m

Lemma 5. If C is the constant of Lemma 3 and Jg is so large that 8C(b—a)E(A) < 1
for all 2 > Ay, then

E())

nx Al < 5.5

for x € [a,b] and 1 > A.

ProoF. This follows by induction and Lemmas 3 and 4. ®

Lemma 6. There exist constants {c,}, independent of 1, with |ry(x, )| < ¢,E(A)" for
x € [a,b] and A sufficiently large for n=1,2,... .

Proor. This follows from (2.2, 2.4) and Lemma 5 by induction. H

It may also be shown inductively that

G

S B (4.1)

[Fngj (3, )] <
5. Applications to Eigenvalue problems

In order to use the previous results to derive estimates of the eigenvalues of

b
(1.1)—(1.3) it is necessary to approximate / T(t, A)dt, where
a

T(t,2) =Im{r(t,A)} = Im{ro(t,2)} + Zlm{rn(t, )} (5.1)

n=1

In the light of Lemma 6 and (4.1) the error in truncating the series of (5.1) after N
terms is less than

> It A < ey EQNT Y 2,,%N=0(E(A>N+1>. (52)

n=N-+1 n=N+1
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!/

We recall that, in the case u = A2, ro(x, 1) = % where ¢(x, 2) = x'/ZHD (k=1 )1/2xk),
$0

b
Im { / o, z)dt} — arglp(b)} — arg{d(a)} = arg(b2H (K1 2128))

—arg{i(—a)?HV(—ik ' 2 (—a)")}. (5.3)
From [1, 9.2.29] the first term on the right hand side of (5.3) has asymptotic
expansion
2
e (v 1 4 —1
2vA77h (2+4)n+<16v/11/2b’< +.... (5.4)

b
From [1, 9.2.27] the second term, for A > Ao, is equal to g(Z—v). Then/ Im{ro(t, A)}dt
a

has the asymptotic expansion

5 42 —1
walpk (2 2y .
Vil =2 (5= ) e (5.5)

b
The estimation of/ Im{rj(t, 2)}dt depends on the particular function g(x) of (1.1).

An example of such a calculation is given in §7 below.

6. Outline of the proof of Lemma 4

We give an outline of the proof of Lemma 4 in the case where u = A'/2. The
details are given in [10] using results from [3] and [11]. The proof for u = iAl/? is
similar.

We recall that

bt
F(x,A) = — / o2 S o5y gy
X
and from Lemma 3 that
|e2j; A < Cfora< x <t <b. (6.1)

It may be shown that for s > BA™"

1-2
ro(s, ) = iAl/2s*? — ( 25”" (14 €(s, 7)) (6.2)
and for s < —BA™'
) u 1—2v
r(](S, }L) = _/L,l/z(—S) /2 1— ZE—SW(I + 6(5, /1)) N (63)

where |e(s, 1)] < 117; if B is sufficiently large.
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We now choose ¢ so that 0 < ¢ < v and thus
1
A7 >2"and 0 <ko <kv = 5 (6.4)

We write
[a,b] = [a,—A"°JU =A%, A °1U[A7% bl =:J1 UJ, U J3.

b
For x € J; we approximate g by f € C'[a, b] with / If —qldt < e and

b ,A)d b ‘
M&mz—/fflrm )?mm+/néﬂmwﬁﬂn—ﬂmm. (6.5)

The second term of (6.5) is less than Ce by (6.1) and the first term, by an integration
by parts argument, may be shown, using (6.2), to be o(1) as 4 — oo.
For x € J,

t
yad 2/ ro(s, A)ds i t ¢ .
ri(x,A) = — / e Jx g(t)dt — 2 rotsAs / & Loy yar (6.6)
X i

The analysis of the second term of (6.6) is similar to that for x € J3 and, by (6.1),
;'—{7

the first term is less than C/ lg(t)|dt = o(1) as A — oo, since g € L'[a, b].
_)v*a
For x € J;
2 [ T [ s b [
M%M=—/ eﬂmwhmm—/ eﬂmwhmm—/'eﬁw”wmﬁ
X —A° d

(6.7)
The last two terms of (6.7) may be handled in the same way as for x € J, and Js.
The first term may be shown to be O(e™*) for some € > 0 by (6.3).

7. An example

We consider the example of ¢(t) = |t|7'/?, a = —1, b = 1 with Dirichlet boundary
conditions at a and b. We first derive a suitable function, E(2). In the notation of §6
we have that, for x € J3,

—1/2 1 t_3/2 |r/(t ))|
[ri(x,4)] < C sup |———| + C sup —1/207’4
t=i— | To(t, 4) voir Sy [ro(t, A)] ro(t, 2)12
1
< Csup A7V 4 ¢ sup/ J1/23/2-a2 4 )=1/2k-172
(> x>i— Jx

< C sup iV
Py

= )71/, (7.1)
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For x € J,;, we have from (6.6) and (7.1) that

)'70'
Iri(x, A)] < CA71/2H5064D +c/ |t 2dr
_Aﬂr

Iri(x, A)| < CA~V/2H3040 L c)=0/2, (7.2)
For x € J; we get the bound of (7.2) together with an exponentially small error
term. It follows from (7.1) and (7.2) that for A sufficiently large we may take E(1)

to be the term on the right hand side of (7.2), and the two exponents are equal if
o = v. This is precluded by the restriction that 0 < ¢ < v so we take

E(J) = 27"**% for e > 0.

From (5.2)

3
T(t.i) =Y Im{r,(t.2)} + O(7>*)
n=0

whence, from (5.5) and [1, 9.2.20],

1 2
_ -12_ T E_ 4v- —1 1—1/2 -1
/_1 Im{ro(x, A)}dx = 2v2 3 (2 v) + ( ) ? +0(U7Y).  (7.3)

It may be shown that

1 1 1 1
/ ri(x, A)dx = — / : / tH O (=22 092)1 71 2 dedx
-1 —1 xHY (k=17172xKk)2 /.

= (2v)2*3"i*37" / %/VMM*IH‘(,I)(—iu)ZdudU
o vHy (v)? Jo
+ (/3C 71 v) (/DC u3"_1H“)(u)2du>
o vHY(—iv)? 0 !
+ </ mldv> (/ u3"_1H‘(,1)(u)2du)
o vHy'(—iv)? 0

© 1 v 3y
+/ 7/ T HD (—iuydudv 3 + 0o(A72
o vHWY(=iv)2 Jo (=) )
= (A+iB)J"7 4+ 0(i" 7). (7.4)

It may further be shown that

1 1 ,
/ r2(x, A)dx = 0(2~") and / r3(x, A)dx = O(A~2").

1 —1
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We thus have the result that

1 2
N — w2 T (2 SA A WY
[1 T(t, A)dt = 2vJ 3 (2 v) + ( T6v A

1B 00 Y+ 007, (1.5)

Since 0 < v < % because o > 0, the BA~7 term is more significant than the A~! term

for all o and 27 = o(A7") if v > %, which occurs when o < 1. In the case o > 1
the error term would be improved by taking more terms from the expansion (5.5).
Higher order terms may be added by taking more terms from the series for T'(t, 1),
which may be calculated from the formulae in §2.

In the case of the Sturm-Liouville problem y” + (Ax* + |x|~"/?)y = 0 on [—1,1]
with 0 < o < 1 and Dirichlet boundary conditions at —1 and 1, we see from (2.8)
that the positive eigenvalues satisfy the relation

n(5 421\ Y .
mn = 2vAl/%2 — 3 (2 - v) + (16v> I 2+ Bow” + 00"

and may thus be approximated by reversion. Other boundary conditions may be
considered by means of the formulae (2.6) and (2.7).
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